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Problems

Learning from non-IID data

I Bipartite ranking and pairwise classification
I Similarity learning
I Classification of sequence data (mixing processes)
I Classification of connected webpages
I Active learning
I Covariate Shift
I . . .

Questions
I Algorithmic: how to deal with non-IIDness?
I Theoretical: what statistical guarantees can be exhibited?
I Algorithmic and theoretical: may theoretical results motivate new

algorithms? vice versa?
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Beyond the Common Statistical Learning Framework

Supervised Learning Setting

I X input space, Y target space, D distribution on Z = X × Y
I Strain = {(Xi ,Yi )}n

i=1 sample of n independently and identically (IID) r.v.
distributed according to D

I A loss function ` : Y × Y → R

Goal: minimizing the true risk
From Strain, learn a mapping f : Z → Y such that

R(f ) =

Z
X×Y

`(f (x), y)dD(x , y) = min
h

R(h)

For instance, in classification, we wish to minimize:

PX ,Y∼D(f (X ) 6= Y )

Noticeable assumptions (that will not necessarily hold later on)

I Training and test data are IID
I They are distributed according to the same distribution



Concrete Examples

Virtual Screening

I A scoring function f :M→ R
that gives higher scores to
toxic molecules

I Maximization of the Auc

Learning f
A usual strategy is to learn a pairwise binary classifier on (toxic, non toxic)
pairs (with default class +1)



Concrete Examples

Brain computer Interface: P300 speller

(from A. Rakotomamonjy)

Goal
Detect P300’s in EEG signal.

Nature of non-IIDness
I Drifting distribution (patient

adaptation)
I Change of sampling

distribution (covariate shift)



Concrete Examples

Edge prediction, relational learning, etc.

1

2 3

45

6 7

8

?

?

?

?

Interdependencies

I In training data
I In test data
I In general: a problem not obvious to formalize in the statistical learning

framework



Concrete Examples

Robot navigation

Temporal dependencies (cf. mixing processes)

I The robot has to make a decision (e.g. {stop, right, left,
forward}) at each time step t according to its environment Xt

I Xt depends on the past Xt′ ’s (t ′ < t) with a fading influence between the
Xt ’s over time (cf. mixing processes)



Covariate Shift

Pitch
“Learning when training and test distributions are different”

(NIPS 06 workshop)

(from Storkey and Sugiyama [21])

Results: Ptrain(Y |x) = Ptest(Y |x) and ptrain(X ) 6= ptest(X )

Learning setting: Strain = {(Xi ,Yi )}n
i=1, Stest = {Xi}m

i=1

I Importance Sampling (reweighting examples) by an estimation of
β(X ) = ptest(X )/ptrain(X )

I Algorithmic and consistency results [21, 18, 19]



Mixing processes

Setting

I Z = {Zt}+∞t=−∞ stationary: for any t and m, k ≥ 0, the random
subsequences (Zt , . . . ,Zt+m) and (Zt+k , . . . ,Zt+m+k ) are identically
distributed

I The dependencies are fading over time, e.g., φ-mixing process:

ϕ(k) = sup
n,A∈σ+∞

n+k ,B∈σ
n
−∞

|P [A|B]− P [A]| .

Z is ϕ-mixing if ϕ(k)→ 0 as k → 0

Recent results
I Stability bound for β- and φ-mixing processes [12]
I Rademacher complexity fpr β-mixing processes [13]
I Consistency of learning in α-mixing non stationary processes [20]
I . . .



Interdependent and Identically Distributed Data

Basic assumptions

I Ztrain = {Zi}m
i=1 distributed according to Dm

I p(Ztrain) 6=
Qm

i=1 p(Zi )

I ptrain(Zi ) = ptrain(Z ) = ptest(Z ) (similar to a stationarity condition)
I Goal: control the risk of a learned function wrt ptest(Z )

Illustration
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Results
I Adapted concentration inequalities [7, 22]
I Chromatic PAC Bayes Bounds (LR, M. Szafranski, G. Stempfel, 09)
I . . .



