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Abstract

In this paper, we first review some properties of the signed distance function. In partic-
ular, we examine the skeleton of a curve in R? and get a complete description of its closure.
We also give a sufficient condition for the closure of the skeleton to be of zero Lebesgue’s

measure. We then make a complete study of the PDE: % + sign(ug(z)) (|Du| — 1) =0,
which is closely related to the signed distance function. The existing literature provides
no mathematical results for such PDEs. Indeed, we face the difficulty of considering a dis-
continuous Hamiltonian operator with respect to the space variable. We state an existence
and uniqueness theorem, giving in particular an explicit Hopf-Lax formula for the solution
as well as its asymptotic behaviour. This generalizes classical results for continous Hamito-

ou
nian. We then get interested in a more general class of PDEs: E—Fsign(uo(m))H(Du) =0,

with H convex Under some technical but reasonable assumptions, we obtain the same kind
of results. As far as we know, they are new for discontinuous Hamiltonians.
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1. Introduction

In image processing, the signed distance function plays a key-role due to its good properties.
For example in image segmentation a main question is to detect the contour of objects in a
scene. A very powerful method consists in making the zero level sets of an initial distance
function ug evolve untill they reach the desired contours. Unfortunately, the partial differential
equation (PDE) governing the evolution does not guarantee the evolving function v(z,t) to
remain a signed distance function. In particular its gradient can become unbounded , and this
is the origin of serious numerical problems. To overcome this difficulty it was proposed by J-M
Morel to reinitialize the process by running each five or ten iterations the following PDE:

O+ sign(v(a,t) (IDul 1) =0 (1.1)

u(z,0) = v(z,to)

where v(x,ty) is the evolving function at time ¢y (tp = 5 or 10). We refer the reader to the
abundant literature on this subject ( [4, 37, 25, 11, 31, 36, 28, 1, 3, 10]) for a more detailed
insight.

Though equation (1.1) is often used in image processing, there exists no real mathematical
study of it in the existing literature. PDE (1.1) is of Hamilton-Jacobi type:

a—u-l-H(:E,Du) =0 (1.2)
ot

The theory of viscosity solutions proved to be well-adapted to state existence and uniqueness
results for such PDEs (see [12, 13, 7, 20, 18, 14, 24, 8 5, 15, 6, 2|). But all these works are
generally conducted under the asumption that the Hamiltonian H is continuous with respect
to all its variables, whereas PDE (1.1) has a singularity on I' = {z/v(z, t;) = 0}. This is indeed
the specifity of our work: our Hamiltonians will not be continuous with respect to the space
variable . We will nevertheless give an existence and uniqueness result, and we will also get
an explicit Hopf-Lax formula. The existing literature on viscosity solutions for discontinuous
Hamiltonians is not very large. The case of discontinuous solutions is discussed in [7, 2|, and
the case of a discontinuity in the second member of the PDE in [21, 35, 34, 16]. As far as we
know, there is no previous work which deals with the discontinuity we face for PDE (1.1).

The paper is organized as follows. We first review some properties of the signed distance
function in Section 2. We also consider the skeleton of a curve in R? and get a complete
description of its closure. We give a sufficient condition for the closure of the skeleton of a
curve in R? to be of zero Lebesgue’s measure. This specifies a result of Matheron in [32].

We then completely study PDE (1.1). We state an existence and uniqueness result, giving in
particular an explicit formula for the solution as well as its asymptotic behaviour, generalizing
classical results for continous Hamitonian. Indeed, we show that the function u(x,t) defined as

| einfy < (uo(z +y)+t) ift <t,
u(@,t) = { exd(x‘, |F) ift>t, (13)



where
UO(x) = U(‘IatO)
€z = sign(ug(x))
t, = inf{t € Ry /inf <, (e;uo(z +y)) = 0} = d(z,T")

is the unique uniformly continuous viscosity solution of (1.1) vanishing on I' = {z/uy(z) = 0}.
In Section 3, we get interested in a more general class of PDEs. Under some technical but
reasonable assumptions, we obtain the same kind of results. As far as we know, they are new
for such discontinuous Hamiltonians.

