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RÉSUMÉ :

MOTS CLÉS : vérificationdeprogramme,réécriture, sémantique opérationnelleetéquationnelle

ABSTRACT: This paperdescribesa systemfor automatically transforming programswritten in a simpleimperative language
(calledC–), into a setof first-orderequations. This meansthat a setof first-orderequations usedto representa C– program
alreadyhasa precise mathematical meaning; moreover, the standardtechniquesfor mechanizing equationalreasoning canbe
usedfor verifying propertiesof programs. This work shows that simpleimperative programscanbe seenasfully formalized
logical systems,within which theoremscanbeproved. Thesystemitself is formulatedabstractlyasa setof first-orderrewrite
rules.

KEY WORDS : ProgramVerification,Rewriting, Operational andEquational Semantics



1. Intr oduction

Theneedto beableto reasonaboutcomputerprogramsin
a rigorousformal way is self evident. In orderto increase
confidencein codeproduction,efforts shouldbe focused
onverifying thatprogramsmeettheir requirements,thatis,
that they aresoundwith respectto their specification. In
a previouswork [1], FÉDÈLE andKOUNALIS introduceda
theoreticalframework for proving automaticallyproperties
of C-- programs,a simpleimperative language.The idea
wasto translatesourcecodeinto a setof first orderequa-
tionsexpressingtheprogramalgebraicsemantics.Theuse
of equationallogic, hassomeadvantagesover other, more
complex logics:

1. it is verysimple— thelogic of substitutingequalsfor
equals;

2. many problemsassociatedwith equations,thatarenot
decidablein more complex logics, are decidablein
equationallogic;

3. there are efficient algorithmsfor deciding many of
theseproblems.
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Figure1. Proofprocessoverview

The generaloutline of our framework is shown in
Fig.1. Userswrite down the C-- codeof a program;they
alsowrite the programspecificationasa setof properties
expressedin equationallogic.Thesourcecodeis thentrans-
formedautomatically, by theSOSC-- system,into a setof
equations.Theequationsof theprogramcanbeseenasthe
axioms,andthepropertiesto beprovedastheconjectured
theoremsof theaxioms.Therefore,theproofof thesetheo-
remsfromtheaxiomsis equivalentto theproofthatthepro-
grammeetsits specification.Thislastpartmaybedoneau-
tomaticallyusingtheoremproversableto do mathematical
inductionlike NICE [2] or interactively usingproof check-
ers like COQ [3].

This approachis conceptuallydifferent from other
recentdevelopmentslike COGITO [4] or SPECWARE [5],
sincethesesystemsgeneratecodefrom specifications.It
alsodiffers from [6] and[7] sincethey useannotationsto
prove theprogrambehavior. Our approachis conceptually
similar to the systems[8] and [9]. However, [9] cannot
treatprogramswith loopsand[8] works in logicsnot eas-
ily amenableto automation.

In thispaper, weextend[1] in variousdirections:

1. We give an abstractframework to the program to-
wards equationprocess. In [1], therewas only the
basisof a rewrite systemand no propertyhad been
provedon thesystem.

� In particularwe formulatethe SOSC-- system
asarewrite system.Werefinetherulesto enrich
andbecloserto theC-- semantics.� We prove the rewrite systemcompleteness(i.e.
termination and confluence)using the RRL1.
Roughly speaking,this kind of completeness
meansthat every C-- program can be trans-
formedinto a uniqueequationalprogram.� We give a formal descriptionof how equations
aregeneratedfrom environments.

2. In [1], no implementationhad beendone. We now
assertthat theaxiomatizationprocesscanbeautoma-
tizedsincewemadeanimplementationin Java.

� JavaCC2, a parserand scannergenerator, has
beenusedfor thetermgenerationstep.� WedevelopedaJavaversionof agenericrewrit-
ing algorithm.Therewrite rulesareloadedsepa-
ratelyfrom afile soasto elaboratetheruleswith
ease.� We worked out an algorithmto generateequa-
tionsfrom environments.

In whatfollows,we first introducesomebasicdefini-
tionsandnotations.Then,section3 givesageneraloutline
of the SOSC-- systemandillustratesit with an example;
thesectionusesthefollowing scheme:

1. programsareterms;

2. termsproduceenvironments;

3. environmentsgenerateequations.

