Dynamical Search

Applications of Dynamical Systems in Search and Optimisation

Luc Pronzato Henry P. Wynn Anatoly A. Zhigljavsky

To our parents, to Jan, and our friends.

Preface

If a two-author, two-nationality book is a complex operation, the reader may perhaps imagine the difficulties of completing this threeauthor work and the level of gratitude which is due to families, friends, funding bodies and our publisher for their support and patience. It had to compete with all the usual events of modern life such as emigration, marriage and job change, to name the more pleasant, and was also completed during a period of upheaval in Eastern Europe which affected personal contact at certain times. Five centres were involved: the CNRS laboratory in Sophia-Antipolis, for Luc, City University and then the University of Warwick, for Henry and the University of St. Petersburg and then the University of Cardiff, for Anatoly. To all our colleagues we are very grateful for their help and encouragement.

A remarkable level of support and hospitality was given to us by friends and families. Carole Lassalle and her now not-so-young daughters Salomé and Morgane, Isabelle Penod, Harald Keller and others made life in Antibes an ideal mixture of work and play. Henry’s wife Jan, sons Hamish and Robin and the extended Wynn- Baldwin clan, including Fionna Dunlop, broke away from otherwise lively times in London to give us patient encouragement. Anatoly’s family and St. Petersburg friends were very supportive on visits to the city and the hospitality continues in Cardiff.

Academic friends, some of whom are also co-workers on other projects, should get a special mention for the sort of osmotic support which they would probably be too modest to admit to, particulary Eric Walter, Giovanni Pistone, Dan Naiman, Peter Caines, Pavel Kargaev, and also Rainer Schwabe, Anthony Atkinson, Werner Muller, Peter Hackl, Valery Fedorov and all the other MODA Conference colleagues.

Certain people gave specific help and advice: Max Chekmasov did some early programming work; Brigitte Vallée, Caroline Series,

PREFACE

Martin Huxley and Glyn Harman gave advice on Farey sequences, continued fractions and aspects of dynamical systems.

We are very grateful for support from several grants. A UK Engineering and Physical Sciences (EPSRC) Visiting Fellowship supported Anatoly for an early visit to City University and the work has also been covered by other EPSRC grants under both mathematics and engineering headings. Luc and Henry shared a British Council Alliance grant and Anatoly was partly supported by CNRS itself and partly by a “PAST” grant from the French Ministry of Education during important visits to France.

Finally, many thanks to Chapman and Hall-CRC for staying with us till the end on what at times may have seemed a somewhat speculative venture and one which certainly saw many deadlines come and go.

L.P., H.P.W., A.A.Z.

Contents

Preface

Notation

1 Introduction 1

2 Consistency 5 2.1 Consistency in discrete search 6 2.2 Line-search algorithms 8 2.3 Consistency in linear and convex programming 19

3 Renormalisation 35 3.1 Towards a dynamical-system representation 35 3.2 Renormalisation in line-search algorithms 37 3.3 Renormalisation of ellipsoid algorithms 46 3.4 Renormalisation in the steepest descent algorithm 52 3.5 Square algorithm 53

4 Rates of convergence 59 4.1 Ergodic rates of convergence 59 4.2 Characteristics of average performances 61 4.3 Characteristics of worst-case performances 64 4.4 Counting characteristic 64 4.5 One-dimensional piecewise linear mappings 64

5 Line-search algorithms 75 5.1 First-order line search 75 5.2 Continued fraction expansion and the Gauss map 83 5.3 Golden-Section algorithm 90 5.4 Ergodically optimal second-order line-search algorithm 97

CONTENTS

5.5 Symmetric algorithms 99 5.6 Midpoint and window algorithms 108 5.7 Algorithms based on section-invariant numbers 113 5.8 Comparisons of GS, GS4, GS4_0 and window algorithms 134 5.9 The dynamic-programming point of view 141

6 Ellipsoid algorithms 149 6.1 Volume-optimal outer and inner ellipsoids 149 6.2 Ergodic behaviour of the outer-ellipsoid algorithm in linear programming 167

7 Steepest-descent algorithm 173 7.1 Attraction to a two-dimensional plane 175 7.2 Stability of attractors 182 7.3 Rate of convergence 187 7.4 Steepest descent with relaxation 188

8 Appendix 193 8.1 Entropies 193 8.2 Ergodic theory 196 8.3 Section-invariant numbers 203

References 211

Author index 217

Subject index 219