2. FEuclidean signed distance function and the reinitializa-
tion equation

In this first section, we study some elementary but useful properties of the Euclidean signed
distance function to closed curves. One of our results is a characterization of the skeleton of a
closed curve. Then we analyse in detail the reinitialization equation (1.1) for which we give an
explicit solution in the class of uniformly continuous viscosity solutions. We begin by recalling
some definitions.

2.1 Properties of the signed distance function
2.1.1 Some definitions

Let us consider R? endowed with the usual Euclidean norm and the induced topology. Through-
out this section, we will consider I a curve in R? such that:

(H 2.1) T is piecewise C.
(H 2.2) T" has a finite number of connected component T';.

(H 2.3) For all i , I'; is parameterized by its curvilinear abscissa v : [0; L;] — R*® (where L;
is the length of I';) such that the curvature s(v(t)) changes only a finite number of times on
[0; L;] (k takes its values in R ).

(H 2.4) The points where I' is not C? are angular points (i.e. of infinite curvature).

(H 2.5) For all i , I'; est geometrically closed, ie v(0) = v(L;).
(H 2.6) I' will always be oriented in the indirect way.

In all Section 2, we will only consider curves I verifying these hypotheses (except if explicitly
mentioned), and we will call such curves T closed curves in R?. We define Q as the interior of
' (denoted also by 092).

Definition 2.1. Let I' be a closed curve in R?, and let u be a function:

uw:R* —» R



skeleton

Figure 1: Exemple of skeleton

such that u(I")=0.
We will say that u is a signed distance function to the curve I' if:

() = ed(z,')  if x lies outside T
W= —ed(z,I") if = lies inside T

where:
L d(z,T) = infyerllz — ]
2. €€ {1}
3. ||z|| is here the Euclidean norm of z.

In what follows, we will take the convention that e = 1, and we will call u the signed distance
function.

Remark: It is possible to generalize definition 2.1 to a any distance d on R? (not associated
to the Euclidean norm). This point will be examine in Section 3.

Definition 2.2. We will call skeleton of I' the set
{ z € R? / there exist at least two distinct points y and z in I such that:

|z —yll = llz — zl| = d(=,T) }

We note S the skeleton, and S its closure.

Remark: Let € R?. If I' is a closed curve, it is well-known that there exists at least one
element y € I' such that
|z —yl| = d(z,T)

We will note y = p(x).
Definition 2.3. We will call contact point of degree 2 for I' each point € R? such that:
1. = does not belong to I'.

2. k(p(x)) = ”1_113(1)” = d(zl,l‘) = ﬁ where u(z) is the signed distance function to T, p(z) €

" as defined in definition 2.2, and (y) is the curvature of I" at y.



skeleton

Figure 2: contact points of degree 2 (the crosses stand for the contact points of degree 2)

Remarks:

1. A contact point of degree 2 may belong to the skeleton (for instance in the case when T is
a circle, then S reduces to the center of the circle, which is also a contact point of degree
2).

2. If z is a contact point of degree 2, then the circle of center x and radius ||z — p(z)|| is in
fact the osculator circle to I' at p(z). That is why we call it contact point of degree 2.

2.1.2 Properties of the signed distance function

We give in this subsection some properties of the signed distance function associated to the
Euclidean norm. We state the following well-known result without proof.

Proposition 2.4.

1. The signed distance function u to a closed curve I' in R? is 1-Lipschitz.

2. If u is a signed distance function to a closed curve I' in R?, and if u € C'(R*\S — R)
(where S stands for the closure of the skeleton of T'), then we have for all z € R*\S :

IVu(z)]| =1

2.1.3 A characterization of the signed distance function

We do not know if the following characterization of the signed distance function exists in the
literature, but we state it because it was the starting point for discovering an explicit solution
of the reinitialization equation (1.1).

