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Abstract

Surprisingly, in the field of abstract data types, it proves useful to specify some

properties that do not propagate through equalities. The recent framework of

label algebras is devoted to this problem. We prove the syntax and semantics

as well as the main results of label algebras; then we define a calculus, the

label calculus, and we prove its completeness with respect to the semantics of

label specifications.

Keywords: algebraic specifications, theorem proving, complete calculus, ini-

tial semantics.

1 Introduction

Talking about the correctness of a software requires at first to rigorously answer the

question “correct with respect to what ?” This implies to provide a formal specification

of what it is supposed to do. On the contrary, talking about the correctness of a formal

specification is a non sense1 because “what we have mind” is not formally defined (and

such a definition is precisely the specification). It is only possible to partially verify a

specification by stating certain properties that should be satisfied if the specification does

what it is supposed to do. Thus, it is of first interest to provide the specifier with a

complete calculus.

One of the main advantages of algebraic semantics for formal specifications is to provide

1But the problem is simplified as a specification is considerably smaller than a program.
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the specifier with powerful specification building primitives. In this paper we present the

recent theory of label algebras([BL91], [BL93], [LeG93]).

The main “exoticism” of our framework is to give up the Leibniz law: for some prop-

erties P, the deduction rule P(x) , x=y
P(y)

is not correct with respect to the semantics of label

algebras. Such a particularity is useful for exception handling purposes or observability

issues for instance. One of the simplest formal specification where the Leibniz law is

not desirable is the case of “bounded natural numbers with recoveries.” Any program-

ming language with exception handling (such as clu, ada, caml. . . ) can implement, for

example, the interval [0..Maxint] with the two following properties:

1. if the operation successor is applied to the bound Maxint then it raises the exception

TooLarge (definition of an exceptional case);

2. if the operation successor raises the exception TooLarge then do not perform it,

and everything goes on as if successor had never been applied (exception handler).

From the algebraic specification point of view, if the expression “t ǫ TooLarge” signifies

“t raises the exception TooLarge”, then these two properties are respectively expressed as

follows:

succ(Maxint) ǫ TooLarge(1)

succ(n) ǫ TooLarge =⇒ succ(n) = n(2)

(within the framework of label algebras, “ ǫ ” will be read as “is labelled by”.)

Let BeforeLast be the predecessor of Maxint in the interval [0..Maxint]. Clearly, we

have succ(BeforeLast) = Maxint and we do not want for this application of succ to be

exceptional (it should not raise TooLarge), else we would have, from the second axiom,

succ(BeforeLast) = BeforeLast (and the exception handling would be performed “too

early”).

Moreover, we have succ(Maxint) = Maxint (via the last axiom, n being substituted by

Maxint; this is usually called a recovery within the terminology of exception handling).

Let P(x) be the property defined as “x ǫ TooLarge”. This property does not follow the

Leibniz law: we have P(succ(Maxint)) and succ(Maxint) = succ(BeforeLast) but we do

not have P(succ(BeforeLast)).

Indeed, the terms succ(Maxint) and succ(BeforeLast) share the same value but

they do not share the same computation. The term succ(Maxint) is exceptional whilst

succ(BeforeLast) is not. The semantics of label algebras involves both terms and values

unlike all other algebraic semantics which uniquely consider values. The main contribution

of our framework is to allow the specifier to talk about values and computations leading
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to these values, using the same language. For example the expression “succ(Maxint)”

in “succ(Maxint) = Maxint” denotes a value whilst, in “succ(Maxint) ǫ TooLarge”, it

denotes a computation.

A good formal specification theory should provide us with (at least): syntax, semantics,

modularity aspects and theorem proving facilities. Sections 2 and 3 show that the theory

of label algebras fulfills the three first criterions. In Section 4 we introduce a complete

calculus according to its semantics: the label calculus. Lastly, a short example shows, using

the inference rules, some useful aspects of label algebras and label calculus (Section 5).

We assume that the reader is familiar with the elementary concepts of category theory

[McL71], algebraic specifications [GTW78][EM85] and the main outlines of the Birkhoff’s

completeness proof [Bir35].

