


where diag(A) € R™ and diag (A);; = A;;0;;.

Due to the invariance property of the Frobenius
norm wrt. any orthogonal operator, minimizing (1) is
equivalent to maximizing the functional | : SO,,(R) — R
given as

Ju) = %lediag(UTkUT)Hz.
k=1

A gradient based solution to the constrained maxi-
mization problem

2
arg Uersngl?((m J(U) )

will be proposed in this paper.

2. GRADIENT BASED AJD

2.1 Parameterization and Update of an Orthogonal
Matrix

It is well-known that the orthogonality property of the
transform matrix can be preserved by parameterizing

them by the matrix exponential eX 2 Y ii—? Moreover
since SO,;(IR) is a multiplicative group and the map-
ping e : S;,(R) = SO, (RR) given by eX is surjective [9],
the followmg local parameterization of the transform
matrix will ensure that the transform matrix will remain
orthogonal after each update:
U(n+1) — U(n)eyU’
where U € Si4(R), U™ € SO,,(R), u € Ry and the upper
index denotes the iteration number. Alternatively the
following global parameterization could be used:
U(n+1) efj(n)+}16’
where U(n),U € S;-(R),ut € R+ and the upper index de-
notes the iteration number. By the use of the matrix
exponential the problem has turned from finding an or-
thogonal matrix to finding a skew-symmetric matrix.
In general the computation of the matrix exponential
must be considered computationally demanding, but
here only the computation of the matrix exponential
wrt. a skew-symmetric matrix is required and this can
for instance be done by an EigenValue Decomposition
(EVD).

The following subsection will show that it is pos-
sible to turn the constrained problem (2) into an un-
constrained problem by the use of a second transform
introduced in the following subsection.

2.2 Isomorphism between S;(
In [14] an explicit expression of an isomorphism be-

(n+1)n . ..
tween S,(R) and R™ 2 was derived. By a similar
procedure, an explicit expression of an isomorphism

between Si-(IR) and ]R@ can be found.

Let A € S;/(R) and let w(A) denote the x 1 vec-
tor that is obtained by eliminating all the dlagonal and

(nl

supradiagonal elements from A and thereafter stacking
the infradiagonal elements into the vector

T
w(A) = [A12,' A1, Agz, e Ao, /A(n—l)n] .

Definition 2.1. (Skew-Symmetric Elimination Matrix )

)ﬂ 2.

The skew-symmetric elimination matrix Le ]R is
defined to be the matrzx representation of the linear mapping
L: S+(R) — ]R 7" and it satisfies LVec( ) = w(A)VA €
Sy (R).

Xn

Definition 2.2. (Inverse Skew-Symmetric Elimination Ma-
trix)

Let the inverse skew-symmetric elimination matrix L'e
R7*“5" pe defined to be the matrix representation of
the linear mapping L™ R Sy(R) and it satisfies

Vec(A) = E_lw(A) YA € S;(R).

Before giving an explicit expression of the skew-
symmetric elimination matrix, let

1<n—21>n = [ﬁ21rﬁ3lr---rﬁn1/ﬁ32r---/ﬁn21ﬁ43r---rﬁn(n—1)]/

where I, is the m X m identity matrix and and @;; =
(n-1)n

€(j-tyn+i-1j(j+1) €

(n=1)n

Proposition 2.3. Letii;;=e €R 2 and let

(j-Dn+i-3 j(j+1)
— T
nxn o— .ol — o .. — .. T
R™" > E;j = eie; then L = ZuUVec(El]) = Zu,] ®e; ®
i>j i>j
T

e .

Proof. By making use of the identities Vec (yxT) =y®x
and xy! =x®y! we get

ZAijﬁij

i>j
Z ﬁi]-el.TAe]-
i>]
T
Z flijVeC (Ez]) Vec(A)
i>j

Z(uz]®e ®e; )Vec( ).

i>j

w(A) =

O

To obtain the matrix expression of the linear map-
ping L~! the following lemma will be used.

Lemma 2.4. Let A denote the lower triangular matrix con-

~T
sisting of the infradiagonal elements of A then L w(A) =
Vec (A) .



