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Abstract

A tournament is an orientation of the edges of a complete graph. An arc is
pancyclic in a tournament 7" if it is contained in a cycle of length [, for every
3 <1< |T|. Let p(T') denote the number of pancyclic arcs in a tournament 7". In [4],
Moon showed that for every non-trivial strong tournament 7', p(7") > 3. Actually he
proved a somewhat stronger result : for any non-trivial strong tournament h(7) >
3 where h(T) is the maximum number of pancyclic arcs contained in the same
hamiltonian cycle of T. Moreover Moon characterized the tournaments with h(T) =
3. All these tournaments are not 2-strong. In this paper, we investigate relationship
between the functions p(7T") and h(T') and the connectivity of the tournament 7". Let
pr(n) := min{p(T"), T k-strong tournament of order n} and hg(n) := min{h(T"), T
k-strong tournament of order n}. We conjecture that (for & > 2) there exists a
constant ay > 0 such that pg(n) > agn and hg(n) > 2k + 1. In this paper, we
establish the later conjecture when & = 2. We then characterized the tournaments
with h(T) = 4 and those with p(T') = 4. We also prove that for k > 2, px(n) > 2k+3.
At last, we characterize the tournaments having exactly five pancyclic arcs.

1 Introduction

A tournament is an orientation of the arcs of a complete graph. Paths and cycles are
always directed. An [-cycle is a cycle of length .



An arc or a vertex is pancyclic in a digraph D if, for every 3 <1 < |D|, it is contained
in an [-cycle.

A tournament is strong (or strongly connected) if for any two vertices x and y there
exists a path beginning in = and terminating at y. A nonstrong tournament is said to be
reducible. A tournament is k-strong, it T — Y is strong for any set Y of k£ — 1 vertices. A
tournament is (= k)-strong or ezactly k-strong, if it is k-strong and not (k 4 1)-strong.

To contain a pancyclic arc or vertex, a tournament must contain a hamiltonian cy-
cle. Therefore, it must be strong according to the well known theorem of Camion [2]: A
tournament has a hamiltonian cycle if and only if it is strong. Moon [3] gave an alterna-
tive proof of Camion’s theorem by proving that every vertex of a strong tournament is
pancyclic.

Analogously, one may wonder whether there are pancyclic arcs in tournament and how
many. Moon [4] showed that every strong tournament contains at least three pancyclic
arcs. Actually, he proved a somewhat stronger result : indeed, instead of considering the
number p(7T') of pancyclic arcs in the tournament 7', he proved that A(7") the maximum
number of pancyclic arcs contained in some hamiltonian cycle of T is at least 3.

Theorem 1 (Moon, [4]) Let T be a strong tournament with n > 3 vertices.
MT) >3
with equality holding only if T € Ps.

A tournament is in Ps if there is a vertex v such that T'—w is the transitive tournament
TT[ty,ts, ..., tm] ((ti,t;) is an arc if and only if 4 < j), and an integer 1 < i¢; < m such
that v — ¢; if and only if 1 < j < 7;. One can also describe the tournament of Ps as
those obtained from the 3-cycle (v, sq, s9,v) by blowing up s; and s, into two transitive
subtournaments S; and S,.

Let pg(n) be minimum number of pancyclic arcs in a k-strong tournament of order n
and let hi(n) := min{h(T); T k-strong tournament of order n}.

Because the tournaments of P3 are (= 1)-strong, we have p;(n) = hi(n) = 3 and if
k> 2, pr(n) > hi(n) > 4. However we think that this lower bound 4 is far to be tight.

In this paper, we show Section 3 sufficient conditions for an arc to be pancyclic in
a tournament. Using these conditions, we give an easy alternative proof of Theorem 1.
Moreover our method allow us to go further. In Section 4, we prove that for £ > 2,
hi(n) > 5 and characterize the tournaments with A(7) = 4 and those with p(T") = 4.
We prove Section 5 that py(n) > 2k + 3. Finally, we characterize the tournaments with
exactly five pancyclic arcs.

However, our lower bounds for A, and p; seem to be still far from the exact value. We
conjecture that for k& > 2, px(n) tends linearly to infinity :

Conjecture 1 For k > 2, there exists a constant oy > 0 such that pi(n) > agn.
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We cannot expect to have more pancyclic arcs since there are k-strong tournaments
having less than 2kn pancyclic arcs.

Proposition 1 p(n) < 2kn —2k? — k

Proof. Let T,, be the k-strong tournament obtained from the rotative tournament on
2k + 1 vertices by blowing up a vertex with a transitive tournament 7T of order n — 2k.
Every arc in T'T is not pancyclic in T since it is contained in no 3-cycle. Thus (n—2k)(n—
2k — 1)/2 arcs are not pancyclic. |

Proposition 2

Proof. If n < 3k, we have trivially the answer. Suppose now that n > 3k. Consider the
k-strong tournament 7, obtained from two transitive tournaments of order k£, A and B,
and one transitive tournament of order n — 2k, C, such that A - B — C — A. It is
easy to see that every arc contained in one of the three subtournaments A, B and C' is
not pancyclic because it is contained in no 3-cycle. It follows that h(7T),) < 3k. [ |

The bound 3k is not tight if the tournament is small that is of order 2k +1 < n < 3k.
However, we think that if n is large enough, the above example are extremal.

Conjecture 2 i) hg(n) >2k+1
ii) For n sufficiently large , hy(n) = 3k.

Alspach [1] showed that every arc of a regular tournament is pancyclic. This implies
that he(2k +1) = 2k + 1.

2 Definition and preliminaries

In all this paper, we consider a tournament 7" with order n. Let x and y be two vertices of
T. If (z,y) is an arc of T', we write x — y and say = dominates y. Likewise, let X and Y
be two subdigraphs of T. We write X — Y if z — y for all pairs (z,y) € V(X) x V(Y).

Let Ay, A, ..., A be a family of subdigraphs of 7. We denote by T'[A;, As, ..., A the
subtournament induced by 7" on the set of vertices U V(4;) and by T'—[Ay, Ag, .. ., Ay]

1<i<k
the subtournament induced by T on the set of vertices V(T')\ U V(A)).
1<i<k

A(X,Y) denotes the set of arc (z,y) with z € X and y € Y. AT(X) is the set of arcs
outgoing from X, that is A(X,7T — X) and A~ (X) is the set of arcs ingoing into X, that
is AT — X, X).



The outneighbourhood of a vertex v in a subtournament S of T’ (even not containing v)
is the subtournament NJ (v) induced by the vertices of S dominated by v; the outdegree
d&(v) of v in S is the order of NJ(v). Dually, the inneighbourhood of v in S is the
subtournament Ng (v) induced by the vertices of S dominating v and dg(v) = |Ng(v)].
Often, we omit the subscript 7" in the above notations when we consider the out- or
inneighbourhood or out- or indegree of a vertex in 7. The minimun outneighbourhood in
T, that is min{d*(v),v € V(T)}, is denoted by 67 (T), or 6 if T is clearly understood.
Analogously, the minimun inneighbourhood in 7" is denoted by 6=(T) or §~.

The dual of a digraph D is the digraph D on the same set of vertices such that x — y is
an arc of D if and only if y — z is an arc of D. Obviously, p(T) = p(T) and h(T) = h(T).

An (z,y)-path is a path that begins in z and terminates at y.
One can easily show the following result (whose proof is left to the reader) that allows
to extend an (x,y) path to a longer one.

Proposition 3 Let P = (v, v,...,Un) be a path in a tournament T and x a vertex of
T—-P.

If there emist 1 < ¢ < j < m such that v; — x — v;, then in T there is a path with
m + 1 vertices starting in vy and ending in v,,.

A non-strong tournament 7" is said to be reducible. It admits a reduction into two
subtournaments 7} and T3 such that V(T1) UV (Ty) = V(T') and T} — Ty; in this case,
we write T =T, — T.

A (strong) component of T is a strong subtournament of 7' which is maximal by
inclusion. Let T1,T5,...,T,, be the components of T. Then (V(T}),V(T3),...,V(Tn))
is a partition of V(7') and without loss of generality, we may suppose that 7; — T
whenever 7 < j. In this case we say that T3 — Ty — --- — T, is the decomposition of T.
The component 17 (resp. T,,) is called the outsection (resp. insection) of T, denoted by
Out(T) (resp. In(T)); its order is denoted by out(T) (resp. in(T)) and its vertices are
called the outgenerators (resp. ingenerators) of T.