2 Label algebras

Reminders : (“Classical ADJ approach,” [GTW78][EM85])

• A signature is a couple Σ = 〈S, F 〉 where S is a finite set of sorts (or type

names) and F is a finite set of operation names with arity in S. A Σ-algebra

is a heterogeneous set, A, partitioned as A = {As}s∈S, and with, for each

operation name “f : s1 · · · sn → s” in F (with 0 ≤ n), a total function fA :

As1
× · · · × Asn

→ As . The Σ-morphisms are obviously the sort preserving,

operation preserving applications.

• Given a heterogeneous set of variables V = {Vs}s∈S, the free Σ-term algebra

with variables in V is the least Σ-algebra TΣ(V ) (with respect to the preorder

induced by the Σ-morphisms) such that V ⊆ TΣ(V ).

• Since V is not necessarily finite or enumerable, we can consider TΣ(A) for every

algebra A. An element of TΣ(A) is a Σ-term such that each leaf contains either

a constant of Σ, or a value of A. Moreover, in this case, every term of TΣ(A)

can be canonically evaluated on the algebra A via the so-called evaluation

morphism evalA : TΣ(A)→ A. The Σ-morphism evalA relates each term to its

final value.

Since label algebras carry informations on both terms and values (cf. Section 1), a

simple idea could be to use the initial morphism from TΣ (the ground term algebra over

Σ) to A. Unfortunately, this morphism is not always surjective. The main technical

point underlying the framework of label algebras is to systematically use the surjective

morphism evalA from TΣ(A) to A. This allows us to treat terms with non reachable values

in order to cope with enrichment, parametrization or abstract implementation.
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Notation 1 : We note A = TΣ(A) and for every Σ-morphism µ : A → B, we note

µ : A → B the canonical Σ-morphism that extends µ to the corresponding free

algebras. When there is no ambiguity, we shall still denote µ the morphism evalB ◦µ

from A to B.

Definition 2 : A label signature is a couple ΣL = 〈Σ, L〉 where Σ = 〈S, F 〉 is an usual

signature and L is a finite set (of “ labels”).

For example, TooLarge would be a label in order to specify bounded natural number.

Definition 3 : Given a label signature ΣL, a ΣL-algebra (or label algebra) is a couple

A = (A, {lA}l∈L) where A is a Σ-algebra, and {lA}l∈L is a L-indexed family such

that, for each l in L, lA is a subset of A.

There are no conditions about the subsets lA: they can intersect several sorts, they are

not necessarily disjoint and their union (
⋃

l∈L

lA) does not necessarily cover A.

Example 4 : Let S = {Nat}, F = {zero : Nat , succ : Nat → Nat} and L =

{TooLarge}. A label algebraA = (A, {TooLargeA}) can be defined on this signature

as follows:

• A is the interval [0..Maxint] of IN , with zeroA = 0, succA(i) = i + 1 for

i ∈ [0..Maxint[ and succA(Maxint) = Maxint.

Then A = { succi(a) | i ∈ IN, a ∈ A∪{zero} }

(succi(a) stands for succ(succ(· · · (succ(a))..)), the operation succ being writ-

ten i times).

• TooLargeA = {succi(a) | i ∈ IN, a ∈ A∪ {zero}, i + evalA(a) = Maxint + 1}.

Definition 5 : Let A = (A, {lA}l∈L) and B = (B, {lB}l∈L) be two ΣL-algebras. A ΣL-

morphism (or label morphism) h : A → B is a Σ-morphism from A to B such that

∀l ∈ L, h(lA) ⊆ lB.

The category of all ΣL-algebras and ΣL-morphisms is denoted by Alg(ΣL).

Notation 6 : Let ΣL be a label signature.

• Given a set of variables V , TΣL(V ) is the ΣL-algebra such that the underlying

Σ-algebra is the term algebra TΣ(V ) and for each l in L, l_TΣ(V ) is empty.

• TΣL is defined by TΣL = TΣL(∅) and is called the ground term ΣL-algebra.
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The ΣL-algebra TΣL is clearly initial in Alg(ΣL).

Definition 7 : Let ΣL = 〈Σ, L〉 be a label signature.