PAC Bayes Bounds for non-IID Data

What ?
A tight generalization bound that applies in the non-IID setting: with high
probability

R(f )|{z}
true risk

≤ R̂(f ,Z)| {z }
empirical risk

+ ε(m, . . .)| {z }
→0

Expected features

I Genericity
I Tightness
I Easily computable
I Motivates new algorithms



Motivating example: bipartite ranking and bounding the AUC

Setting (Input space X , target space Y = {−1,+1}, Z = X × Y)

I Training set: S = {(X i ,Y i )}`i=1 ∈ Z
`
, i.i.d according to D

I `+: number of positive data in S
I `−: number of negative data in S

I Empirical and true ranking risks

R̂rank(f ,S) = 1
`+`−

P
i:Yi =1,j:Yj =−1

If (Xi )<f (Xj ) (= 1− AUC(f ,S))

Rrank(f ) = ESR̂rank(f ,S) = PX±∼D±(f (X+) < f (X−))

Non-IIDness

R̂rank(f ,S) uses non-independent r.v. Zij := (X+
i ,X

−
j ) ∈ Z :=

=:Xz }| {
X × X ×

=:Yz}|{
Y
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Motivating example: bipartite ranking and bounding the AUC

Setting (Input space X , target space Y = {−1,+1}, Z = X × Y)

I Training set: S = {(X i ,Y i )}`i=1 ∈ Z
`
, i.i.d according to D

I `+: number of positive data in S
I `−: number of negative data in S

I Empirical and true ranking risks

R̂rank(f ,S) = 1
`+`−

P
i:Yi =1,j:Yj =−1

If (Xi )<f (Xj ) (= 1− AUC(f ,S))

Rrank(f ) = ESR̂rank(f ,S) = PX±∼D±(f (X+) < f (X−))

The Question
How to bound the true risk Rrank(f ) of f based on R̂rank(f ,S) given that there
is some non-IIDness in the data used to evaluate R̂rank(f ,S).

Rrank(f ) ≤ R̂rank(f ,S) + ε(`, . . .)



Tool 1: IID Pac-Bayes Bound

Theorem (IID PAC-Bayes Bound, [10, 17])
∀m, ∀D, ∀H, ∀δ ∈ (0, 1], ∀P, with probability at least 1− δ over the random
draw of Z ∼ Dm = Dm, the following holds:

∀Q, kl(êQ ||eQ) ≤ 1
m

»
KL(Q||P) + ln

m + 1
δ

–
,

where, for Z = (X ,Y ), r(h,Z ) = Ih(X) 6=Y , and,

êQ = Eh∼Q
1
m

mX
i=1

r(h,Zi ) = Eh∼QR̂(h,Z)

eQ = EZ∼Dm êQ = E Z∼D
h∼Q

r(h,Z ) = Eh∼QR(h).



Tool 1: IID Pac-Bayes Bound

Theorem (IID PAC-Bayes Bound, [10, 17])
∀m, ∀D, ∀H, ∀δ ∈ (0, 1], ∀P, with probability at least 1− δ over the random
draw of Z ∼ Dm = Dm, the following holds:

∀Q, kl(êQ ||eQ) ≤ 1
m

»
KL(Q||P) + ln

m + 1
δ

–
,

Comments

I Implies: eQ ≤ êQ +
q

2
m

ˆ
KL(Q||P) + ln m+1

δ

˜
I Bounds the risk of the Gibbs classifier
I P and Q structure the hypothesis space
I When P and Q are specialized, the bound can be tight and computable



Tool 1: IID Pac-Bayes Bound

Theorem (IID PAC-Bayes Bound, [10, 17])
∀m, ∀D, ∀H, ∀δ ∈ (0, 1], ∀P, with probability at least 1− δ over the random
draw of Z ∼ Dm = Dm, the following holds:

∀Q, kl(êQ ||eQ) ≤ 1
m

»
KL(Q||P) + ln

m + 1
δ

–
,

Elements of proof: extremely simple
Massage r.v. emkl(R̂(h,Z)||R(h)) softly

I Bound its expectation (wrt to Z and h) and use Markov’s inequality
I Use Jensen’s inequality to introduce Q and to retrieve êQ and eQ



Tool 2: Graph Fractional Chromatic Number

Definition (Dependency Graph)
Let Z = {Zi}m

i=1 be a set of r.v. taking values in Z. The dependency graph
Γ(Z) of Z is such that the vertices of Γ(Z) are {1, . . . ,m} and:

i ∼ j ⇔ p(Zi ,Zj ) 6= p(Zi )p(Zj ).

Definition (Fractional Covers, [16])
Let Γ = (V ,E) be an undirected graph, with V = {1, . . . ,m}.

I A cover C = {Cj}n
j=1 of Γ, with Cj ⊆ V , is such that no two nodes in Cj

are connected
I A fractional cover C = {(Cj , ωj )}n

j=1 is a slightly refined version of a cover
which assigns weights to each element of C

Finding a minimal (fractional) cover amounts to finding a minimal coloring of Γ

χ(Γ) (χ∗(Γ)) is the (fractional) chromatic number of Γ



Tool 2: Graph Fractional Chromatic Number

Definition (Dependency Graph)
Let Z = {Zi}m

i=1 be a set of r.v. taking values in Z. The dependency graph
Γ(Z) of Z is such that the vertices of Γ(Z) are {1, . . . ,m} and:

i ∼ j ⇔ p(Zi ,Zj ) 6= p(Zi )p(Zj ).