Proposition 4 In a tournament, a vertex is the beginning of a hamiltonian path if and
only if it is an outgenerator.

Proof. Let T be a tournament. Then T' = Out(T) — T — Out(T) (with T — Out(T)
empty when T is strong). Out(T) is strong, and thus by Camion’s theorem admits a
hamiltonian cycle C. Then every outgenerator v is the beginning of a hamiltonian path
P of Out(T). And T — Out(T) has a hamiltonian path Q. So (P, @) is hamiltonian path
of T" beginning in v. [ |

Proposition 5 Let T be a reducible tournament of order n. Let u be an ingenerator and
t an outgenerator of T. For any 1 <1< n — 1, there is a (t,u)-path of length .
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Proof. Let T — T3 be a reduction of T and for ¢ = 1, 2, let n; be the order of T;. Clearly,
t is an ingenerator of Ty and u an outgenerator of T;. Therefore, by Proposition 4, ¢ is the
terminus of a hamiltonian path (¢,,_1,%.,_2,...,t1,t) of Ty and u is the beginning of a
hamiltonian path (u, w1, ..., Un; 9, Un;—1) of T1. Now, forany 1 <[ <n—1, pick 0 <[; <
ny — 1and 0 S l2 S N9 — 1 such that ll + lQ =1[1—1. Then (u,ul, .. .,ull,tl2,t12_1,. . ,t)
is a path of length [. [ |

A reductor of a tournament is a smallest subtournament X such that T'—X is reducible.
If T is (= k)-strong then every reductor has k vertices.

Proposition 6 Let X be a reductor of a tournament T'. Every element of X dominates
an outgenerator of T — X and is dominated by an ingenerator of T — X.

Proof. Let z be an element of X. Let Y be the set of vertices that are not outgenerator
of T—X. If Out(T — X) — x, then T — [X \ z] is reducible with reduction Out(T — X) —
T[Y,z]. This contradicts that X is a reductor.

Analogously, we prove that x is dominated by an ingenerator of 7" — X. [ |

Proposition 7 Let x and y be two vertices of a a reductor X of a 2-strong tournament
T. If in(T — X) > 3, there are two distinct vertices z, and z, of In(T — X) such that
Zg = T and zy; — Y.

Proof. Suppose that two such vertices do not exist, then by Proposition 6, there is
a vertex u € In(T — X) such that v — {z,y} and In(T — X) \ u < {z,y}. Then
T[X — [z,y],u] is a reductor of T, which is a contradiction. |

3 Lower bounds for p(7T') and h(T)

3.1 Sufficient conditions for an arc to be pancyclic

Lemma 1 Let X be a subtournament such that T — X 1s reducible and every vertex of X
dominates an outgenerator of T'— X . Let v be an outgenerator of X and u an ingenerator
of T — X. If u — v, then the arc (u,v) is pancyclic.

Proof. By Proposition 4, v = g is the origin of a hamiltonian path (vg, v1, ..., Vk_2, Vk_1)
of X. For 0 <17 < k—1, let ¢; be an outgenerator of 7'— X dominated by v;. For 3 <[ < n,
take 0 < k' <k—1and1<!<mn-—k—1suchthat ¥ +1+2 ={. Then by Proposition 5,
in T — X, there is a (t, u)-path @ of length I. Thus (vg,v1,-.., vk, @, vo) is a cycle of
length [ going through (u,v) = (u, v)- |

Corollary 1 Let X be a reductor of a tournament T, v an outgenerator of X and u an
ingenerator of T — X. If u — v, then the arc (u,v) is pancyclic.



Corollary 2 Let T be a strong tournament.
p(T) 2 W(T) > 2

Proof. Let X be areductor of 7. Let P be a hamiltonian path of X with beginning v and
end w. Clearly, v is an outgenerator of X and w is an ingenerator of X. By Proposition 6,
v is dominated by an ingenerator u of T'— X and ¢ dominates an outgenerator ¢ of T'— X.
Then by Corollary 1 (and its dual), (u,v) and (w,t) are pancyclic. And by Proposition 5,
there is a (¢, u)-path @ that is hamiltonian in 7'— X, thus (P, @, v) is a hamiltonian cycle
containing (u,v) and (w,t). |

Let T be a strong tournament 7" with reductor X. Let X; — Xy — --- — X; be a
decompositon of X and 77 — 15 — --- — T,,, be a decomposition of 7" — X.

In the remaining of this section, we examine the number of pancyclic arcs in the
different subtournaments of 7.

Lemma 2 For 1 <1 <1, if an arc is pancyclic in X;, then it is also pancyclic in T.

Proof. Let e be a pancyclic arc in one of the X;. Then e is contained in a 3-cycle.
It is also contained in a hamiltonian cycle and then a hamiltonian path of X;. This
hamiltonian path may be extended to a hamiltonian path (vg,v1,...,vx 1) of X using
hamiltonian paths of the X;/, for ¢’ # i. Let j be the index such that e = (vj,v;41). Let
4<[l<n. Choose 0 <1 <j,0<lh<k—j—2and1<I3 <n-—Fk—1such that
li +1;+ 13+ 3 = l. By Proposition 6, there is an ingenerator u of 7' — X dominating v;_,
and an outgenerator ¢t of T'— X dominated by v;414;,. Then by Proposition 5, in ' — X
there is a (¢, u)-path of length I3. Hence (v_i,, vj_i,4+1,-- -, Vjt1415, P, vjyy) is an l-cycle
containing e. |

Lemma 3 Suppose that T — X is the transitive tournament TT[t1,tq, . .., ty].
For every 1 <i < m —1, the arc (t;,t;y1) is pancyclic if and only if it is contained in
a 3-cycle.

Proof. By Proposition 6, X — t; and t,, - X. Let (vg,v1,...,Uk—2, k1) be a hamilto-
nian path of X.

Suppose first that 1 = 1. Let 4 <[ <n. Take 0 < k' < k,and 1 <[I' < m — 2 such
that k' +1'+3 = [. By Proposition 5, there is a (¢, t,,)-path P of length I in T'[ts, . .., t,,].
Then (t1, P,vg, v1,. .., Uk, t1) is a cycle of length [. Thus if (¢1,%;) is contained in a 3-cycle
then it is pancyclic.

By duality, we have the result if 1 = m — 1.

Suppose now that 1 < 7 < m — 1. Let v be the vertex such that (¢;,¢;11,v,t) is a
3-cycle. Necessarily, v is in X. Then (t;,t;41,v,%1,%;) is a 4-cycle. Let 5 <[ < n. The
arc (t;,t;11) is contained in a cycle of length [. Indeed, take 0 < k' < k, 0 < l; < i and



0 <ly < m —isuch that '+ [; + [ + 3 = [. By Proposition 5, there is a (t1,t;)-path P;
of length {; in T[ty,...,t], and a (t;11,tm)-path Py of length Iy in T[t;11,...,ty,]. Then
(ti, Py, vg,v1, ..., U, Pr) is an l-cycle containing (¢;,¢;11). Thus (t;,t;41) is pancyclic. B

Lemma 4 For 1 <i<m, if |T;| > 4, then every T;-pancyclic arc is pancyclic in T.

Proof. Let (vg,v1,...,Vk 2,k 1) be a hamiltonian path of X.
Let (a1,a2) be a pancyclic arc in 7;. It is contained in a hamiltonian cycle of T},
Ci = (CLl,CLQ, ey Qpy, al).

Let us prove that (a1, as) is contained in a cycle of length [ for all 5 < [ < n. Let
S =TT,Ts,...,T; 1,a1] and Sy = T — [X, S1]. Clearly, a; is an ingenerator of S; and
ay an outgenerator of Sy. There exist three integers 1 < 1; < |S1]| —1,1 <13 <[ -1
and 0 < k' < k—1 such that I, + 1, + k' = [ — 3. By Proposition 6, there is an ingenerator
ug of T'— X and then also of Sy which dominates vy and an outgenerator ¢ of S; which
is dominated by vy. By Proposition 5, there is a (¢, a;)-path P; of length /; in S; and
a (ag,ug)-path Py of length [y in Sy. Then (Py, Py, vg, V1, - - - U, b ) is the desired [-cycle.

And because it is pancyclic in T}, (a1, a9) is contained in an [-cycle, for 3 <[ <n;. &

Lemma 5 For any 1 <1i <m, if T; is a 3-cycle, then two arcs of T; are pancyclic in T.