• An atom is either an equality (u = v) such that u and v are Σ-terms with

variables, u and v belonging to the same sort, or a labelling atom (w ǫ l) such

that w is a Σ-term with variables and l belongs to L.

“(w ǫ l)” should be read “w is labelled by l”.

• A positive conditional ΣL-axiom (or label axiom) is a formula of the form

α1 ∧ · · · ∧ αn =⇒ α

where the αi and α are (positive) atoms.

In the remainder of this paper, label formulas (or shortly axioms) will always be positive

conditional ones2.

The satisfaction relation is the most important definition of this section: notice that

we consider assignments with range in A = TΣ(A) (terms) instead of A (values).

Definition 8 : Let A = (A, {lA}l∈L) be a ΣL-algebra.

• A satisfies (u = v), where u and v are two terms of the same sort in A, means

that evalA(u) = evalA(v) [the last symbol “=” being the set-theoretic equality

in the carrier of A].

• A satisfies (w ǫ l), where w ∈ A and l ∈ L, means that w ∈ lA [the symbol

“∈” being the set-theoretic membership].

• Let ϕ be a label axiom of the form α1 ∧ · · · ∧αn =⇒ α . A satisfies ϕ, denoted

by A |= ϕ, means that for all assignments σ : V → A (V covering all the

variables of ϕ), if A satisfies σ(αi) for all i = 1..n (according to the “ground

atomic satisfaction” defined above) then A also satisfies σ(α).

A satisfies a label specification SP = 〈ΣL,Ax 〉 (where Ax is a finite set of ΣL-

axioms) if and only if A satisfies all the axioms of Ax . Alg(SP) (sometimes denoted

Alg(Ax )) is the corresponding full subcategory of Alg(ΣL).

Example 9 : The label algebra described in Example 4 satisfies the axioms (1) and (2)

p. 2 (where “Maxint” is a notation for succMaxint(0) in the axiom (1) ).

2One can consider every well formed formulas using any usual connectives and quantifiers, the se-

mantics of which is defined in [LeG93]. However the label calculus defined here is complete only in the

positive conditional framework.
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3 Main results and applications

As usual when considering positive conditional axioms, the main results are initiality

results (least congruence, initial SP -algebra, left adjoint to the forgetful functor. . . ). In

the field of abstract data types, such properties provide the specifier with one of the

simplest way to express modularity in an initial approach [GTW78][EM85][Ber87]. These

results are not proved here; complete proofs can be found in [BL92].

Definition 10 : Let ΣL = 〈Σ, L〉 be a label signature. Let A = (A, {lA}l∈L) be a

ΣL-algebra.

• A ΣL-relation (or label relation) on A is a couple R = (R, {lR}l∈L) where R

is a binary relation on A compatible with the sorts and {lR}l∈L is a family of

subsets of A.

• A ΣL-congruence (or label congruence) is a ΣL-relation Θ = (≡Θ, {lΘ}l∈L)

such that ≡Θ is a usual Σ-congruence on A and lA ⊆ l_Θ for each l in L.

Proposition 11 : Let A = (A, {lA}l∈L) be a ΣL-algebra and let Θ = (≡Θ, {lΘ}l∈L)

be a ΣL-congruence. Let A/_Θ be the usual quotient Σ-algebra of A by the

Σ-congruence ≡Θ and q : A → A/_Θ the corresponding quotient Σ-morphism.

Let {lA/_Θ}l∈L be defined by lA/_Θ = q(l_Θ) for each l in L.

The couple (A/_Θ, {lA/_Θ}l∈L) is a ΣL-algebra, denoted by A/_Θ, and q is a label

morphism. This label algebra is called the quotient algebra of A by Θ.

Theorem 12 : (Fundamental theorem for initiality issues)

Let A be a label algebra. Let R be any label relation on A. There exists a least

label congruence Θ on A such that R ⊆ Θ (i.e. R ⊆ ≡Θ and ∀ l ∈ L , lR ⊆ l_Θ).

Corollary 13 : Let SP be a label specification. The category Alg(SP) has an initial

object T _SP .