Proposition 2.5. Let I be a closed curve in R®. Then

1. u 1is the distance function to I' if and only if

u(z) >0 Vz € R?
u(z) =0 ifx el
u(r) = inf, —p (u(z +y) +h) VYh e [0,d(z,I)]

2. u 15 the opposite of the distance function to I' if and only if

u(z) <0 Vz € R?
u(z) =0 ifx el
u(z) = SUD|y|—p (u(zx +vy) — h) = —infyy = (—u(z +y) + h) VYh e [0,d(z,T)]



3. u 1s the signed distance function to I' if and only if

u(z) =0 ifzel

u(z) >0 if z lies in the exterior of T (2.1)
u(z) <0 if x lies in the interior of T’ '
u(r) = €, infjy -y (;u(z +y) +h) Vhe[0,d(z,I)]

1 if x lies in the exterior of I’
—1 if x lies in the intertor of I’

where €, = {

Proof: We only show the first point of the proposition. The demonstration for the two other
points is similar.

Step 1: We assume that v is the signed distance function to I'. It is therefore obvious that:
u(x) =0« x €T (since I is closed). Let z € R*\I'. We want to show that:

u(z) = inf (u(z+y)+h), Vh € [0, u(z)]

ly|=h
(here u(z) = d(z,T")). This is equivalent to:

irg |z — 2| = inf (1rellﬁ |t +y—z|+h), Vh e [0,u(z)]

yl=h 2
ie.
irel£ |z — 2| = irellf‘ (|;P=fh |t +y—=z/+h),Vhe|0,u(z)] (2.2)

Let us show this last equality.
e Thanks to the triangular inequality, we have:

lz=zl=lyl+h<l|z+y—z[+h

~
=lz—z[if lyl=h

So :
[z — 2] < |inh(\x+y —z|)+h
y:

Hence :

inf |7 — 2| < inf ( inf -
inf |z z\_g;r(‘;?:huw z|+h) , Vh € [0,u(z)]

And thus we have shown:

u(z) < inf (u(z +y)+h), Vh € [0, u(z)] (2.3)

Y=k
e By contradiction, let us assume there exists h €]0, u(z)] such that (2.3) is strict, i.e.

= inf |z — z| < inf (inf —z|+h
u(z) = inf [z — 2| ;gr(li‘n:hmw z| +h)

Or:
u(z) < h+ i2£(|;gh |z +y — 2)

-

~~

inf, er (inf|y_o|=p |w—2])



As T is closed, we know there exists z € I" such that u(z) =d(z,T) = |z — Z| .

So
u(z) < h+ | in‘f_h lw — Z| (2.4)
Let us choose:
o= h s —h—i—u(x)x
 ufx) u(x)
that is
b= (z-2)
w—x = (@) zZ—x

which implies

And so w is admissible. Moreover we have:
u(z) —h
u(r)

We therefore get, with (2.4), that u(x) < u(z), which is obviously wrong .
This completes the proof of (2.2).

|lw—z| = |t —z| =u(x) —h

Step 2: Conversely to show that u(z) is a distance function, by choosing h = d(z,T"), we get :

w(z) = inf (u(z+vy))+d(z,T)

ly|=d(z,T")

-~

=0

2.1.4 Closure of the skeleton

We close this subsection by stating our main result concerning the closure of the skeleton of a
closed curve. We give next an application to the measure of the skeleton.

Theorem 2.6. The closure S of the skeleton S of a closed curve I' in R? satisfying hypotheses
(H2.1)-(H2.6) is composed of S, of contact points of degree 2, and of points belonging to T’
where T' is not C?.