Proof. Let (vg,vy,...,Vk—2,Vk—1) be a hamiltonian path of X. The component 7; is the
3-cycle (a1, as,as,ay).

In the same way as in the proof of Lemma 4 the arc (ay,as), is contained in cycle of
length [ for all 5 < I < n. Analogously, (as,a3) and (as,a;) are contained in cycle of
length [ for all 5 <[ < n.

Hence, it suffice to prove that two arcs of 7T; are contained in a 4-cycle. Without loss
of generality, we may assume that {a;,as} < v or {a1,as} — vo. If {a1,as} + vp, then
(a1, ag, ug, vo, ar) and (as, as, ug, Vg, ag) are 4-cycles. If {ai, as} — wvp, then (a3, a1, vo, to, as)
and (a1, a9, v, to, ar) are 4-cycles. [ |

Lemma 6 Let C = (ay,as,...,a,,a1) be a hamiltonian cycle of Ty such that a; is dom-
inated by an ingenerator of X.
If (aj,a;41) is pancyclic in Ty and 1 < j < ny — 2 then (aj,aj41) s pancyclic in T.

Proof. By T}-pancyclicity, (a;,aj11) is contained in a cycle of length [ for 3 <1 < n;.

Let now [ be an integer of [n; + 1, n].

Let vy be an ingenerator of X dominating a;. By Proposition 4, there exists a
hamiltonian path (vg, vy, ...,V 2,0, 1) of X. By Proposition 6, for every 0 <i < k — 1,
there is an ingenerator u; of T'— X dominating v;.

Let 1<l <n—k—j—1and 0 <k’ <k —1such that ¥ + 1, = — j — 2. Obviously,

a;+1 is an outgenerator of 7" = T — [X,ay,as,...,a;]. And uj_; g is an ingenerator
of T'. Thus, by Proposition 5, there is an (aji1,ux—1—x) path P of length /;. Hence
(P, Vie—1—k!s Uk—1—Fk!y + » + 5 Uk—1,Q1,Q2, . .. ,aj+1) is a cycle of length l. |
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Lemma 7 Let C = (ay,a9,...,0,,,01) be a hamiltonian cycle of Ty and v an ingenerator
of X. If v — ay and a,, — v then arc of (ay,as,...,a,,) that is Ti-pancyclic is also
T-pancyclic.

Proof. Let e be an arc of P that is Ti-pancyclic.

If e # (ap,—1,an, ), then by Lemma 6, e is pancyclic in T,

If e = (an,—1,an,) let us prove that e is pancyclic in T. By pancyclicity in T3, e is
contained in a cycle of length [ for 3 <1 < ny. And (a1,as,-..,0n,,v,a1) is an (ny + 1)-
cycle containing e.

Let now [ be an integer of [n; + 2,n|. By Proposition 4, there is a hamiltonian path
such that (vg,v1,...,Vk 2,V 1) be a hamiltonian path of X. By Proposition 6, for every
0 <1 <k —1, there is an ingenerator u; of 7' — X dominating v;.

Let 1<l;<n—k—n;—1and 0 < k' <k—1such that &' +1; =1 —n; — 1. Obviously,
ayn, is an outgenerator of 7" = T — [X, Out(X) — an,]. And ug_1_p is an ingenerator
of T'. Thus, by Proposition 5, there is an (a,,,ux_1_x)-path P of length [;. Hence
(P, Ve—1—k'y Vg—1—K'y -+ -, Ugp—1,QA1,02, . .. 7a'n1) is a Cyc]e of length l. |

Lemma 8 There are at least h(T1) — 1 pancyclic arcs in Ty.

Proof. Let C' = (ay,as,...,a,,,a1) be a hamiltonian cycle of T; containing h(77) T1-
pancyclic arcs. Let v be an ingenerator of X.

If v — T}, by Lemma 6, every T1-pancyclic arc of 77 is also pancyclic in 7.

Hence without loss of generality, we may assume that v — a; and a,, — v. The path
(a1,aq,...,a,,) contains at least h(T;) — 1 Ti-pancyclic arcs and by Lemma 7 these arcs
are T-pancyclic. [ |

3.2 The lower bounds

Using the above lemmas, we derive lower bounds for p(T) and h(T).

Definition 1 Let £ be an integer and 7" a tournament. Let us define e(k,T) as 1 if
|T| > k and 0 otherwise.
Theorem 2 IfT — X 1is transitive then

p(T) 2 |A(IN(T = X); Out(X))| + [A(In(X); Out(T = X))+ Y _p(X;) +1 (1)

Jj=1

Otherwise

p(T) > [A(In(T - X); Out(X))| + |A(In(X); Out(T — X))| + > p(X;)

Jj=1



+ 3002603, + ((T) — 2)e(4, )
+e(3,11)(h(T1) — 1) + €(3,T5,) (W(T3,) — 1) (2)

Proof. Since every outgenerator of 7' — X is dominated by an ingenerator of T — X,
according to Corrolary 1, every arc of A(In(T — X); Out(X)) is pancyclic. By duality,
every arc of A(In(X);Out(T — X)) is pancyclic. According to Lemma 2, there are at
least Z ., p(X;) T-pancyclic arcs in X.

Suppose now that 7" — X is a transitive tournment. Then since vy — t; and vy < %,
then there is an index 4 such that (¢;,%;41,v0,%;) is a 3-cycle. So by Lemma 3, this arc is
pancyclic. So we obtain Equation 1.

To obtain Equation 2, let us now count the number of pancyclic arcs contained in each
T; such that |T;| > 3. If i = 1 or i = m, by Lemma 8 (or its dual), h(T;) — 1 arc are
T-pancyclic.

If 1 <4 < m, then, if T} is a 3-cycle then by Lemma 5, 2 arcs of T; are pancyclic in 77
and if |T;| > 4, by Lemma 4, each T;-pancyclic arc is pancyclic in 7. [ |

Note that in the proof of Theorem 2, we also show the following :

Proposition 8 Let X be a reductor of a strong tournament. There is at least one T'-
pancyclic arc inT — X.

Theorem 3 IfT — X is transitive then

+Ze(3, ). min{h(X;); |X;| — 1} (3)
otherwise

1
24+ (3, X;). min{h(X;); |X;| — 1} + Z ). min{h(T}); |T;| — 1}
]:
+€(3, T1) (h(T1) — 1) + €(3, Trn) (h(Tr) — 1) (4)
Proof. For 1 < j </, let P; be a hamiltonian path of X, defined as follows :

e If X; is reduced to a single vertex z; then P; = (x;).

o if | X,| < 3, let P, is obtained from a hamiltonian cycle of X; containing h(Xj)
X;-pancyclic arcs by removing a non X-pancyclic arc if h(X;) < |X;| or any arc if
h(X;) = [Xj].



By Lemma 2, each P; contains €(3, X;). min{h(X},); | X,| — 1} T-pancyclic arcs. Let v
be the beginning of P, and w the end of P,.

Suppose first that 7'— X is the transitive tournament TT[t1, s, . .., t,,]. By Lemma 3,
there exists ¢ such that (¢;,¢;11) is pancyclic and by Corollary 1, (w,t;) and (t,,v)
are pancyclic. Thus, the hamiltonian cycle (t1,ts,...,tm, P1, P2, ..., P, t;) contains 3 +
23:1 €(3,X;). min{h(Xj;);|X;| — 1} pancyclic arcs.

Suppose now that T"— X is not transitive.

For 1 <7 < m, let (); be a hamiltonian path of T; defined as follows :

e If T; is reduced to a single vertex ¢; then Q; = (¢;).

e If |T;| = 3, then @Q); is a path formed by two arcs of 7; that are pancyclic in 7. (Such
arcs exists according to Lemma 5.)

e If |T;| < 4, then Q; is the path obtained from a hamiltonian cycle of T; containing
h(T;) T;-pancyclic arcs by removing a non T;-pancyclic arc if A(T;) < |T;| or any arc
it h(T) = |T,].

By Lemma 4, each @); contains €(3,T;). min{h(T;); |T;| — 1} T-pancyclic arcs.

Let Cy = (ay, ay, ..., ay,,a1) be a hamiltonian path of 77 containing h(7}) T;-pancyclic
arcs. Then set Q1 := (a1, ay, ..., ay,). Analogously define @Q,,,. By (the proof of) Lemma 6
@1 (resp. @) contains at least h(T7) — 1 (resp. h(T,,) — 1) pancyclic arcs in 7.