Proof. Since ﬁiT].ﬁhk = Ojp,j-k We get
~T~
L LVec(A) = Z Z (6], @e;@ei) (i ®ef ®ey) Vec(A)
i>j h>k
= Z Z (ﬁgﬁhk ® e]-e]z ® eieZ)Vec (A)
i>j >k
= 2 (e]-e].T ® e,-el.T) Vec(A)

i>j

= Z Vec (e,'el-TAe je]T)

i>j

i>j

= Vec (K) .

= Vec

Hence
—~ ~T—~
Vec (A) =L LVec(A)

—T w(A).
O

By using the above lemma it is possible to obtain

an explicit expression of L', but before reaching this
result the commutation matrix will be introduced.

Definition 2.5. (Commutation Matrix [13], [15] )
Let R™" > H;j = ei,me]Tn, where e; , is the ith column of

Iy, and ej, is the jth column of I,. Then the commutation
matrix Cpy, € R™™ s defined to be

m n

Cmn:Z

i=1 j=1

Hﬁ@H}}.

The commutation matrix relates Vec(A) and
Vec (AT) by the equation C,;;,Vec(A) = Vec (AT) YA €
R™ " [13].

Proposition 2.6. The matrix representation of the linear
map Llis given by the expression L'=1- CnnfT.
Proof. By lemma 2.4 and the commutation matrix we

get
(L= ol a) =T 0(A) - CoL wa)
= Vec (&) - Vec (KT)
= Vec(A) YA € S:(R).

O

By the use of the previously introduced isomor-

phism the search for a skew-symmetric matrix has now
. . (n-1)n
turned into a search for a vector in R™2 Hence

any conventional iterative method operating in a vector
space can now be applied to the problem. In particular
a gradient ascent method will be described next.

2.3 Calculation of the Gradient
Now a matrix based formulation of the partial deriva-
tives will be given. Let X € R™™, then we have
the identities |[X|? = Vec (X)” Vec(X) and Vec (diag(X)) =
Diag (Vec (I;)) Vec(X), where Diag(Vec(I,)) is a diago-
nal matrix with Diag(Vec(I,,));; = Vec(I,;,); and the ma-
trix P £ Diag(Vec(I,;)) is idempotent. By the use of
the identities we will derive (;;]((—g))T from the differential
d(J(U)).

In [11] the differential of the matrix exponential wrt.
a symmetric matrix was found. By a slight modification
of their derivation the differential of the matrix expo-
nential wrt. any square matrix can be found to be

d(e?)= fo 1 eMd(A)erdDdt. 3)

Let U be fixed and let us recall the identity Vec(ABC) =
(CT®A )Vec (B), then by applying the introduced iso-
morphism and by equation (3) we get

(I,®U)d (Vec (eU))

d (Vec (Ueﬁ))

= (I,90) f 1 VD g Ut dvec (d (I~J>)
0

1 —~
1,®U) f eU(t_1)®eUtdtf_ld<w(ﬁ)),
0
4)

where L ' denotes the inverse skew-symmetric elimi-
nation matrix. _

Let UD = UMeV and K = UT, U7, then the partial
derivatives for the gradient ascent method can be found
via the following differential and the use of (4) to be

n
% Y d(ldiag(UT,UT)|12)
k=1

= Zn: Vec (Ky)" Pd (Vec(UT,UT))
k=1

d(J(v)

= ) Vec(Ky)" P((UT,&1,) + (I, @ UTy) Cyun)
k=1
x d(Vec(U))

= ) Vec(K)" P((UT(®L,) + (1 @UTy) o)
k=1

1 = - —~— —_—
x (I,®U) f VD g eUtdiL 1d(w(U)).
0

From the differential we can deduce that the gradient
when evaluated at iteration n reduces to

JU) v
P ;Vec (Ko)" P((UT; ®1,,) + (I, ® UT)) Cpum)

~—1
x(I,®U)L ,



since U™ = UMe0 at iteration 1. For the global param-

eterization U = eV +#U, the gradient vector can be
found by similar calculations to be

dJ(U) - T
—_— = Vec(Ky)  P((UT,®1, L, UTy) Crim
(0T kz—l ec(Ky)' P(UT®Ly) + (1, ® UTy) Cir)