Proof: We are going to use the sequential characterization of closed sets.
So let (x,) € SN and ((y,),(2,)) € TN x TN (with y,, # 2, Vn) such that Vn € N:

Let us suppose that z,, — 2 € R?. We want to know where z is. Let r>0. Asz, — =, Ing € N
such that Vn > ng, z,, € B(z,7). Let p=d(z,I'). Then:

[z = ynll = d(@n, ) < & = znll + d(, 1) <7 +p

which implies:
1y — @ll < llyn — zal| + |20 — 2l < p+2r



And for the same reasons we get:
Iz — 2|l < p+2r

We therefore have: for all n > ng, y, and 2, € B(z,p+2r). The sequences (y,) et (z,) being
bounded in R?, there exist y € R? and z € R? such that (up to subsequences):

Yo — Yy and z, — 2

Moreover, since (y,) et (z,) are in I" which is a closed set, we have y and z in T
By passing to the limit in (2.5), we get:

I =yl = llz — 2|l = d(=,T)
Two cases may now occur:

Case 1: y et z are two distinct points, in which case z € S.
Case 2: y = z = p(z). In this case:
Yo — Yy and z, =Y

Hence, for n large enough, v, and z, belong to a same connected component of I" (indeed,
the connected components of I" being closed, the distance between two of them is positive).
We want to show that x is either a contact point of degree 2, or a point on I' where T is
not C? (so an angular point thanks to hypotheses (H2.4)).

According to hypothesis (H2.3), T" is locally concave or convex. We parameterize I'
around y in the indirect way.

Step 1: Let us assume first that I is C? around y. We are going to show that the curvature
is locally positive. By contradiction, let us assume that there exists » > 0 such that
k(z) < 0forall z € V(r) = B(y,r)(I', where B(y, ) is an open disc of center y and
radius 7. Let C be the convex envelope of V(r) (see figure 3). Since the projection
on a convex set is unique, we have y, = z,, which by hypothesis is absurd. The
curvature of I" must therefore be positive around y, i.e. in V(r).

Let us write r, = ||z, — ¥»||- The curvature of the circle C,, whose center is z,, and
radius r,, is equal to --. As C, is tangential to T (inside) in y, (since ||z, — ya| =
d(z,,T)), we have:

K(Yn) <

Indeed, if k(y,) > %, then locally, around y, the curve I' lies inside the open disc
whose boundary is C,. And this cannot hold since ||z, — y»| = d(zn, ).
And we can prove by the same way that:

But as the curvature of I is non negative on V(r), then necessarily there exists ¢, in
V(r) between y, and z, such that:



Case when the curvature | Case when the curvature
is non positive is positive

Figure 3: Local convexity or concavity of I'

Figure 4: Curvature of I’

Indeed, if we assume that ¢,, does not exist, then in each point on I' between vy,, and
zn, we have: 0 < k(t) < --. But this cannot hold (see figure 4).

Moreover, as (y,) and (z,) tend to y, so does (t,). Therefore passing to the limit as
n — oo in the following inequality: k(y,) < i < k(t,) , we get since k is CY in y:
L = k(y) = k where r = ||z — .

The circle C, whose center is x and radius r, is the osculator circle to I'' in y. Thus y

is a double contact point between I' and C. Hence x is a contact point of degree 2.
Step 2: Let us assume now that I' is not C? in y.

Case 1: If we suppose there exists » > 0 such that the curvature of I' is non positive
in V(r)\{y} = {B(y,r) N T}\{y}, we get the same contradiction as in the case when
I" is not C? around v.

Case 2: Let us now examine the other case: for all » > 0, there exists t € V(r)\{y} =
{B(y,r) YT }\{y} such that x(¢) > 0. By eventually choosing r smaller, we may
assume that V(r) has two connected components V;(r) and Vy(r). According to
hypotheses (H2.3), the curvature of ' is thus positive on V;(r) and/or Vy(r). For
instance, let us assume that the curvature I'" be positive on Vi(r).

Then, as in the case where there exists » > 0 such that the curvature of I is positive
on B(y,r)T, we get:



And then, by passing to the limit (and remembering that according to hypothesis
(H2.3), k(y) = 00), we get 7 =0, i.e. x € ' and I is not C? in z.
In fact, this case is a degenerate case from the preceeding one.

With similar arguments to those given in Theorem 2.6, we can prove the following lemma.