Then the hamiltonian cycle (w, @1, Qa, - - - ,tm, P1, Ps, ..., P) gives Equation 4. [

3.3 Tournaments with A(7) =3

From the lower bounds, one can easily derive Theorem 1 :
Proof of Theorem 1 Let us prove the result by induction on the order n of T'. If n = 3,
it is obviously true.

Suppose now that it is true for strong tournaments of order less than n. Let X be a
reductor of T"and T} — Ty — --- — T, be a decomposition of T — X.

If T — X is transitive, Equation 3 yields A(T) > 3 and if it is not then Equation 4
gives h(T) > 4.

Suppose now 7" is a tournament such that A(T') = 3. Let X be a reductor of 7. By
Equation 4 then X and T'— X are a transitive tournaments. Set X =TT [vg, vy, ..., Ug_1]
and T — X =TTty ts,...,tn—k]. By Corollary 1, (t,—k,vo) and (vg_1,t;) are pancyclic.
Therefore there is at most one pancyclic arc on the hamiltonian path of T'— X. Thus
by Lemma 3, there is an index ¢ such that X — ¢; if and only if j < ¢. And (¢;,%;41) is
pancyclic.

Suppose that T is 2-strong. Then T — t; and T — ¢,  are strong, so 2 < ¢ <
n —k — 2. By Lemma 1, (¢,  1,v) is pancyclic in T — ¢, , and (¢, &, v1) is pancyclic
in T"— vy. Thus two arcs are T-pancyclic because they are contained in the n-cycle
03 = (tn—k—l, Vo, Vk—1, tg, t3, e ,tn_k_g, tn_k, V1,V2y...,Vp_9, tl, tn—k—l) if k Z 3 or 02 =
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(tn_3,v0,t1,tn 2,v1,t9,t3,...,t, 3) if K = 2. Analogously, (v _1,19) and (vy_9,;) are also
T-pancyclic. Hence the cycle C5 or C's contains four pancyclic arcs. This is a contradiction.
Thus T is (= 1) — strong. Then by Lemma 3 it is in Ps. |

Proposition 9 If T € Ps, then T has a unique hamiltonian cycle C and every arc of C
is contained in an l-cycle for 4 <1 < |T|.

4 Tournaments with h(T) =4

4.1 Useful lemmas

We now prove a generalization of Lemma 3.

Lemma 9 Let T be a strong tournament, X a reductor of T and Ty — Ty — --- — T},
be a decomposition of T — X.

i) For1 <i<m —1, if there exist t; € T; and t;y1 € T;1 1 such that (t;,t;11) is in a
3-cycle then (t;,t;11) is pancyclic.

it) If m > 3 and Ty = {t1} and there is a vertex ty € Ty such that (t1,t5) is in a 3-cycle
then (t1,19) is pancyclic.

Proof. Let (vg,v1,...,v, 1) be a hamiltonian path of X and for 1 < j < m and set
n; = |Tj|.

i) Let v be the vertex of X such that (t;,;11,v,%;) is a 3-cycle. Then v belongs to X
and then by Proposition 6, dominates a vertex ¢ € Ty. Then (t;,%;41,v,t,1;) is a 4-cycle.
Let 5 <1 <mn. Take 0 < kK <k, 0< 1 < _1‘*'2;’:1"3' and 0 < I, < Z;":Hlnj
such that &' +1; + 13 + 3 = [. Let t; be an element of T} that is dominated by v and
tm be an element of T,, dominating vy. By Proposition 5, there is a (t1,¢;)-path P; of
length {4 in T[Ty,...,T;], and a (t;11,t,)-path Py of length Iy in T[T;1q,...,T,,]. Then
(ti, Py, vg,v1,...,U, Pp) is an l-cycle containing (¢;,¢;11). Hence (¢;,t;11) is pancyclic.

ii) Let 4 <[ < n. Let us prove that (t1,%;) is contained in an l-cycle. By Proposi-
tion 6, vy_1 — t;. Let ¢, be an element of T, dominating vy. Since m > 3, T — [ X, 4]
is reducible and t, is one of its outgenerators and t,, one of its ingenerators. There-
fore, by Proposition 5, there is a (3, ¢y, )-path P of length [ — 3 in T — [X,#;]. Then
(P,vg,v1,...,Vk_1,11,1) is the desired I-cycle. [ |

Lemma 10 Let X be the reductor of a 2-strong tournament. Suppose that X is the
transitive tournament TT[vy, v1, ..., Vk_1].

For every 0 < j < k—2, the arc (vj,vj4+1) is pancyclic if and only if it is contained in
a 3-cycle.
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Proof. Let 0 < j <k —2and 4 <[ < n. Let us prove that (vj,v;41) is contained in
an [-cycle. There exist 0 <[4 < 5,0< [y, <k—j—2and 1 < I3 < n — k such that
li + 13+ 13+ 3 = 1. By Propositon 6, there is an ingenerator u of 7" — X dominating
vj_;, and an outegenerator ¢ of T — X dominated by vj;144,. And by Proposition 5, in
T — X, there is a (t,u)-path P of length l3. Therefore, (P, v;_y,vj_1,+1,-- U]+1+12,t) is
the desired [-cycle. [ |

Theorem 4 For every a 2-strong tournament T, h(T) > 5.

Proof. Let T be a 2-strong tournament. Let X be a reductor of 7" and 77 — 15 —

- — T,, be a decomposition of T'— X. By Equations 3 and 4, we may assume that X
is a transitive tournament, say 7T [vg, v1, - .., Vk_1], and that at most one of the T; is not
reduced to a single vertex ;.

I) Suppose that for some 2 < i < m — 1, T; is not reduced to a single vertex.
Then by Equation 4, we may assume that 7; is a 3-cycle (a,b,c¢,a). Without loss of
generality, we may assume that both a and b dominate a vertex in X. Then by Lemma 9,
(ti_1,a) or one arc of {(¢;,t;+1),1 < j < i — 2} is pancyclic and by (the proof of)
Lemma 5, the arcs (a,b) and (c,a) are pancyclic. If ¢ dominates a vertex in X then
(b, ¢) is pancyclic, and if ¢ is dominated a vertex in X then by Lemma (c,%;,1) or one
arc of {(¢;,tj41),7+1 < j < m — 1} is pancyclic. In any case, the hamiltonian cycle
(t1,t2, ..oy tic1,a,b, ¢, tig1, oy b, Vo, V1, - - ., Ug—1, t1) contains five pancyclic arcs.

IT) Suppose that |T7| > 3.

By Equation 4, we may assume that h(7}) = 3. So T} € P5 according to Theorem 1.
Let w be the reductor of 77 such that 77 — w is the transitive tournament. Let C; be the
hamiltonian cycle of T7; it contains three 7T;-pancyclics arcs. For any vertex r € T, let
r~ (resp. ") be the vertex dominating (resp. dominated by) r in C;.

If for some 2 < j < m, t; is dominated by a vertex of X, then by Lemma 9
(dual), there is a pancyclic arc in the path (¢;,¢;41,...,tns). Let P be the hamilto-
nian path of 7} along C) beginning at an outneighbour of vy ;. The hamiltonian cy-

cle C = (vg_1, P,to, .- ti1,tiytix1, -« b, Vo, V1, - .., Uk_1) contains five pancyclic arcs.
Hence we may assume that X < ¢;, for 2 <j <m.

If there is a pancyclic arc in the path (vg,vi,...,vk_1), the cycle C' contains five
pancyclic arcs. So, by Lemma 10, we may assume that N}Ll (vg—1) C N:,Tl (vg—g) € ... C

N:,’fl (vo). There are two distinct vertices 7, and 7y of 7} that are dominated by vx_; and
so by X.
Let P, (resp. P») be the subpaths of C; with beginning r; (resp. 73) and terminus r;

(resp. r1).

12



1)

Suppose first that m > 3.
Let C' be the cycle defined as follows:

— Ifk 2 3, then Cl = (’Uo,U}C_l,Pl,tm,’Ul,’UQ, .. .,U]C_Q,Pg,tz,tg, e ,tm—l,'UO);
—ifk = 2, then Cl = (’l)o,PQ,tm,’Ul,Pl,tQ,t3, .. .,tm,l,vo).