1Rewrite RuleLaboratory[10]. Theproof is partof thefull versionof
this paper.

2JavaCompilerCompiler, Metamata.



2. Definitions

2.1 Rewrite Systems

We assumefamiliarity with thebasicnotionsof equational
logic and rewrite systems(see [11] for instance). Let�������	��


denotethesetof termsbuilt out of functionsym-
bolstakenfrom thefinite vocabulary

�
andadenumerable

set
�

of variables. If � is a term and 
 is a substitution
of termsfor variablesin � , then ��
 is an instanceof � . An
equation� is anelement

�������	��
�������������

andis written

as ����� . A rewrite system� is a setof orientedequations��� �
, called rewrite rules. A rule is appliedto a term �

by finding a subterm � of � that is an instanceof the left
side
�

(i.e. �!� � 
 ) andreplacing� with thecorresponding
instance(

� 
 ) of the rule right side. Onecomputeswith �
by repeatedlyapplyingrules to rewrite (or reduce)an in-
put termuntil anormalform (irreducibleterm)is obtained.
Let " be a setof equations,in the casewhere " can be
compiledinto a complete(i.e. terminatingandconfluent)
rewrite system � , we can decide �#�%$&� by testingfor

identity the � -normalformsof � and � (i.e. nf
� � 
('� nf

� � 
 ,
where nf

� � 
 (resp. nf
� � 
 ) denotesthe normal form of �

(resp. � )).
2.2 The C-- Language

For our experimentswe usea very simpleimperative lan-
guage.The C-- syntaxis similar to the C one. The main
featuresof thelanguageare:

� assignment;

� controlflow statements:if )*)+) else, whileandreturn;

� two predefinedtypes: integers(int), andlists of inte-
ger(list);

� usualarithmeticoperators;

� operatorson lists: getHeadwhich returnsthefirst ele-
mentof a list, getQueuewhich returnsa copy of a list
except for the first element,NULL which represents
an empty list, and conswhich insertsan elementat
thebeginningof a list.

However, severalcommonfeaturesin imperativelanguages
areunavailablein C--: no user’s definedtypes;no global
variables;nopointersdirectlyaccessible— of coursesome
areusedin thepredefinedtype list.

3. A GeneralOutline of the SOSC-- System

The SOSC-- systemcanbe representedasa rewrite sys-
tem � over a first-orderlanguage, built out from a set
of functionsymbols.Thesesymbolsaretranslationsof the
constructsof the sourcelanguage(C--). For instance,the
assignmentstatement,written -.�&/ in C--, is translated
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Term

Equation

Rewriting

generation

code
C−−

EnvironmentEquations

Syntactic

Figure2. Axiomatizationprocessoverview

into Assign
� - � / 
 , whereAssignbelongsto thevocabulary

of , .
Thesystemtakesasinput a C-- programandreturns

asoutputa setof equationssemanticallyequivalentto the
program: the result of the executionof the C-- program
with input I is identical to the result (i.e. theorem)of the
equationaldeduction,startedwith theverysameinput. The
transformationprocess,calledC-- axiomatization, is done
in threestepsandis carriedout without any userinterac-
tion. Figure2 shows thestepsinvolvedin theC-- axioma-
tization.

To illustratethesesteps,we will usethe sortingpro-
gram of listing 1. This programis a C-- versionof the
insertionsort. Functionins takesan integer � anda sorted
list 0 andreturnsa new sortedlist which is a copy of 0
containing � . ISort takesa list 0 asargumentandreturns
a sortedcopy of 0 by insertingat the right position(call
to function ins) thefirst elementof 0 in thealreadysorted
queueof 0 .
3.1 ProgramsareTerms

The first step consistsin analyzingthe functions of the
sourceprogram 1 . The resultof this syntacticanalysisis
a list of term

��23 over , ; oneterm for eachfunction 4 of1 . Intuitively, a termis equivalentto asourcefunctionand
suitablefor rewriting.

EachC-- function is seenasa list of statementsand
an initial environmentgatheredin a GE3 term. The initial
environmentis madeup of thefunctionformal parameters
combinein a Pair term with EP4 terms. An EP term de-
notesaneffective parameter. Thus,formal parametersbe-
havelike localvariablesto whichareassignedtheeffective
parameters.