Lemma 2.7. Let T be a closed curve in R? satisfying hypotheses (H2.1)-(H2.6), and S its
skeleton. If x € R2\S is a contact point of degree 2, then |k(p(z))| is a local strict mazimum
for ||, and T turns its concavity towards x around p(x). Moreover, each strict local mazimum
of K 1is associated at most to one contact point of degree 2.

From Theorem 2.6, we can deduce

Corollary 2.8.
1. The skeleton S of a closed curve I' in R? has a zero Lebesque’s measure.

2. The closure of the skeleton S of a closed curve I' in R? satisfying hypotheses (H2.1)-(H2.6)
has zero Lebesgue’s measure.

Proof:

Part 1: The first part of the corollary is a consequence of the fact that the Euclidean
signed distance function is 1-Lipschitz. Indeed, Rademacher’s theorem (see [14|) enables
us to assert that u is almost everywhere differentiable. As the skeleton of I' is embedded
in R?, S has zero Lebesgue’s measure.

Part 2: Let us now show the second point from the first one. We know that meas(S) = 0,
and we want to show that meas(S) = 0. From Theorem 2.6, S is embedded in S| S; | Sa,
with:

S1 = {The set containing the contact points of degree 2 which do not belong to S}
Sy = {The set containing the points of I' where " not C?}

According to Lemma 2.7 and hypothesis (H2.3), S; has at most a finite number of points,
so meas(S;) = 0. And S, is embedded in I" which has zero Lebesgue’s measure. So

meas(Sz) = 0. Hence meas(S) = 0.

Remark: In [32] , G.Matheron shows that the skeleton of any curve in R? has an empty
interior (in the topological sense). But he also gives an example of a curve in R? whose skeleton
has a closure of positive Lebesgue’s measure. The second point of Corollary 2.8 may thus be
considered as optimal. As far as we know, the fact that the closure of the skeleton of any
curve in R? has zero Lebesgue’s measure remains an open question. We give here a sufficient
condition.

10



2.2 The reinitialization equation

The purpose of this subsection is to study the following Hamilton-Jacobi PDE:

ou
=+ sign(uo(z)) (IDu] 1) = 0 2.6
u(.,0) = ug(x)
where
1 ify>0
sign(y)=4¢ 0 ify=0 (2.7)
-1 ify<0

Equation (2.6) is used in image processing for active contours model (see |4, 37, 25, 10,
11, 36, 28, 3|). We will show in particular that the signed distance function is asymptotically
solution of the PDE (2.6).

We can remark that in equation (2.6) the Hamiltonian is discontinuous with respect to the
x variable. In the case when the Hamitonian is continuous, the viscosity solutions theory gives
existence and uniqueness results for such PDEs (see |7, 20, 18, 15, 5, 6]). But works dealing
with discontinuous Hamiltonian are just initiated (see [21, 35, 34, 16]). The existing literature
gives answer neither to the existence nor to the uniqueness of viscosity solutions for (2.6).

2.2.1 Viscosity solutions: basic facts

The viscosity solutions theory deals with equations defined on an open set Q embedded in RV,
having the following form:
F(z,u, Du, D*u) =0 (2.8)

It is immediate to extend it to evolutions equations:

Z—TZ + F(x,u, Du, D*u) =0 (2.9)
In equations (2.8) and (2.9), notations Du and D?u stand respectively for the first and second
derivatives in the space variable.

The notion of viscosity solutions is a powerful tool to prove existence and uniqueness of contin-
uous solutions for first and second order PDEs. The definition of viscosity solutions is closely
related to the maximum principle. For further information on this theory, we refer the reader
to [7, 12, 13).

Let f be a locally bounded function. f, and f* will denote respectively the lower semi-
continuous envelope (Isc) and the upper semi-continuous envelope (usc) of f.

folz) = liminf, . f(y)

f*(z) = limsup, ., f(y)

11



Remark: We only recall the definition of viscosity solutions for stationary equations (as
(2.8)), but it is immediate to generalize it to evolution equations (as (2.9)).

