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In general, phase is ambiguous since e/!9+277) = &) for any integer n. O8B Figure 5.7 shows
the continuous phase (denoted as arg) and the wrapped phase (denoted as ARG) of an LTI
system.

Group Delay

Typically, it is hard to infer much from a phase plot, and a group delay plot gives more useful
information.

i d : d .
{ st Jw = — — ar o o — w
T(w) = grd[H (/)] = o [arg H(e™)] o [ARG H(e™¥)]
The last equality holds except at discontinuities of [ARG H(e/?)].

In MATLAB, group delay is calculated using the Fourier transform rather than differentiation.
In the amplitude/phase representation:

H(e) = A(m)eﬂ‘”wJ (1)
Differentiating both sides, ’fl,eﬂ Lah Ee 1\%0&)‘»»'6
H'(e) = A'(w)e?®@) + A(w)e?® ) (56 (w))

and dividing by Equation 1, .
H'(e)  A(w)

'
() ~ Aw) "7
Since both ‘:l{.;ff and & (w) are real,
= H'(elv)
o) = ~In S,

If h[n] « H(e’)}, we can apply the frequency differentiation property of the Fourier transform
and get .

—jnh[n] & H'(e?).
Denoting Fourier transform of h[n] as F.T.(h[n]),

o F.T.(-jnh[n])
W) = Il g

and finally, F.T.(nhin|)
nhin

) = BT )
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Systems with Linear Phase

Systems with constant group delay are referred to as linear phase systems. These systems are
desirable when we want to minimize the distortion on the shape of a signal. The three systems
given below are linear phase systems.

System 1:  Fy[n] is symmetric about zero.
hifa] = h[—n]

H,(e’) is real, and phase is zero in the amplitude /phase representation. Thus, the group delay
is zero, and h|n| is linear phase.

System 2:  hy[n| is symmetric about an integer no, i.e. hj[n] delayed by np.
hg[’n] = h1[n - ’ng]
Hay(eh) = emiom b, (¢
H\(e?*) is real, so the group delay of Ha(e/) is ng, and hs[n] is also linear phase.

Since hy[n| is even,
ha[n + ng] = hi[n) = hi[—n| = ha[—n + ny),

and ho(n) satisfies the following:
ha[n} = ha[2ng — nj

System 3:  hs[n| = h3[2a — n|, where 2a is an integer.

Hy(e) = Hy(e™)e %,
since hg[n] = hs[—(n — 2¢)]. Multiplying both sides by e“e,

7% Hy (&) = Hi(e/)e ™% = ervaHy(elw),
This implies that both sides must be real, so H3(e’¥) can be expressed as
Hj(e/) = A(e?)e™ 147,

where A(e?} is real (possibly bipolar). Thus, the phase response of H(e’*) is linear, and the
group delay is constant.,

o



Since h[n] is only defined at integer values, we need 2 to be an integer to represent hf2a —n).
If o is an integer, then System 3 corresponds to System 2 aud hjn| is symmetric about o (see
OSB Figure 5.35 {a)). If 2« is an integer but « is not an integer, the point of symmetry lies
between samples (see OSB Figure 5.35 {b)). When 2¢ is not an integer, hin] is not symmetric,
but the envelop is symmetric (sce OSB Figure 5.35 ().

Generalized Linear Phase
Consider a system which is antisymmetric about zero:
hln] = —hin]
This implies that H{e/) is purely imaginary, therefore in the amplitude/phase representation,
H(e) = jI(w) = I(w)e™’?,
where I{w) is real. Thus, we see that the phase of H(e*} is /2, and the group delay is zero.
If the system has an odd symmetric impulse response
hi{n] = —h{2a - nj
where 2a is an integer, then it follows that
H(e¥) = —H*(elw)e—i%aw,
Multiplying both sides by e/ve,
e H(e/) = ~H*(e)e™Iva = _Giua [ (giw),
which implies that both sides must be purely imaginary, so
e H (/) = F{w)
where I(w) is real. Thus, H(e/¥) has the form
H(e?) = I(w)ei™/2g=iwer,

Therefore, we see that the phase of H(e#) consists of a constant term added to a linear func-
tion, and the group delay of the system is «, a constant.

Systems with linear phase in this sense are called generalized linear phase.
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