Since C; contains three 7Ti-pancyclic arcs, one of them, say e is contained in P;
or P,. So, by Lemma 6, e is pancyclic in T. Moreover C' contains the four arcs
(tm,v1), (tm—1,v0), (Ug—2,72) and (vg_1,71). By Lemma 1, these arcs are pancyclic
in respectively in T — [vy], T — [tm], T — [vk—1] and T. Hence because they are
contained in C’, these four arcs are T-pancyclic. Thus C’ contains five pancyclic
arcs.

Suppose now that m = 2. Then vy (and then every v;, 0 < j < k — 1) has an
inneighbour s; in 77 which then dominates X. Without loss of generality we may
suppose that this inneighbour s; is between r; and ry in C and that sy — vg. Let
(1 be the (r1, s; )-path and Qs the (so, 7 )-path along C;.

Set Cy := (vg, @2, t2,v1,V2, ...,V 1,Q1,v0). It is easy to check that (vy,s2) and
(ty,v1) and (vg_1,71) are pancyclic in T. If P, U P, contains two T3-pancyclic arcs
then these two are also pancyclic in 7" by Lemma 6. So C contains five pancyclic
arcs.

Hence we may assume that both (r;,71) and (s,, s2) are T}-pancyclic. Let e be the
third Tj-pancyclic arc. Let z be a vertex of ; such that vy — z and 7 — v,.
Such a vertex exists since vy — r1 and s; — vg.

The arc (z, z™) is contained in the 3-cycle (z,z, vg, z). For 4 <1 < ny, according to
Proposition 9 it is contained in an [-cycle because it belongs to Cy. The arc (z,z7) is
also in the n;+1-cycle (vg, Q2, @1, vo) and the ny+2-cycle (vy, Q2, Q1, 2, Vo). For ni+
3 <1 < n, it is contained in the I-cycle C(1) = (vg, Qa, t2, V1, V2, - - - Vgsyn-1, @1, 00)-
Hence (z,z%) is pancyclic. If e # (z,2") then C(n) contains five pancyclic arcs.
Thus, we may assume that e = (z,z27), so e € Q.

Three cases may arise:

— a) Suppose that w = sy = ;. Then T} — [s5, s2] — s5, thus (s3,v0,71, 55 ) iS
a 3-cycle. For 4 <1 <mn;+1, (s;,v9) is contained in the [-cycle obtained by
replacing the arc (s;, s9) by (83 , v, $2) in the (I—1)-cycle in 7;. In particular, it
is contained in the (n; + 1)-cycle D = (vy, @9, Q1, o). Now since vg — X — vy
and X — 7y, by Proposition 3 (applied to k' vertices of X — vy one after
another), (vg, Q2) may be extended into a (v, s3 )-path of length |Q,| + £/, for
1 <k <k—1. So D may be extended into an [-cycle containing (s ,vo) for
ni+2 <1 <n-—1. Moreover (s;,vp) is contained in Cy. Hence, (s, ,vp) is
pancyclic and Cj contains five pancyclic arcs.
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— b) Suppose that w = r;. Then r; — T7 — @y and Q3 — r1. Then (s3, vg, 71, 55 )
is a 3-cycle. For 4 <[ < m; + 1, pick @} a subpath of (); terminating at s;
of length [; < |@Q1| — 2 and @} a subpath of (); beginning in s, of length
ly < |Qs] — 2 such that I; + Iy + 4 = [, then (s;, v, @y, 71, Q}) is an [-cycle.
Analogously to the end of Case a), we obtain that (s, ,vg) is pancyclic and Cy
contains five pancyclic arcs.

— Suppose that w = s; = z. Then r; — w, so (s;,v9,71, ;) is a 3-cycle. And
Ty — s, is a transitive tournament with outgenerator s, and ingenerator z.
Thus for 4 <[ <ny;+1,in T} — s;, there is an (s, z)-path P of length [ — 2.
Hence, (Q), s, , vg, S2) is an [-cycle. Again, analogously to the end of Case a),
we obtain that (s, ,vg) is pancyclic and Cy contains five pancyclic arcs.

IIT) Suppose now that 7' — X is a transitive tournament.

If vo = tp_k_1, then X' =T[t, g, v1,09,...,Vk_1] is a reductor of T and T — X' is not
transitive. Indeed vy is dominated by some vertex t; and then (¢;, v, t1,;) is a 3-cycle.
So we have the result by one of the previous cases.

Analogously, we obtain the result if vx_; < t5. Thus we may assume that vy < £, _r_1
and Vgp—1 — T9.

By Lemma 1, (t, x 1,v) is pancyclic in T — ¢, j and (¢, x,v1) is pancyclic in
T — vy. These two arcs are also T-pancyclic because they are contained in the n-
cycle Cg = (tn—k—la Vo, Vg—1, t2, t3, e ,tn_k_Q, tn_k, V1,V2,...,VUp_9, tl, tn—k—l) if k& 2 3 or
CQ = (tn_g, Vo, tl, tn_z, V1, t2, t3, “e ,tn_g) if £ = 2. AH&IOgOUSly, (Uk—la tg) and (Uk_Q, tl)
are T-pancyclic.

Suppose that & > 3, then the four pancyclic arcs (t,—x—1,v0), (tn—k,v1), (Vk—1,%2)
and (vg_2,t1) are contained in the two n-cycles C3 and C§ = (t,—x—1, Vo, Vk—1, t2, tn_k, V1,
Voyeony Uk 2,t1,t3, sy .oyt 1). If an arcin {(t;,t;41),2 <i <n—k —2} is T pancyclic
then C3 or C} contains five pancyclic arcs. Therefore we may assume that no arcs in
{(ti;tiv1),2 <i<n—k—2}is T pancyclic. By Lemma 3, t; — v for 2 <i <n —k and
(t1,t2) is pancyclic, and v,y — t; for 1 <i <n—k—1and (¢, x 1,t, &) is pancyclic. Thus
at least one of the arcs (v;, v;11) is in a 3-cycle and so is pancyclic according to Lemma 10.
Hence the cycle C = (vg, vy, ...,V 1,t1,t9, ..., tn &, Up) contains five pancyclic arcs.

Suppose now that £ = 2. We may assume that there is no pancyclic arcs in {(¢;, tiy1),2 <
i < n — 4}, otherwise Cy contains five pancyclic arcs. Then by Lemma 3, t; — v, for
2 <i<n-—2so (t,ty) is pancyclic, and v; — t; for 1 <i <n —3s0 (t,_3,tn—2) is pan-
cyclic. Moreover (vg,v1) is in the 3-cycle (v, v1,t2,v9), so by Lemma 10, it is pancyclic.
Hence the cycle C = (vg, vy, t1, 2, ..., ta—2,v) contains five pancyclic arcs. |

This result is best possible since the regular tournament Rj5 on five vertices is 2-strong
and obviously satisfies h(R5) = 5.
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4.3 Tournaments such that A(7) =4

Definition 2 A tournament is in Py if there is a vertex v such that T —v s the transitive
tournament TT[t1,ta, ..., tm] and three integers 1 < iy < iy < i3 < m such that v — t; if
and only if 1 < 7 <11 orig < j <1i3. Note that if T € Py then T € Py.

Proposition 10 If T € P, then p(T) = h(T) = 4.

Proof. Let T be a tournament of P,. The only possible pancyclic arcs are those contained
in the unique hamiltonian cycle C' = (v,t1,ts,...,t,,v) of T. By Corollary 1 (v,t;) and
(tm,v) are pancyclic and by Lemma 3, (¢;,_1,t;,) and (t;,_1, ;) are pancyclic. The other
arcs of C' are not pancyclic because they are in no 3-cycle. |

Definition 3 The tournament H, is the tournament depicted Figure 1 with vertex set
{v,w,u,s,t} such that (w,u, s) is a 3-cycle dominating ¢ and v — {w,u} and v < {s, t}.
The tournament I, is the tournament depicted Figure 1.

t t

L
=

H, 14

Figure 1: The tournaments H, and I,

A tournament is in H, if it is obtained from H, by blowing up the vertex s into a
transitive tournament S.

A tournament is in #/ if it is obtained from H4 by blowing up the vertex ¢ into a
transitive tournament S.

A tournament T is in Hy (vesp. HY}) if its dual T is in Hy. (resp. Hj)-

Proposition 11 Let T be a tournament of Hy. Then h(T) = 4. If T # Hy then p(T) = 6
and p(Hy) = 5.