Definition 2.9. Let F: O x R x RY x S¥ — R be defined everywhere and locally bounded.

(i) A function u locally bounded, usc on (2, is a viscosity subsolution of (2.8) if and only if
for all ® € C*(2) and z4 € Q local maximum point of u — ® then:

F, (29, u(xq), D®(2¢), D*®(x4)) < 0 (2.10)

(ii) A function u locally bounded, Isc on €2, is a viscosity supersolution of (2.8) if and only if
for all ® € C*(Q2) zo € Q local minimum point of u — ® then:

F*(xg,u(m), D®(z0), D*®(20)) > 0 (2.11)

(iii) We will call a viscosity solution of (2.8) every continuous function satisfying (2.10) and
(2.11).

2.2.2 Existence and uniqueness of a viscosity solution for (2.6)

Throughout this subsection, we will consider a function uy uniformly continuous on R%. We will
note I' = {x/uo(z) = 0}. For x € R*, we will write ¢, = sign(ug(x)) and d(x,T') the distance
from z to I'. The goal of this subsection is to prove that the function u : R? x R, ~ R? defined
by:

| einfiy < (euuo(z +y) +1) ift<t,
u(e,t) = { exd(z,T) ift>t, (2.12)
where
t, = inf{t e Ry / |ir|1<ft (ezug(z + 7)) = 0} = d(z,T) (2.13)
y|<

is a viscosity solution of (2.6).

Let us write 2, = {z/uo(z) > 0} the outside (in the strict sense) of I', and Q@ = {z/up(z) <
0} the inside (in the strict sense) of I' (R? = Q, JQ_JT).

Proposition 2.10. Let ug be a uniformly continuous function on R? and set I = {x/uo(x) =
0}. Then u defined by (2.12) is a uniformly continuous function on R? x R,

Remark: A consequence of the definition of ¢, is that = — ¢, is continuous on R?.

Proof: Let us prove that u given by (2.12) is uniformly continuous on Q x [0,7], V T > 0.
To do this, we are going to show that u is uniformly continous on Q, x [0,7], VT > 0, on
Q x[0,T], VT >0, and on V x [0,T], VT > 0 (where V is a neighbourhood in R? of

{z/uo(z) = 0}).
(i) First case:

Let us therefore show that v is uniformly continuous on Q, x [0,7] .V T > 0. We first
set T > 0. Let (z,t) and (%,t) in Q4 x [0, 7.

12



Step 1: Let us first assume that t < t; and t < t,. We note p the modulus of
continuity of ugy (defined by p(r) = sup(|ug(x) — ue(y)|; |z — y| < 7). We have:

uw(z,t) —u(@,t) = inf (ug(z+vy)+1t) — inf (ue(@Z+y)+1 2.14
@) —u(@d)= inf (wzty)+0) - i (@) +D) @)

As ug is continuous, there exists b € B(&,#) (where B(z,r) denotes the open ball in
R? centered in z and of radius r) such that

uo(l;) = inf (uo(Z+y))
{lyI<t}

Since b € B(i, 1), there exists A € [0,1] such that |# — b| = M. Let a be on C(x, At)
(where C(z,7) denotes the circle in R? centered in z and of radius r) such that
(2 —b,x —a) = —|& — b||z — a| (where () stands for the Euclidean scalar product).
In particular, we have a € B(z,t) (since |A| < 1). Then (2.14) becomes:

w(z,t) —u(@, ) = inf (uo(z+y)+1t)—ue(d) —1
{lyl<t}
< wupla) —up(b) +t —1
< plla—b)+t—1
But
la—b = |la—x+z—3+7— b
<

la— x4+ & —b|+|z — |
—_——

=At—t|<[t—]
Since p(r + s) < p(r) + p(s), we deduce that:
u(@,t) —u(@,1) < p(le — 2[) + [t — & + p(|t — 1)
By the same way we can show that:
u(e,t) —u(i,t) > — (p(lz = 2]) + [t — | + p(|t = #]))