Variable declarationsareconsideredasassignments
andarethereforeaddedto thelist of statementsof thefunc-

3GE standsfor GenerateEnvironment.
4EP(x) standsfor Effective Parameterx. It is the valuegiven to the

functionparameterx whenthefunctionis called.



Listing 1. Sortingprogram.

list ins( int e, list L) 5
list ret=NULL;
if (L==NULL) ret=cons(e,NULL);

else if (e6 =getHead(L)) ret=cons(e, L);
else 5 ret=ins(e, getQueue(L));

ret=cons(getHead(L), ret ); 7
return ret ; 7
list ISort( list L) 5
list ret=NULL;
if (L==NULL) ret=NULL;

else ret=ins(getHead(L), ISort(getQueue(L)));
return ret ; 7
tion.

A sequenceof statementsis simulatedby a list of
terms.

Returnstatementsengenderapair linking thenameof
thefunctionandits returnexpression.

Expressionsappearingasright valuein anassignment
or asvaluein a functioncall areleft asis.

The other constructsof the C-- languageare sim-
ply matchedwith equivalent terms of the rewrite sys-
tem: the if statement,if

��8*
 �:9 else �<; , is translatedinto
If
��8=� �>9 � �?; 
 ; thewhile statement,@�ACB � � ��8*
 � , is translated

into While
�EDGFIHKJML NCOQPSRTLVUW��8X� � 
 .

For instance,thetermwhich correspondsto the ISort
functionof thesortingprogram is:

GE( 5 Assign(ret, NULL),
If( 0Y�[Z(\^]_] ,5 Assign(ret, NULL) 7 ,5 Assign(ret, ins(getHead( 0 ),

ISort(getQueue( 0 )))) 7 ),
Return(ISort( 0 ), ret) 7 , 5 Pair(0 , EP(0 )) 7 ) .

A GE termcontainstwo elements.Thefirst onerep-
resentsthesequenceof instructionsof thesourcefunction:

� thedeclarationof ret givesthefirst Assignterm;

� thencomesthe If termwith theconditionandits two
lists of statements,onefor eachalternative;

� andfinally theReturnterm.

The secondone representsthe function initial envi-
ronment. It is a list of Pair terms. A Pair associatesa
variableanda value. Thus,the initial environmentis the
valueof thefunctionvariablesafterthecall but beforeany
instructionis evaluated.

Likewise,thetermwhichcorrespondsto the ins func-
tion is:

GE( 5 Assign(ret, NULL) ,

If( 0Y�`Z(\a]G] ,5 Assign(ret, cons(e,NULL)) 7 ,5 If( ��bdc LVeKf�LTg>ha� 0 
 ,5 Assign(ret, cons(e,L)) 7 ,5 Assign(ret, ins(e,getQueue(L))),
Assign(ret, cons(getHead(L), ret)) 7 ) 7

Return(ins(e,L), ret) 7 ,5 Pair(L, EP(L)) , Pair(e,EP(e)) 7 ) .

3.2 Terms produceEnvir onments

At the secondstep,the systemtransformsa term
��23 into

anenvironmentikjalm . Intuitively, thisenvironmentcontains
all informationaboutthevariablesof function 4 andtheir
correspondingexpressions(theevaluationof which yields
thevalueof 4 in anexecutionof 1 ).

3.2.1 Description

To obtain this environment,eachterm
�%23 is normalized

accordingto therewrite rules5 of � . Therulesaredivided
into two classes.Thefirst classcontainstherulesthatrep-
resenttheC-- languageoperationalsemantics.Thesecond
classcontainsrules for updatingenvironments— mainly
syntaxmanipulatingrulesfor list manipulation.

Functionstatementsareexecutedin an orderwhich
dependsonthecontrolflow statementsandtheirassociated
conditions. Thesedifferent possibleorderingsconstitute
the executionpathsof a function. The environmentpro-
ducedby rewriting representsthe distinct executionpaths
of afunction,alongwith theirassociatedconditionsandthe
final expressionof variablesandfunction. Thestateof the
variablesis representedby a list of Pair terms. A Branch
termassociatesa conditionto a variablesstate.Thepaths
areenclosedin Choiceterms.