Another corollary, for structured specifications, is that the forgetful functor has a left

adjoint functor [LeG93]; however the framework of label algebras does not form a liberal

institution [GB84].

As already mentioned, the peculiar role of labels is to give up the Leibniz law: two

terms with equal values can nonetheless get different labels. In a way, sorts can be shown

as type names on values whilst labels can be shown as type names on terms. Nevertheless,

the Leibniz law can be restored with finesse via the axiom

x ǫ l ∧ x = y =⇒ y ǫ l
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for each desired label l and each desired sort s (the sort of the variables x and y). Initiality

results remain because these “partial Leibniz laws” are positive conditional. This way,

labels can be turned into sorts and subsorting can easily be simulated by labels: the fact

that l is a subsort of l′ can still be expressed by a positive conditional axiom3

x ǫ l =⇒ x ǫ l′

Similarly, several observational semantics of algebraic specifications can be expressed

by using a label “Obs” that characterizes if a term is observable (as in [Hen89] or [BB91]).

Moreover, even if label algebras are total algebras (the semantics of the operations are total

functions) we can simulate partial functions via a label that characterizes “defined” terms.

Algebraic semantics of exception handling can also be treated via label algebras: a label

“Ok” characterizes non exceptional terms. For more details on the possible applications

of label algebras, see [BL92][BL93][LeG93]. A revealing example based on similar ideas is

developed in Section 5.

Lastly, let us remark that label algebras do not treat labels as ordinary values. In

particular a label cannot itself be labelled. On the contrary Equational Typed Logic

[MSS90], Unified Algebras [Mos89] or G-algebras [Meg90] treat sorts as “first class citizens”

(a sort can belong to another sort). We investigate the consequencies of giving up the

Leibniz law whilst they investigate extensions of the notion of subsort without loosing the

Leibniz law. Indeed, label algebras and those other extensions of order sorted algebras

have not the same purpose. Of course, the expressive power of label specifications can be

reached in a first order logic framework, but here, we take advantage of a specialization

to algebraic semantics (terseness of specifications, already existing specification building

primitives, etc.).

4 A complete calculus for label algebras

Definition 14 : Given a label signature ΣL = 〈S, Σ, L〉 and a heterogeneous set of

variables V , the label calculus is defined by the following set of inference rules, where

Ax denotes a set of axioms, α and β denote atoms, Γ denotes a finite associative and

commutative conjunction4 of atoms, t, ti, uj and vj denote Σ-terms with variables,

ρ : V → TΣ(V ) denotes a substitution and f : s1 · · · sn → s denotes any operation

of Σ, uj and vj being of sort sj.

3In particular we retrieve the usual initiality results of order sorted algebras [Gog78][FGJM85].
4More precisely, the preconditions of label axioms are considered as finite sets of atoms, the symbol

∧ being the insertion in those sets. This exempt the user from explicitly managing associativity and

commutativity rules for the conjunction in the inference steps.
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Axiom introduction:

if (Γ⇒ α) is an axiom of Ax then Ax ⊢ (Γ⇒ α)

Tautology:

Ax ⊢ (α⇒ α)

Monotonicity:

if Ax ⊢ (Γ⇒ α) then Ax ⊢ (Γ ∧ β ⇒ α)

Modus Ponens

if Ax ⊢ (Γ ∧ β ⇒ α) and Ax ⊢ (Γ⇒ β) then Ax ⊢ (Γ⇒ α)

Reflexivity:

Ax ⊢ t = t

Symmetry:

if Ax ⊢ (Γ⇒ t1 = t2) then Ax ⊢ (Γ⇒ t2 = t1)

Transitivity:

if Ax ⊢ (Γ⇒ t1 = t2) and Ax ⊢ (Γ⇒ t2 = t3) then Ax ⊢ (Γ⇒ t1 = t3)

Replacement:

if, ∀j = [1..n], Ax ⊢ (Γ⇒ uj = vj) then Ax ⊢ ( Γ⇒ f(u1..un) = f(v1..vn) )

Substitution:

if Ax ⊢ (Γ⇒ α) then Ax ⊢ (ρ(Γ)⇒ ρ(α))

We recognize the classical rules of equational reasoning (taking into account positive

conditional formulas) except the Leibniz law. Indeed, we saw that the Leibniz law has

not to be correct with respect to the label algebra semantics (cf. the algebra A of the

example 4). There is no rule which explicitely concerns labelling, but notice that the rule

“Substitution” implicitely also concerns label atoms. On the contrary all other algebraic

approaches require specific rules to ensure the Leibniz law (e.g. Equational Typed Logic

[MSS90]).