Proof. Let T be a tournament of H,. Let P = (s1,89,...,8, 4) be the (unique)
hamiltonian path of S. T has only two hamiltonian cycles, C' = (v, u, P,w,t,v) and
C" = (v,w,u, P,t,v) whose union contains all the T-pancyclic arcs. Since v is a reductor,
by Corollary 1, (¢,v), (v,w) and (w,u) are T-pancyclic and, by Lemma 6, (w,u) and
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(u, s1) are T-pancyclic. Moreover, (w,t) is not pancyclic because it is in no 4-cycle, and
each arc of (P, t) is not pancyclic because it is in no 3-cycle.

T[w,u,S]is in Ps and thus (s,_4, w) is pancyclic in T'[w, u, S], so it is contained in an
I-cycle for all length 3 <[ < n — 2. And for 5 <[ < n, the arc (s,_4,w) is contained in
the I-cycle (Sp_4, W, t,0,, Uy Spa1—ty -+, Sn_a). S0 if n > 6, then (s,_4,w) is pancyclic. It
is easy to check that if n =5 (T = Hy), the arc (s,—4,w) is contained in no 4-cycle. W

Proposition 12 Let T be a tournament of H,. Then h(T) = 4. And if T # H, then
p(T) = 6.

Proof.

Let P = (t1,t3,...,t, 4) be the hamiltonian path of S. v is a reductor of T.

By Corollary 1, (t,v), (v,w) and (v,u) are pancyclic. And By Lemma 6, (w,u)
and (u, s) are pancyclic. T has only two hamiltonian cycles, C' = (v,u, s, w, P,v) and
C' = (v,w,u, s, P,v) whose union contains all the T-pancyclic arcs.

Now an arc in (s, P) is not pancyclic in 7" because it is contained in no 3-cycle ; (s, w)
is not pancyclic because it is contained in no 4-cycle.

T[v,w,S] is in Ps and thus (w,t;) is pancyclic in T'[v,w, S], so it is contained in a
l-cycle for all length 3 <1 <n—2. And for 5 <[ < n, the arc (w, ;) is contained in the
l-cycle (v,u, s,w,t,ts, ..., t—5,v). Soif T'# Hy, then n > 6, so (w,t;) is pancyclic. W

Proposition 13 h(l;) =4 and p(I4) = 6.

Proof. It is easy to check that the pancyclic arcs in I are (¢,v), (v, s1), (v, $2), (s1,w),
(s9,w) and (w,u). |

Proposition 14 Let T be a (= 1)-strong tournament with reductor v, Ty — Ty — -+ —
T, a decomposition of T — v such that |T1| > 3 and (b,b") be an arc of a hamiltonian
cycle Cy of Ty.

If v — b and b" — v, then (b,b") is pancyclic.

Proof. Since T is strong v is dominated by a vertex t,, of T,,. (b,b",v,b) is a 3-cycle.
Let 4 <1 < n. By Proposition 5, there is an (b",¢,,)-path of length [ — 3 in 7' — [v, b]. So
(P,v,b,b") is an l-cycle. [

Theorem 5 Let T be a tournament. h(T) =4 if and only if T € Py UH, UM UH, U
Hy U {1y, 14}

Proof. Suppose that h(T) = 4. By Theorem 4, T' is (= 1)-strong. Let v be a reductor of
Tand Ty — T3 — --- — T, be a decomposition of 7" — v. By Equation 4, at most one of
the T; is not reduced to a single vertex ¢;.
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e Suppose that T — v is transitive, then it has a unique hamiltonian cycle and then
by Lemma 3, T' € P;.

e Suppose now that there is some 2 < ¢ < m — 1 such that |T;| > 3. Then we have
the result in the same way as in Theorem 4.

e Suppose now that |T7| > 3. If d*(v) = 1, then its outneighbour v; is also a reductor
and all the components of T'—v; are reduced to a vertex except possibly the insection.
Hence we may assume that d*(v) > 2.

It follows from Equation 4 that ¢(77) = 3. So T} € P3. Let w be the reductor of T3
and 77 — w = TT[u,us, - .., Uy, |, and let 7; be the integer such that w — wu; if and
only if ¢ > i;. Let Cy = (w,u1, U, - - . Un,, w) be the unique hamiltonian cycle of T7.
The three arcs e; = (un,,w), e = (w,u;) and e3 = (u;;_1,u;;) are Ti-pancyclic.
And by the proof Lemma 8, two of them are T-pancyclic and they are contained is
a path P, starting at an outneighbour of v and that is hamiltonian in 7.

T — [v,T1] — v otherwise by Lemma 9, there is a pancyclic arcs in the path
(tg,t3,...tm). And thus (v, P, t9,t3,.. .1y, v) contains five pancyclic arcs.

If v — Ti, then by Lemma 6, e, e; and e3 are T-pancyclic. And for z € T}, the
arc (z,ty) is pancyclic. Indeed, for any 3 < [ < n, there exist 0 < [; < n; and
0 <ly <m—2such that l; + 13 + 3 = [. By Lemma 5, in T7, there is path @ of
length [; terminating in z. So (v, @1, ts, 3, ..., 1,19, v) is an l-cycle. Thus h(T) > 5.
So we may suppose that A = {(a,a™) € C;,a - v = a*} and B = {(b,b") €
C1,b" — v — b} are not empty.

We have A C {ey,es,e3}. Otherwise let (a,a™) € A\ {e1,es,e3}. The path P,+
obtained from C; by removing the arc (a,a™) contains e; e; and ez that are T-
pancyclic by Lemma 7. Hence (v, P+, ta,13, . .., tm,v) contains five pancyclic arcs.

Now B C {ey, €9, e3}. Otherwise let (a,a™) be an arc of A. The path P,+ obtained
from C; by removing the arc (a,a™) contains two arcs of {ej,eq, ez} that are T-
pancyclic by Lemma 7 and an arc of B\ {ey, ey, e3} that is also T-pancyclic by
Proposition 14. Hence (v, P+, ta, 13, - - ., t.,, v) contains five pancyclic arcs.

So, we have |A| = |B| = 1.

Five cases may arise

i) If A={e;} and B = {ey}, then T} —w — v. So T'—w is transitive and T € P,.

ii) If A= {e;} and B = {e3}, then e, and e3 are T-pancyclic.
Suppose that 7; > 3. The arc e; is contained in an [-cycle for 3 <1 < n; +1
because it is Ti-pancyclic. And for 5 <[ < n, there exist 1 <[, <n; —2 and
0 <ly < m—2such that l;+1,+4 = [. By Proposition 5, in T} — [w, u4], there is
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iii)

iv)

a (ug, Uy, )-path @y of length I;. Then (v, Q1,w, ta,t3, ..., tats,,v) is an l-cycle.
Hence if n; > 3, e; is also pancyclic and (v, ug, ug, . . . Upn,, W, U1, ta, T3, . . ., ty, V)
contains five pancyclic arcs. So n; = 2, that is |77| = 3. Then T € H},.
Suppose that i1 = 2. If m > 3, then the arc (w,t;) is pancyclic. Indeed,
it is in the 3-cycle (w,ty,v,w) and the 4-cycle (w,ty,t3,v,w). And for 5 <
[ <n, choose 2 <[l <n;and 2 <[y, < m such that I[; +1, +1 = [. Then
(v, U1, U, - ., Upy, W, e, 3, .. o tm, ) is an [-cycle. Thus A(T) > 5. So m = 2
and T € H,.

If A= {ey} and B = {e3}, then e; and e3 are T-pancyclic. If i = 2 then
T — uy is a transitive tournament, so 7" € P4. Suppose now that 7; > 3. Let
us consider the arc e = (u;; 1,%3). For 3 < i <m+4i —1,let 0 <1l <1
and 0 < Iy < m — 2, such that I; + 1y +3 = [. Then e is in the [-cycle
(U, Wiy 1y Wiy 1y 415 -« - > Wiy, L2y t3, - o toyy,,v). For 6 < [ < n, there exists 1 <
I3 <ny—2and 0 <Ily <m — 2 such that I3+, +5 = [. By Proposition 5,
there is a (uy, u,, )-path of length I3 in 7} — [w, u;,—1]. Then e is in the l-cycle
(v, Pry,w,us—1,t9,t3, . . . tay,,v). Hence if m+i; — 1 > 5, e is T-pancyclic and
h(T) > 5. Thus we may assume m = 2 and 4; = 3,s0 ny =n — 3.