For instance,theenvironmentof theISort functionof
listing 1 is:

Choice(
[ Branch(0Y�[Zn\a]_] ,5 Pair(0 , 0 ), Pair(ret, NULL),

Pair(ISort( 0 ), NULL) 7 )],
[ Branch(0[o�[Zn\a]_] ,5 Pair(0 , 0 ), Pair(ret, ins(getHead( 0 ),

ISort(getQueue( 0 )))),
Pair(ISort( 0 ), ins(getHead( 0 ),

ISort(getQueue( 0 )))) 7 )] ) .

Function ISort comprisesone if statement,so we
find in the environmenta Choice term composedof two
Branch terms. Theselatter termspartition the statements
of thefunctionbetweenthosewhichareexecutedwhenthe
condition 0p�qZn\a]G] is true and thosewhich are exe-
cutedwhen this samecondition is false. In eachBranch
term there is a list of Pair terms which representsthe

5Thecompletesetof rulescanbefoundin thefull versionof thispaper.



stateof the variablesat the end of an “abstract” execu-
tion of the ISort function. For instance,in thecasewhere0r�.Zn\a]G] , Pair(0 , 0 ) meansthat 0 is notmodifiedby the
function;Pair(ret, NULL) meansthat thevalueof variable
ret is NULL; the Pair term containingthe function name,
Pair(ISort( 0 ), NULL) meansthat thefunctionreturnvalue
is NULL.

Likewise,theenvironmentof the ins functionis:

Choice(
[ Branch(0Y�[Zn\a]_] ,5 Pair(0 , 0 ), Pair(� , � ), Pair(ret, cons( � , NULL)),

Pair(ins( � , 0 ), cons( � , NULL)) 7 )],
[ Choice(

[ Branch(0.o�`Z(\^]_] and �sbtc L*euf�Lvg>ha� 0 
 ,5 Pair(0 , 0 ), Pair(� , � ), Pair(ret, cons( � , 0 )),
Pair(ins( � , 0 ), cons( � , 0 )) 7 )],

[ Branch(0.o�`Z(\^]_] and �swtc L*euf�Lvg>ha� 0 
 ,5 Pair(0 , 0 ), Pair(� , � ),
Pair(ret, cons(getHead( 0 ), ins( � , getQueue( 0 )))),
Pair(ins( � , 0 ), cons(getHead( 0 ),

ins( � , getQueue( 0 )))) 7 )] )] ) .

3.2.2 While Statements

We now turn our attentionto the iterative constructwhile.
This sectiongives an insight into how we handlewhile
statements,andwe thenformalizeit in sections3.2.3and
3.3.

The semanticsof while statementsis quite specific.
Indeed,eachloop is consideredasa family of separatere-
cursive functionswith theirown parametersandbody. The
ideais thataloopis afunctionwhichcallsitself recursively
with thevalueof thevariablesmodifiedaccordinglyto the
statementsof the loop body. Sucha loop function is de-
finedfor eachvariablemodifiedin aloopbody. Then,in the
functioncontainingthe loop, thevalueof a variablemod-
ified in the loop body is the resultof a call to the specific
loop function. Consequently, whena loop is encountered,
theenvironmentis modifiedasfollows:

� A new ]yx 6 termcontainingall theinformationneed-
ed to generatethe loop functionsis created.The in-
formationis the loop number, the exit condition, the
statementsof theloopbodyandthelist of all thevari-
ables.ThisLoopTermwill beusedat thethird stepto
generatea family of equations(seesection3.3).

� Eachvariablemodifiedin theloop bodyis assigneda
call to thecorrespondingloop function.This function
takesasargumentthecurrentstateof thevariables.

The following exampleshows how while statements
arehandled.Let us supposea C-- function declaresthree
variables— - � / �vz — two of which aremodifiedin a loop
body, like in listing 2. During rewriting of the termcorre-

6LoopTerm.