In order to prove the completeness of the label calculus we follow a proof similar to

the Birkhoff’s one [Bir35] (see also [MSS90] for another proof of completeness calculus).

In this article, we give the main outlines of the proof (see also [Aig92]).

Definition 15 : Let ΣL be a label signature. Let Ax be a set of label axioms. Let Γ be

a finite conjunction of atoms. Let V be a set of variables containing the variables

appearing in Ax and Γ. We note ΘAx
Γ = (≡ _Γ, {lΓ}l∈L) the label relation defined

on TΣL(V ) by:

t ≡ _Γu if and only if Ax ⊢ (Γ⇒ t = u)

and for any term t of TΣ(V ):
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t ∈ l_Γ if and only if ∃t′ ∈ TΣ(V ),







∃ρ : V → TΣ(V ), ρ(t′) = t

Ax| − (Γ⇒ t′ ǫ l)

Lemma 16 : ΘAx
Γ is a label congruence. Moreover, let T Ax

Γ = TΣL(V )/_ΘAx
Γ denote the

corresponding quotient algebra; for any atom α we have:

[T Ax
Γ |= (Γ⇒ α)] =⇒ [Ax ⊢ (Γ⇒ α)]

Proof: The rules Reflexivity, Symmetry, Transitivity and Replacement of the label cal-

culus ensure that the relation ≡ _Γ is an usual congruence relation on the underlying

Σ-algebra T_ΣL(V ). Moreover, as l_T_ΣL(V ) is empty, then by definition, ΘAx
Γ is a

label congruence.

Let Γ be of the form α1 ∧ · · · ∧ αn. From the rules of Tautology and Monotonicity we

get: ∀i ∈ [1..n], Ax ⊢ (Γ ⇒ αi) and by definition of ΘAx
Γ : ∀i ∈ [1..n], T Ax

Γ |= αi. This

last fact allows us to only consider T Ax
Γ |= α when considering T Ax

Γ |= (Γ⇒ α).

Let us suppose T Ax
Γ |= (Γ ⇒ α). We have then by the definition of validation:

T Ax
Γ |= q ◦ ρ(α) where ρ is a substitution from V to TΣ(V ). We get the two following

cases depending on the form of α:

1. Let α be of the form t = u. By definition of T Ax
Γ and ΘAx

Γ , we get t ≡ _Γu and

Ax ⊢ Γ⇒ t = u.

2. Let α be of the form t ǫ l. For the same reasons, Ax ⊢ (Γ⇒ t ǫ l).

Finally, one can conclude that: T Ax
Γ |= [(Γ⇒ α)] =⇒ [Ax ⊢ (Γ⇒ α)]. 2

Lemma 17 : For all Γ, T Ax
Γ satisfies Ax.

Proof: Let α1 ∧ · · · ∧ αm ⇒ α be in Ax (we note Γ′ the conjunction α1 ∧ · · · ∧ αm)

and let σ : V → T Ax
Γ be an assignment such that T Ax

Γ |= σ(Γ′). We have to prove that:

T Ax
Γ |= σ(α).

From σ, we can construct by induction a substitution called ρ : V → TΣ(V ) such that:

σ = q ◦ ρ.

From now on, at each time we will consider an atomic formulae, two cases will appear

depending on the form of this considered atomic formulae. Let us suppose that α is written
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t = u (resp. t ǫ l). From the equality σ = q ◦ ρ, it suffices to prove that ρ(t) ≡ _Γρ(u)

(resp. ρ(t) ∈ l_Γ).