Thus:
u(z,t) —u(d, 1)] < p(lz — 2|) + |t — [ + p(|t — 1)) (2.15)

Step 2: Let us now assume that ¢ > £ > max(t,, ;). We then have:

lu(z,t) —u(@, )| = |ulz,ts) —u(d, ;)]
d(z,T') — d(z,T)]

Hence, as the Euclidean distance is 1-Lipschitz:
\u(z,t) —u(z, )| < |z — 2| (2.16)
Step 3: Let us now assume that £ > ¢; and ¢ < t,. We then have:

u(@, t) — u(@, §)| = |u(z,t) — u(@, t;)]

13



The difference |u(x,t) —u(Z,t;)| can now be estimated as in Step 1. So, using (2.15),

we have:
u(z,t) —u(@, t:)| < p(lz — [) + [t — ta| + p([t — t3])
Hence:
u(z, t) — u(@, 8] < p(lz — &[) + [to — ta] + p(|te — ta])
But
te — t| = [d(z,T) — d((&,T)| < [z — 2|
and so:

u(z,t) — u(z,1)| < 2p(|lz — &) + |z — &) (2.17)

From Steps 1 to 3, we deduce the uniform continuity of v on 2, x [0, 7] since as g
uniformly continuous, we have p(|t —t|) = 0 ast — ¢, and p(|x — Z|) = 0 as z — 7.

(ii) Second case:
We can show with an identical proof that u is also uniformly continuous on Q_ x [0, 7],
VT > 0.

(iii) Third case:

Let us show now that u is uniformly continuous in any neighbourhood V in R? of
{z/ug(x) = 0}). In fact, thanks to the first two cases, we only have to show that u
is continuous on {z/ug(x) = 0}.

Let us choose T > 0. Let € > 0. Since ug is uniformly continuous, for all € > 0, there
exists 0 > 0 such that: (0 <r <) = (p(r) < 5). Moreover, there exists 7 > 0 such that:
(d(e,T) < 1) = (juo(a)| < 2)

Let z € R? such that d(z,I') < min (4,7, £). Recall that ¢, = d(z,T). Two cases can
occur:

Step 1: If t <t,, then:

u(z,t)| =] inf (wo(x+y)+t)| < inf |Jug(z +y)|+1¢
)] = | i (uols+9) +0)| < inf Juo(s +y)
and since t, = d(z,T") and t < t,, we have:
u(z, )| < fuo(z)| + p(t) +¢

< luo(@)] + plt.) + 1.

L e f €

-3 3 3

< €
Step 2: If t > t,, then:

[ue,t)] = d(a,1) < 5 < e

Thus, u(z,t) is continuous on {z/uy(z) = 0} x [0,T].

From the three cases, we conclude that u is uniformly continuous on R? x R, .
We can now give the main result of this section.

Theorem 2.11. Let u be defined by (2.12). Then u is the unique viscosity solution of (2.6)
uniformly continuous on R? x [0,T), V T>0, and vanishing on T, ¥Vt € [0, T).
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Proof: We split the proof in two parts

Partl: Existence of a solution.
Let us first prove that u defined by (2.12) is a viscosity subsolution of (2.6). From Proposi-
tion 2.10, we already know that u is uniformly continuous on R* x R, . Let us set (xq,%) €
R? x R, , and let ® of class C? such that u — ® has a local maximum in (zg, to).

(i) Step 1: Let us first assume ug(xg) # 0. For instance, we will assume ug(zo) > 0.