Suppose that n; > 4, then ey is pancyclic. Indeed it is contained in an I-
cycle for every length 3 < [ < n — 2, because it is Ti-pancyclic, and it
is in the n-cycle C = (v,ug,us,..., U, w, uy,t,v) and the (n — 1)-cycle
(v, U9, U3y -« 5 Upny—1, W, U1, 2, v). Thus C contains five pancyclic arcs which is
a conradiction.

Hence ny =3, so T = I4.

If A= {e3} and B = {e;}, then e; and ey are T-pancyclic. If iy < ny — 2 then
by Lemma 6, e3 is also pancyclic, 80 (v, Un,, W, U1, U, - - - Uny—1, 2,13, - - -ty V)
contains five pancyclic arcs, which is a contradiction.

If 4y =ny and T — u,, is a transitive tournament, so 7' € P,.

So we may assume i; = ny—1. The tournament 7" = T[v, tp, 1, Un,, t2, t3, - - - L]
is in P; and €' = (uy,, 1) is pancyclic in 7. Thus it is contained in an [-cycle
for every length 3 <1 < m+2. And 6 <[ < n, the arc € is in the [-cycle
(V) Uy =1, Wy Uy« ooy Upy 41, Uy Loy b3y« ooy Em, ©) Where [ and [y are two integers
such that 0 <1; <41 —2,0<lh,<m—-2and i+, +6=1. Soifm> 3, ¢ is
pancyclis and h(T) > 5.

Hence we may assumme that m = 2. Now if ny > 4, then eg = (up, 2, Un, 1)
is pancyclic. Indeed it is 77 pancyclic and contained int the (n — 1)-cycle

(V) Uny > Wy Uy Uy« -+« Uny—1, L2, 13, - - -, b, v) and the n-cycle C = (v, Up,, w, u1,
Uy« s Uny—1, L2, 13, - ., tm, v). Hence C contains five pancyclic arcs, which is a
contradition.

Sony =3 and T = I4.
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v) If A= {e3} and B = {ey}, then e; and e, are T-pancyclic. If iy < ny, then n; >
3. The arc e3 is contained in any cycle of length 3 <1 < n; +1 because it is 77-
pancyclic. Let 5 <1 <n. Pick0<l; <41-2,0< Iy, <ni—i;and 0 < [l3 < m—
2. Then e; is in the l-cycle (v, w, Wiy 11y, Uiy—1ys« -« s Uiy tlys 2y E3y -« oy Eoyis, V).
Thus, es is pancyclic and (v, Uy, W, U1, U, - - - Upy—1, L2, T3, - - -, tm, v) contains
five pancyclic arcs which is a contradiction.

Hence 71 = n;. Then wu, is a reductor of 17 such that T — u; is transitive. So
we are in Case ii).

e If |T,,| > 3, by duality, we have that T € P,UH,U{I4}. Thus T € P,UH,U{I4}.
[
Theorem 5 and Proposition 11, 12 and 13 yield immediatly the following result:

Corollary 3 A tournament has exactly 4 pancyclic arcs if and only if it is in Py.

5 Number of pancyclic arcs in k-strong tournaments

Theorem 6 (Yao, Guo and Zhang, [5]) Every tournament contains a vertex x such
that every outgoing arc is pancyclic.

From this result, we derive lower bounds on the number of pancyclic arcs in a strong
tournament :

Lemma 11

p(T) = h(T)+6" -1 ()
> WT)+6T+0 —3 (6)

Proof. By Theorem 6 and its dual, there is a vertex x such that every outgoing arc is
pancyclic and a vertex y such that every ingoing arc is pancyclic. Obviously, |A*(z) N
A~ (y)| < 1. There are h(T) pancyclic arcs on a hamiltonian cycle. At most one of them is
in AT(X) and at most two of them are in A*(z)UA~(y). Hence, p(T) > h(T)+d*(z)—1 >
MT)+ 6T —1, and
p(T) = d¥(z)+d (y) - [AT(z) N A™(y)| + W(T) - 2
dt(z)+d (y)+ WT) -3 (

v 1V
© 3

It follows directly from Theorems 4 and Equation 6, that for £ > 2, every k-strong
tournament has at least 2k + 2 pancyclics arcs.
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Corollary 4 FEvery k-strong tournament has at least 2k + 2 pancyclic arcs.
We now prove a slighty better result.
Theorem 7 FEvery k-strong (k > 2) tournament has at least 2k + 3 pancyclic arcs.

Proof. Let z and y be vertices such that the arcs of A*(z) U A~ (y) are pancyclic. By
Equation 7, we have the result, if d*(z) > k+1ord (y) >k+1or AT (z)N A (y) = 0.
Thus we may assume that z — y, and d*(z) = d (y) = k.

Then X = N*(z) is a reductor of T containing y. We have 2k — 1 pancyclic arcs in
At (z)UA~(y) and by Corollary 1, there is at least one pancyclic arc e; in A(X, Out(T —
X)).

If X is not transitive, then according to Lemma 2, there are at least three pancyclic
arcs in X, with at most one of them in A~ (y). And by Proposition 8, there is at most
one pancyclic arc in T'— X. It follows that p(T") > 2k + 3. Hence we may assume that X
is the transitive tournament 77T [vg, vy, . . ., Vk—1].

Let Ty — Ty — --- — T,, be a decomposition of T"— X. By Lemmas 4, 5 and 6, at
most one of the T; is not reduced to the vertex ;.

Suppose that for some 2 < i < m — 1, T; is not reduced to a single vertex. If |T;| > 4
then by Lemma 4, there are at least three pancyclic arcs in T;. Thus p(T) > 2k + 3.
Asssume now that 7T} is a 3-cycle. Two arcs of T; are pancyclic by Lemma 5. Let ¢; be
a vertex of T;. By Lemma 9, if t; — vo, then (¢;_1,%;) is pancyclic and if ¢; < v, then
(t;,tix1) is pancyclic. Hence, p(T') > 2k + 3.

Suppose now that 77 is not reduced to a single vertex. By Lemma 8, we have the
result if A(T}) > 4. So we may assume that 77 € Ps. Also by Lemma 8, there are two
pancyclic arcs in 7;. According to Proposition 7 (dual), there are two distinct vertices w;
and wy of T} such that vp_; — w; and vg_9 — wy. Let C be the hamiltonian cycle of T7.
For any vertex r € Ty, let r~ (resp. r*) be the vertex dominating (resp. dominating by)
r in Cy.

e Suppose first that m > 3. If a vertex t; with 2 < ¢ < m — 1 dominates an el-
ement of X then, by Lemma 9, one of the arcs (¢;,¢;41) with i < j < m —1
is pancyclic. Hence p(T) > 2k + 3. So we may assume that T — [T}, X]| — X.
Let us prove that (vx_s,ws) is pancyclic : it is contained in the hamiltonian cy-
cle (P, tm,vk_1, P1,ta,t3, .., tm_1,00, V1, ... Ug_2,Ws), where P; (resp. P,) is the
(wy, wy )-path (resp. (wsq, wy )-path) along Cy. For 3 <! <n—1,let 0 <k' <k-—2,
0<m'<m-2and 0< 1]y <n;—1suchthat [y + k" +m' +3 = [. There is a
path @ of length I; beginning in wsy. Thus (vy_s, ws) is contained in the I-cycle
(’Uk_z, Qz, tm_ml, tm—m’—l—l; e ,tm, Ve—2—k'y Uk—1—k!y+ - -, Uk_Q).

Hence T' has at least 2k + 3 pancyclic arcs.
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e Suppose now that m = 2. Since dy(vg) < k — 2, vy is dominated by at least
one vertex in 77. Hence there exists a vertex wy of 77 dominated by vy such that
U}O_ — Ug-

Because d}(vk_l) < k — 2, v;_; dominates at least two vertices of T7. At least one
of them, say w;, is distinct of wy.

Let us now prove that (v, wy) is pancyclic. For 3 <[ < n; + 1, let Qg be a path
in 77 starting at wg of length [ — 3. Then (vg, Qo, ta2, Vo) is an I-path. Let @ (resp.
() be the subpath of C; starting at w; (resp. wp) and ending in w, (resp. wy )
along C;. Then for n; + 2 < | < n, (Q1,v0, Q2,t2, Vnt1 1, Un_15---,Vk_1,W1) is an
[-path containing (vg, wy).