We successively obtain the following steps taking into account the generic definition

of the congruence Θ_ΓAx:

• t ≡ _Γ′u (resp. t ∈ l_Γ′) by the rule Axiom introduction;

• ρ(t) ≡ _ρ(Γ′)ρ(u) (resp. ρ(t) ∈ l_ρ(Γ′)) by the rule Substitution;

• ρ(t) ≡ _(Γ ∧ ρ(Γ′))ρ(u) (resp. ρ(t) ∈ l_(Γ ∧ ρ(Γ′))) by the rule Monotonicity ;

• for all j in [1..m] , αj is written either uj = vj or uj ǫ lj. By the hypothesis

(T Ax
Γ |= σ(Γ′)), we get respectively either ρ(uj) ≡ _Γρ(vj) or ρ(uj) ∈ l_Γ;

• ρ(t) ≡ _Γρ(u) (resp. ρ(t) ∈ l_Γ) by the rule Modus Ponens.

Therefore, we obtain that for all Γ, T Ax
Γ satisfies Ax. 2

Theorem 18 : (Completeness of the label calculus)

Let Ax be a set of label axioms. Let ϕ be any formula. We have:

[Ax ⊢ ϕ] =⇒ [∀A ∈ Alg(Ax),A |= ϕ]

Proof: Let (Γ⇒ α) be the formula ϕ.

The left to right implication of the theorem is the soundness of the label calculus.

The proof is based on an induction on the proof lenght by means of an decomposition

depending on the nature of the last rule applied. We only mention below the case of the

Substitution rule since we have already pointed out that it is the most specific rule to

treat labelling.

We suppose that the rule Substitution is the last applied rule in the proof.

Let Γ ⇒ α be a formulae and let ρ : V → TΣ(V ) be a substitution such that Ax ⊢

(ρ(Γ)⇒ ρ(α)) is the last step of our proof.

We state the induction hypothesis that: ∀A ∈ Alg(Ax),A |= (Γ ⇒ α). By definition

of the validation, it means: ∀σ : V → A, A |= σ(Γ)⇒ σ(α).

By induction hypothesis, we have: ∀σ′ : V → A,A |= σ′(ρ(Γ)) ⇒ σ′(ρ(α)) because

σ′ ◦ ρ is a particular case of the substitutions σ. Therefore, by the definition of the

validation, we get: A |= ρ(Γ)⇒ ρ(α).

The reverse implication results from the two above lemmas: let us assume that
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∀A ∈ Alg(Ax),A |= ϕ

Since ϕ is written (Γ ⇒ α) and since T Ax
Γ satisfies Ax by Lemma 17, we have T Ax

Γ |= ϕ;

thus, from Lemma 16, Ax ⊢ ϕ. 2

5 An example

Among many other possible applications, label algebras allow us to specify evaluation

strategies (e.g. “bottom-up” evaluation, also called the “call-by-value” strategy). We would

like to point out that this is obtained without giving up the advantages of the algebraic

approach: well chosen label atoms in the preconditions of the axioms allow the specifier

to properly restrict pattern matching. This is entirely due to the absence of the Leibniz

law.

Let us consider a simple example: natural numbers with the usual generators 0 and

succ_ and the defined operation pred_. Our goal in this example is to restrict the scope

of the equations (pred(succ(n)) = n) and (succ(pred(n)) = n) in order to reflect only a

bottom-up evaluation. We will use a label BottomUp. The expression “t ǫ BottomUp”

will mean that the term t can be evaluated by call-by-value via these two equations.

Of course, the constant operation 0 and all terms of the form succ(· · · succ(0)..) “get

a value” via the bottom-up evaluation (0 and succ being free generators). This can be

reflected by the two following axioms

0 ǫ BottomUp(3)

n ǫ BottomUp =⇒ succ(n) ǫ BottomUp(4)

In order to restrict the scope of the equation (pred(succ(n)) = n) to a bottom-up evalu-

ation, it is sufficient to state that a term of the form pred(succ(n)) gets a value via this

equation if the subterm “succ(n)” and the right hand side “n” of the equation previously

get a value. This gives rise to the following axiom

n ǫ BottomUp ∧ succ(n) ǫ BottomUp =⇒ pred(succ(n)) = n(5)