1
= = -
xf eV geldriL
0

Given the EVD U = RAR" the above integral can be
expressed as

1 _ 1
f VD gelldt = (R®R) f eMD @eMdt(ROR)!.
0 0

: 1
Furthermore the diagonal elements of fo eM-D geMdt

can be found to be
1 1
f e/\i(t—l)e/\jtdt f e(/\i+)\j)t_Aidt
0 0
Y _e M
- € A,'+e/\,' ’Ai # _/\]
e

Ai==Aj
where A; is the ith eigenvalue of U
Applying the local parameterization, then the search
direction is now set to

—1 9](U) /” af(U) ]
JwO)T"" gw(U)T

U= Unvec(

Next a simple and inexact linesearch procedure will be
applied to solve the maximization problem

argmax | (U(n 1)e”U) o)

ueR

By selecting u sufficiently small convergence to a crit-
ical point is guaranteed. More specifically let w =

{0,21—0,22—0,...,1}, then

ut = argmax ] (U(” 1)6“U)

l.lE

will be used as an approximation to (5) in the following
simulation section. It should be pointed out that a
guarantee of convergence to a global maximum is still
an open problem.

3. SIMULATION

The performance of the proposed gradient based algo-
rithm, which will be called GAEX, will be compared
with the JADE algorithm proposed in [3].

To compare the different orthogonal simultaneous
matrix diagonalization algorithms, the performance
will be measured on a set of matrices {Tk}Z:1 c Rm™>m

where T = UD,U” + BE, where U is a randomly gener-
ated orthogonal matrix, Dy is arandom diagonal matrix,

os5F g

——— JADE
5 —+— GAEX
05 L | | L | . | .
0

01 0.2 03 0.4 05 0.6 07 08 0.9 1
o

Figure 1: The diagonalization of a set random matrices
where a is varying.

I L I I I I
2 4 6 8 10 12 14 16 18 20
Iteration

o
o

Figure 2: The convergence of the GAEX algorithm for
different trials when = 0.

0.65

L I L L L I L L I
2 4 6 8 10 12 14 16 18 20
Iteration

Figure 3: The convergence of the GAEX algorithm for
different trials when o = 0.5.



E € R™ js a random matrix and € R is a gain factor.
Let x be uniformly distributed

,aA<x<b

1
~ Jdb—a

Uan () {0 ,elsewhere
Then let Dy, and E;; be randomly drawn elements in
U(-100,100)(x) and U is an orthogonal basis of the sub-
space spanned by the columns of random matrices con-
tained in R™ and which entries are randomly drawn
elements in U(_100,100)(x). Moreover in all simulations
m =n =5 and the proposed gradient based method will
be initialized with U =1,,.

A measure on how diagonal a set of matrices is, is
the following

X lidiag (T2
Y Iyl

This is indeed a measure on how diagonal the set of
matrices is, since 0 <y <1 and when orthogonal trans-
forms are applied then y decreases continuously as Ty
deviates continuously from a diagonal form.

n 2
Let o = —Z"ﬁégrljzkll
a hop size of 0.1, then a comparison between the men-
tioned procedures as a function of @ can be seen on
figure 1.

Furthermore the convergence of the GAEX algo-
rithm for different trials as a function of the iteration
number when = 0 and «a = 0.5 can be seen on figure 2
and figure 3 respectively.

and let @ vary from 0 to 0.9 with

4. SUMMARY

We have proposed a joint diagonalization algorithm
which transforms the constrained optimization prob-
lem into an unconstrained problem. This means that
any conventional iterative method operating in a vec-
tor space could be applied to the problem.

An explicit expression for an isomorphism between

S+(R) and ]R@ was introduced. Furthermore ex-
pressions of the first order derivatives of the proposed
method was also presented.

Simulations indicate that the gradient based method
converges to the same point as the JADE algorithm does.
Hence a potential application of introduced method is
in the field of adaptive BSS and this topic is left open
for future investigation.
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