Hence T has at least 2k + 3 pancyclic arcs.

Suppose now that 7' — X is the transitive tournament TT[t1, to, ..., tn k|-
Let 79 be the smallest integer 2 > 1 such that vy_; — ;.

e Suppose that i = 2. Since 7" is 2-strong, v, is dominated by vertex ¢;, distinct from
tn . By Lemma 1, (v 1,19) and (vg_o,t1) are respectively (T'—t;)- and (T'—vy_1)-
pancyclic, thus they are contained in l-cycle for any 3 <! <n — 1. And they both
are in the following hamiltonian cycle : (vg_1,%2,t3, ..., i1, Vo, U1,y .+« Vg2, 1, tiy 11,
iy 42, -« -tn_k, Ug—1). Thus they both are pancyclic in 7. Moreover, by Proposition 8,
there is a T-pancyclic arc in T — X. Hence, p(T) > 2k + 3.

e Suppose now that i > 2. Then X' = T[X — v_1,t1] is a reductor of X. And by
Lemma 3, (t1,t2) is T-pancyclic.

The subtournament 7" = T'[t;,, tig+1, - - - tn_k, Uk—1] 1S a strong component of 7' — X".
By Lemma 8, 7" contains h(T") — 1 pancyclic arcs in 7. And at most one of them
is in A (x). Thus, if A(T") > 4, we obtain p(T") > 2k + 3. So we may assume that
h(T") = 3,80 T" € Ps. Since T —vy_1 is transitive, (¢,_x, ve—1) and (vg_1,t;,) are T'-
pancyclic. Let €' be the third 7’-pancyclic arc. By Lemma 6, €’ is also T-pancyclic
because t,,_; = x dominates vy.

If vy is dominated by a vertex of 7" — [z, vx_1] then by Lemma 6, (vg_1,%;,) is
pancyclic in T and so p(T) > 2k + 3.

If vy dominates 7' — [z, vy_1], it must have an inneighbour ¢;, with 2 <iy <y — 1.
Hence, by Proposition 9, there is a pancyclic arc (¢;,t;41) with 1 <7 <45 — 2. So,
p(T) > 2k + 3.
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6 Tournaments with exactly five pancyclic arcs

Definition 4 A tournament is in Ps if there is a vertex v such that T'— v is the transitive
tournament TT[tq, s, ..., ty,] and three integers 1 < 47 < iy < i3 < iy < 45 < m such that
v—t;jifand only if 1 <j <4 orip <j<igoriy <j<is.

The tournament Q)5 depicted Figure 2 is constructed from the disjoint union of the
transitive tournament TT[ty, 22, 13,14, 5] and the arc (u, v) such that Ny, (v) = {u,t,} and
NG, (u) = {v,t4}. A tournament is in Qj if it is obtained from Qs by blowing up each

\ u

Figure 2: The tournament Qs

vertex t; in a transitive tournament 7} for 1 < i < 5. Note that if 7 € Qs then T € Q.
Proposition 15 If T € Qs, then p(T) = h(T) = 5.

Proof. Let T be a tournament in Q5. For 1 < ¢ < 5, let P; be the unique hamiltonian
path of T; and let s; (resp. t¢;) be the beginning (resp. terminus) of P;. T has a unique
hamiltonian cycle (u, v, Pi, Py, Ps, Py, Ps,u). For 1 < i <5, any arc in P; is not pancyclic
since it is contained in no 3-cycle. Moreover, (s, s3) and (s3,?;) are also in no 3-cycle.
Hence the only possible pancyclic arcs are (u,v), (v, $1), (t1,52) (t4,S5) and (t5,u). It is
simple matter to check that these five arcs are pancyclic. So p(T') = h(T) = 5. |

Theorem 8 A tournament has exactly 5 pancyclic arcs if and only if it is in Ps U Q5 U
{H47 E} .

Proof. It is easy to check that every tournament of Ps has exactly five pancyclic arcs. And
by Propositions 15 and 11 every tournament of Qs U { Hy, H,} has exactly five pancyclic
arcs.

Let T be a tournament with exactly five pancyclic arcs. By Corollary 4, T is (= 1)-
strong.

Let v be a reductor of 7.

By Equation 2, at most one of the 7;, 1 <4 < m is not reduced to a single vertex.
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1. If T — v is a transitive tournament. Then by Lemma 3, T is in Ps.

2. Suppose that there exists 1 < ¢ < m, such that 7} is not reduced to a vertex.
By Corollary 1, (t,,,v) and (v,t;) are pancyclic. By directionnal duality, we may
suppose that there is a vertex t; € T; such that t; — v. Then by Lemma 9, there
is a pancyclic arc in T[t1, ts,...,t;]. Thus, there are at most two pancyclic arcs in
T;. Then by Lemma 4 and the proof of Lemma 5, 7; is a 3-cycle containing two
pancyclic arcs and there is a vertex s; € T; dominated by v. Then by Lemma 9,
there is a pancyclic arc in T'[s;, ti11, .. .,tm]. So p(T) > 6 which is a contradiction.

3. Suppose that T, is not reduced to a vertex. Without loss of generality, we may
suppose that v is a vertex such that T'— v has the smallest insection provided that
all the other components are reduced to a vertex.

By Equation 2, d;, (v) < 2.

e Assume that dj, (v) = 2.

Hence by Equation 5, A(T)) < 3 thus by Theorem 1, T,, € P3. Let w be a
reductor of T,,, such that T, — w is the transitive tournament TT[ay, ..., a,|.
Let 7 be the index such that w — a; and w < a;;.

v = T, — [ai, w, ap), otherwise by Lemma 6, h(T) > 5 which is a contradic-
tion. Also v — T — [v,T,,] oterwise by Lemma 9, there is a pancyclic arc in
{(tjatj-l-l): 1< .7 <m-— 2}

— Suppose that N (v) = T[a;,w]. If i # 1, then by Lemma 6 dual, the
three arcs (w, ay), (ap, w) and (a;, a;11) are pancyclic. So p(T") > 6 which
is a contradiction. Thus ¢ = 1. It is easy to see that (a1, as) is contained
in a cycle of any length [, for 5 < | < n. It follows that |7,,| = 3. Then
T € ), and by Proposition 12, T = H,.

— If N; (v) = T|w,ap)], then by Lemma 6 dual, (ap, w) and (a;,a;41) are
pancyclic. It is easy to see that (w,a;) is contained in a cycle of any
length [, for 5 <1 < n. And because (w,a;) is pancyclic in T,,, it follows
that |T,| = 3. Thus T € H), and by Proposition 12, T = H,.

— Suppose that N;, (v) = Ta;,a,]. If i # p — 1, then by Lemma 6 dual, the
three arcs (w, a1), (ap, w) and (a;, a;11) are pancyclic. So p(T") > 6 which
is a contradiction. Thus ¢ = p—1. It is easy to see that (a,, w) is contained
in every cycle of length [, for 5 <1 < n. And because (a,,w) is pancyclic
in 7T,,, it follows that |T},| = 3. So T' € H/, and by Proposition 12, T = H,.

e Suppose that d (v) = 1, then let u be the inneighbour of v in T;,. Then
u is a reductor. Let U; — U, — ...U, be a decomposition of T' — u. U, is
a strict subtournament of 7T,,. Thus, by definition of v, one of the U; 1 <
j < g is not reduced to a vertex. Since v — ty, it is necessarily U; and v is
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dominated by a vertex in T'—T,,. Let s be the biggest index such that ¢; — v.
Uy = T[v,ty,ts,...,ts]. And by Equation 4, each U; j > 2 is reduced to a
single vertex u;. If U; ¢ Ps, then there are two indices i; < i3 < s such that
(v, iy, tiy11,v) and (v, t;,, ti,41,v) are 3-cycle. Then, by Lemma 9, (¢, %, 11)
and (t;,,t;,+1) are T-pancyclic. Hence, p(T') > 6, which is a contradiction.
Therefore U; € Ps.

Analogously, T,, — u is a transitive tournament so 7T, € P3. Then T € Qj
with Ty = N, (v), T» = Ny, (v), Tu = Nf (v), Ts = Ny (v) and T3 = T —
[U, v, Tl: TQ: T4: T5]

4. If |T1| > 3, then by directionnnal duality, T € Qs or T = Hy thus T € Qs or
T == H4.
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