Listing 2. A loop.

int f () 5
int x,y,z;

x=1; y=2; z=3;

while(y w 0) 5
x=x+z;
y=y { 1;7)+)*)7

spondingto function 4 , thefollowingLoopTermiscreated:

LT
� 9 � /|wt} � GE

�E~Te�gXe�L*P�L*NCe�~=��HKN�HKe�H�g=JGL*NC�?HKU��XN�P�L*NCe�
V�� - � / �vzW
�
 )
The statementsarethe two assignmentsmodifying - and/ . The initial environmentis the list of pairs

� - � EP
� - 
	
 ,� / � EP

� / 
�
 and
��zC�

EP
��zI
	


. Theterm �y� meansthata new
environmentwill be evaluatedfor the loop body. At the
third stepof the process,this will leadto thedefinition of
two functions,LOOP�� andLOOP�� , onefor eachvariable
modifiedin theloop.���� ���

If /�wt} then
LOOP�� � - � / ��zI
 � LOOP�� � -!� z�� /s{d9 �vzW


If not
� /�w�} 
 then

LOOP�� � - � / ��zI
 �d-
���� ���

If /�wd} then
LOOP�� � - � / ��zI
 � LOOP�� � -!� zC� /�{t9 ��zI


If not
� /�wt} 
 then

LOOP�� � - � / ��zI
 �d/
In addition,thepairs

Pair
� - � Loop�� ���*OQU�U�L*NCe�~�e�gXe�L��E���XgXU�H�g:R*J�LV~X
�


and
Pair
� / � Loop�� ���*OQU�U�L*NCe�~�e�gXe�L��E���<g=U�H�g:R*J�LV~X
�
��

areinsertedin the environmentof function f to reflectthe
new stateof thesevariables. The current state of vari-
ables refers to the stateof the variablesjust before the
while statement. This is just like replacingthe loop in
function f by the functioncalls: -r� LOOP�� � 9 � ; ���W
 and/�� LOOP�� � 9 � ; ���W
 .
3.2.3 Rules

As we said formerly, rules are divided into two classes.
Among the rules describingthe languageoperationalse-
mantics,wefind:� ��� rules: they areusedto translatethe behavior of

thesequenceinstruction;



��� �XP�� rules:they areusedto evaluateanew statement
in thecurrentenvironment;

– Rulesfor theassignmentandreturnstatements.
Theserulesadda new pair Pair(variable,value)
to theenvironmentor modify anexistingpair.

– Rulesfor the if statement.Theserulesaimatdi-
viding theenvironmentinto two partsthrougha� F��XH��TL term. Eachpartis includedin a � U�gXN��vF
termandcontainsan if alternativedependingon
whethertheconditionis valid or not.

– Rulesto definethewhile statement.Theserules
createan ]yx termandadda new pair to theen-
vironmentfor eachvariablemodifiedin theloop
body.

� two more � �XP�� rulesto tell that the statementsfol-
lowing an if statementmustbeexecutedwhateveral-
ternative is chosen;

� � U�gXN��vF rules to group together two successive if
statementsby merging theconditions.

Amongtherulesupdatinganenvironment,we find:

�d� L*U c L L*NC� and � LVU c L ] �<g=U to mergetwo lists;

�r  N�~*LVU�e �CgXHKU and   NC~VL*U�e �XgXU to addapairor avariable
to a list;

� ��]�¡�¢ , �y]£¡ � ¢ and ��]�¡�� to run througha list
andbuild a new list by extracting,respectively, vari-
ables,modifiedvariablesor expressionsfrom the ini-
tial list.

3.3 Envir onmentsgenerateEquations

At the last step,a setof equationsis generatedfrom eachi jalm . This setof equationsdefinesthealgebraicsemantics
of 1 . In theexampleof thesortingprogram, weobtain:

0r�¥¤�¦�0�0¨§ ins
� � � 0 
 � cons

� � � ¤�¦�0�0 
0�o�¥¤�¦�0�0 and ��b getHead
� 0 
 §

ins
� � � 0 
 � cons

� � � 0 
0�o�¥¤�¦�0�0 and ��w getHead
� 0 
 §

ins
� � � 0 
 � cons

�
getHead

� 0 
�� ins
� � � getQueue

� 0 
	
�
0r�¥¤�¦�0�0¨§ ISort
� 0 
 �.¤�¦�0�00�o�¥¤�¦�0�0¨§

ISort
� 0 
 � ins

�
getHead

� 0 
�� ISort
�
getQueue

� 0 
�
	

Only a few elementsin an environmentwill gener-

ateequations:thesearetheequationgenerators.Thethird
andfinal stepof theaxiomatizationprocessrefinesenviron-
ments,extractsequationgeneratorsfrom environmentsand
generatesthecorrespondingequations.

