On a property of the expected value of a determinant By L. Pronzato Laboratoire I3S, CNRS/UPRES–A 6070, Les Algorithmes, bât. Euclide, 2000 route des Lucioles, Sophia Antipolis, 06410 Biot, France

December 29, 1998

Abstract: Suppose that the vectors x_1, . . . , x_N in IR^p are i.i.d. with some underlying distribution μ, and consider the matrix M_N = (1/N) ∑N i=1 x_ix^T_i . We show that, with constant C(N, p) = N!/(N^p(N − p)!) not depending on μ, the expected value of the determinant is of M_N is proportional to the determinant of the expected value of M_N . This implies in particular that in a linear regression problem with regressors independently generated with a measure μ, the measure maximizing the expected value of the determinant of the information matrix is D-optimal, whatever the number of observations.

Key words: Expected value, determinant, optimal design, D-optimality, linear regression.

AMS Classification: primary 62K05; secondary 62J05, 65F10.

1 A theorem for expected determinants

Suppose that N vectors are independently identically distributed in a set X ⊆ IR^p with a probability measure μ. We shall denote M(x^N_1 ) the matrix,

M(x^N_1 ) = 1 N N∑ n=1 x_nx^T_n ,

with x^N_1 = (x_1, . . . , x_N ). The expected value E{M(x^N_1 )}, with E{·} the expectation for the measure μ, will be denoted M̄(μ), that is:

M̄(μ) = ∫ X xx^T μ(dx) .