Property on χ(Γ) and χ∗(Γ)[16]
Let Γ = (V ,E) be a graph. Let c(Γ) be the clique number of Γ. Let ∆(Γ) be
the maximum degree of a vertex in Γ. The following holds

1 ≤ c(Γ) ≤ χ∗(Γ) ≤ χ(Γ) ≤ ∆(Γ) + 1.

In addition, 1 = c(Γ) = χ∗(Γ) = χ(Γ) = ∆(Γ) + 1 if and only if Γ is totally
disconnected.

On the (fractional) chromatic number

I Computing χ and χ∗ is an NP-hard problem, but. . .
I we will consider instances of graphs for which they can be computed



Tool 2: Graph Fractional Chromatic Number

Definition (Dependency Graph)
Let Z = {Zi}m

i=1 be a set of r.v. taking values in Z. The dependency graph
Γ(Z) of Z is such that the vertices of Γ(Z) are {1, . . . ,m} and:

i ∼ j ⇔ p(Zi ,Zj ) 6= p(Zi )p(Zj ).

Example: Bipartite Ranking
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c = χ∗ = χ = 4

Usefulness of covers
A (fractional) cover of minimal weight breaks a set of dependent r.v.’s into a
minimal set of (large) subsets of independent r.v.’s



Chromatic Pac-Bayes Bounds

Theorem (LR, M. Szafranski, G. Stempfel [14])
∀m, ∀Dm, ∀H, ∀δ ∈ (0, 1], ∀P, with probability at least 1− δ over the random
draw of Z ∼ Dm, the following holds

∀Q, kl(êQ ||eQ) ≤
χ∗

m

»
KL(Q||P) + ln

m + χ∗

δχ∗

–
, (1)

where χ∗ is the fractional chromatic number of Γ(Dm).

Remarks
I The bound is “cover independent”
I Comes down to the IID Pac-Bayes bound when data are IID

(χ∗ = χ = 1)

A high-level view

I Break the dependency graph into independent subsets
I Apply the IID PAC-Bayes bound to each subset
I Gather everything



Ranking bound with linear classifiers

Theorem (Linear Ranking/AUC Pac-Bayes Bound)
∀`,∀D over X × Y, ∀δ ∈ (0, 1], the following holds with probability at least
1− δ over the draw of S ∼ D

`
:

∀w , µ > 0, kl(R̂rank
Qw,µ ||R

rank
Qw,µ) ≤ 1

`min

»
µ2

2
+ ln

`min + 1
δ

–
.

Where the prior P is N (0, I), the posterior Qw,µ is N (µ, 1) in the direction of
w and N (0, 1) in all other directions.

Comments
I For rotational invariant distributions wrt w, w is Bayes equivalent to the

voting classifier
I The bound is tightened by adjusting µ
I Yet tighter bounds can be obtained by using an appropriate prior P



Ranking bound with linear classifiers

Ranking experiments, preliminary results (UCI datasets, [15])
Gaussian kernel: k(x, x′) = exp(− ‖x−x′‖2

2σ2 ). Homemade ranker.
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Related Work

Fractional Covers/Concentration Inequalities/Generalization bounds

I Fractional Graph Theory [16]
I Generalization of Chernoff bound, Svante Janson [7] (+ refs therein)
I Generalization McDiarmid’s inequality, Fractional Rademacher

Complexity, Usunier et al [22]

PAC Bayes bounds

I Base results, McAllester [10], Seeger [17], Langford [8], Catoni [5]
I Prior learning and bound tightening, Ambroladze et al. [3]
I Averaging classifiers, Langford et al. [9], Meir et al. [11]

Other bounds/results
I AUC: Agarwal [1, 2], Clemencon [6]
I Mixing processes: Mohri [12, 13], Steinwart [20]
I Occam’s Hammer, Blanchard and Fleuret [4]
I . . .



Conclusion and Outlooks

New PAC-Bayes Bounds

I Based on fractional covers of graphs
I A generalization of the IID PAC Bayes bound
I New bounds for bipartite ranking
I Encouraging preliminary simulation results
I New bounds for φ-mixing processes (not shown here)

Outlooks
I More numerical simulations, with learned priors
I New algorithms
I Connection to variational approximation
I Connection with other approaches to handle non-IID data (weakly

dependent variables)
I Bayesian prediction
I Use of spectral graph theory



ECML Workshop on Learning from non-IID Data

http://www-connex.lip6.fr/˜amini/ecml-wk-lniid.html

by M. Amini, A. Habrard, LR, N. Usunier

http://www-connex.lip6.fr/~amini/ecml-wk-lniid.html
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