Similarly, the equation (succ(pred(n)) = n) becomes

n ǫ BottomUp ∧ pred(n) ǫ BottomUp =⇒ succ(pred(n)) = n(6)

Let us remark that axioms (3)(4)(5) and (6) do not imply, for example, that the term

pred(succ(0)) is labelled by BottomUp, even though pred(succ(0)) = 0 and 0 ǫ BottomUp

are deductible. Nevertheless, in order to continue the bottom-up evaluations, we have
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to propagate the label BottomUp. We can obtain this propagation by recopying the

preconditions of axioms (5) and (6) as follows

n ǫ BottomUp ∧ succ(n) ǫ BottomUp =⇒ pred(succ(n)) ǫ BottomUp(7)

n ǫ BottomUp ∧ pred(n) ǫ BottomUp =⇒ succ(pred(n)) ǫ BottomUp(8)

Then, using the label calculus with axioms (3) to (8), we prove for example that

pred(succ(0)) ǫ BottomUp and pred(succ(0)) = 0 as follows:

[a]

0 ǫ BottomUp

[from axiom (3)]

[b]

0 ǫ BottomUp⇒ succ(0) ǫ BottomUp

[from axiom (4) and Substitution with n← 0]

[c]

0 ǫ BottomUp ∧ succ(0) ǫ BottomUp⇒ pred(succ(0)) ǫ BottomUp

[from axiom (7) and Substitution with n← 0]

[d]

0 ǫ BottomUp⇒ pred(succ(0)) ǫ BottomUp

[from Modus Ponens applied to [b] and [c] ]

[e]

pred(succ(0)) ǫ BottomUp

[from Modus Ponens applied to [a] and [d ] ]

[f]

0 ǫ BottomUp ∧ succ(0) ǫ BottomUp⇒ pred(succ(0)) = 0

[from axiom (5) and Substitution with n← 0]

[g]

0 ǫ BottomUp⇒ pred(succ(0)) = 0
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[from Modus Ponens applied to [b] and [f ] ]

[h]

pred(succ(0)) = 0

[from Modus Ponens applied to [a] and [g ] ]

On the contrary, it is impossible to prove succ(pred(0)) = 〈AnythingElse〉 because

there is no axiom whose conclusion is of the form t ǫ BottomUp such that t matches

pred(0). Since the label calculus is complete (Theorem 18) this implies that succ(pred(0))

is not a “standard” natural number5 in the initial algebra of this specification.

The reader might believe that axioms (7) and (8) could be replaced by a simpler axiom

reflecting the Leibniz law:

n = m ∧ n ǫ BottomUp =⇒ m ǫ BottomUp(9)

It does not work. As a matter of fact, let us consider the axiom

pred(0) = 0(10)

From one hand let us consider Axiom (10) together with axioms (3) to (8) and let us

consider the term succ(pred(0)). Still, the subterm pred(0) cannot be proved labelled by

BottomUp; consequently only axiom (10) can be applied and the “Replacement” rule of

label calculus shows that succ(pred(0)) = succ(0). The point is that, without axiom (9),

pred(0) is not labelled by BottomUp although it is proved equal to 0, consequently ax-

iom (6) cannot be applied and succ(pred(0)) is not equal to 0 in the initial algebra.

From another hand, if (7) and (8) are replaced by (9), then pred(0) is labelled by BottomUp

(as it is equal to 0). In this case, axiom (6) can be applied and we finally get that

succ(0) = 0 leading to a trivial initial algebra.

6 Conclusion

We have described the syntax and semantics of label specifications (in the positive condi-

tional case). The main particularity of label algebras is to give up the Leibniz law (re-

placement of equal by equal) while preserving the advantages of the algebraic approach

(modularity issues, software engineering applications, etc.).

We have defined the label calculus. The label calculus is complete with respect to

the label algebra semantics: Section 4 explains how to adapt the Birkhoff’s completeness

proof ([Bir35]) to label calculus.

5i.e. it is not in the class of a term of the form 0 or succ(· · · (succ(0)..).
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An detailed example, developed in Section 5, illustrates the main advantage of label

algebras. Roughly speaking: to provide the specifier with a refined “control of pattern

matching” within an algebraic framework.
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