Theequationgeneratorsare:

� lists of pairs. They representthestateof thevariables
at theendof thecomputation.But, only thefunction
returnvalueis of interest,therefore,only thepaircon-
tainingthefunctionnamewill generateanequation.

Generator ©
Pair
� )*)+) 
«ª )*)*) ª Pair

�¬�TOQN­� N­g=P�LW�<L�®V�­UvL�~T~�H��XN^

Equation © �TOQN�� N�gXPSL � L�®V�­UvL�~T~�H��XN

� Branch terms.They appearbecauseof anif statement
andrepresentanalternative.They link aconditionand
a list of pairs. Again, only the pair with the function
nameis of interest.Each � UvgXN­�TF termgeneratesone
conditionalequations.

Generator © Branch
���T�XN�hXHKe¯H��XN��

Pair
� )+)*) 
«ª )*)+) ª Pair

�¬�TOQN�� N�gXPSLW�?Lv®��^
	

Equation ©�v�=N­h=HKe�H��=N �&x U�OCL § �TOQN­� N­gXPSL � Lv®V�

� LT terms.They generateafamily of conditionalequa-
tionsthatdefinesrecursively theloopfunctions— one
loop function for eachmodifiedvariablein the loop
body. Two equationsareneeded,onefor therecursive
call — with thevariablesstatemodifiedaccordingto
theloopbody— andonefor theexit casewhichgives
theresultof theloopfunction,thatis thecurrentvalue
of theconsideredmodifiedvariable.

Generator © LT
�ENCOQP(�<�v�=N­h��

Pair
��° � � � � 
±ª )+)*) ª Pair

�²°=³^� � ³�
�� 5 ° � � )*)+) �	°=³ 7 

Equation ©
´
�Tµ�¶²µ�·

������ �����

8V¸<¹^º � � �<» ��§
LOOP
³=¼ ·½

mod¾ �²° � � )+)*) ��°=³�
 �
LOOP
³=¼ ·½

mod¾ � � � � )*)*) � � ³ 
y�8V¸<¹^º � ��¿ � �?��§
LOOP
³=¼ ·½

mod¾ �²° � � )+)*) ��° ³ 
 � ° mod¾

À ����Á
����Â

Here,
°

modÃ � )*)*) �	° modÄ arethe variablesmodifiedin
theloop bodyand

° � � )*)+) �	° ³ areall thevariablesap-
pearingin theC-- function. A variable

°
is known to

havebeenmodifiedwhenits valuediffersfrom EP
��°I


which is thevalueassignedto it beforegettingin the
loop.

4. Conclusion

In this paperwe have discusseda systemto automatically
obtainan equivalentequationalformulationof a C-- pro-
gramfrom sourcecode. The processleadingto the equa-
tionsrequiresthreesteps.Thecentralpointof thediscussed
methodis thegenerationof anenvironmentby meansof a
rewrite systemwhich implementsthe operationalseman-
ticsof theC-- language.Thefirst stageconsistsin building
a termsuitablefor rewriting throughthesyntacticanalysis
of theprogramcode.The laststageconsistsin translating
theenvironmentinto equations.An implementationof this
systemhasbeencarriedout in Java. A lot of work hasstill
to bedone.Futurework includes:



� Adding functionalitiesto theC-- languagein orderto
comecloserto real imperative languages.Indeed,de-
spitethe useof assignmentandwhile constructs,we
arestill verycloseto a functionalprogrammingstyle.

� implementinginterfacestowardsproof systems,that
is,providing theequationsin thespecificproofsystem
syntax;

� experimentingon a larger scale proving properties
from the equationsin proof systems. This in order
to identify a classof propertiesandprogramsthatcan
beprovensoundusingoursystem.

An extendedversionof this paperanda softwareim-
plementationof the SOSC-- systemcanbe found at the
following address:http://www.i3s.unice.fr/̃ ponsini.
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