If tg > t,,: We have u(zg,to) = d(zo,I') and 2%(zo,%5) = 0. Let us show that
F(.T(),D(I)(.T(),t())) S 0, ie. =1+ ‘D@(.’Eoﬂ S 0.
For the sake of clarity, we will not write the ¢-dependency which plays no role here.
For z small enough, we have (if » € [0, d(z,I)):

h+u(zg+z) — P(xg+ ) < ulzg) — P(xo) +h

S u(zg+ )+ h < u(zg) — ®(xo) + P(xo+2) + h

= ‘in_fh (u(wo +2) + 1) < u(zo) — B(wo) + |i?_fh (®(zo + ) + h)

= u(zy) thanks to Proposition 2.5
(u(zo) = d(z0, 1))
Hence
inf (®(an +) = B(aw)) = —h
But we have
®(zo + 1) — ®(20) = (DP(20), 2) + 0(h?)
Thus
inf (®(z+7) — ®(z0)) = inf (=|z[|D(z0)l) + O(h?)

|z|=h |z|=h
= —h|D¢(xo)| + 0(h*)
And
[Dé(w0)| < 1+0(h)

We deduce from this that u is a viscosity subsolution of (2.6) in (zg, o).

Remarks:

1. If wo(mg) < 0, it sufffices to repeat the same proof as above by starting with the
inequality:
—h+u(zo+y) — P(zo +y) < ulzg) — P(xg) — b

2. We can also notice that in fact we have shown the signed distance function is a
viscosity solution of the stationnary equation: sign(ug) (|Du|— 1) = 0.
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If to < ty,: For h and y small enough (h > 0), we have :
h + U(.T)o -+ y,to — h) — (I)(.Z'o + Y, to - h) S U(l‘o,to) — (I)(xo,t()) + h
which implies

inf (U(l‘o + Y, t() — h) + h) S inf (<I>(:c0 + Y, t() - h)) — (I)(.T(], to) + h -+ U(.T(), t())

ly|<h ly|<h

But
. _ — inf nf
\;?gfh (u(zo +y,to—h) + h) \;Insh <z|£0—h (uo(xo +y + 2) + to))
= inf (’U,()(IL'O + ’LU) + to)
‘\U)|St0 s
—u(zo,to) thanks to ( 2.12)
Hence
(b(ﬂi(), to) < h + |1‘I1<fh ((I)(.Io +y, g — h))
Y=
And thus
®(z0,t0) — (w0, t0 — h) < |i|n<fh (®(zo +y,to — h) — ®(zo, 80 — h)) + h
Y=
But
0d 9
(I)(l'(),to) - (D(l'(),t() - h) = ha(.’ﬂo,to) + O(h )
and
(I)(.Z'o + y,to — h) — (I)(.Z'o,to — h) = (D(D(xo,to — h), y) -+ O(hQ)
thus
inf (®(zo+vy,to — h) — ®(zo,to — h)) = inf (—|y||[D®(x0,to — h)|) + 0(h?)
ly|<h ly|<h

from which we deduce

od

ot
But
D®(zy,to — h) = D®(xg,t9) + 0(h)
Thus we obtain 5%
E(Jﬁo,to) +£|D<b(x0,t0 —h)| - 1)4 <0

:F(:cg,D<I>(:c0,t0))

i.e. u is a vicosity subsolution of (2.6) in (x, o).
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Remark : If ug(zg) < 0, it suffices to start from:

—h+u(zo+y,to—h) — ®(xo + y,t0 — h) < u(zo,to) — D(z0,t0) — h

It can be shown by a similar proof that u is a viscosity supersolution of (2.6) in (o, o).
So we have shown that u is a viscosity solution of (2.6) in the case ug(zy) # 0 (since
thanks to Proposition 2.10, u is also continuous).

(ii) Step 2: Let us now assume ug(xg) =0

We have

F,(xo, D®(x9,1p)) = min (0, |D®(xg,tp)| — 1,1 — [DP(xg, to)|)
and

F*(xo, D®(xg,t0)) = max (0, | DP®(xo, to)| — 1,1 — | DP®(x0,to)|)
Thus

F*(.’L'(),Dq)(xo,to)) S 0 and F*(mo,D(b(.To,to)) Z 0

and so u is still a viscosity solution of (2.6) in this case.

Part 2: Uniqueness of the solution.

Let us recall that:

up(r) =0 ifz el
up(z) >0 ifx ey (2.18)
up(z) <0 ifz e Q_

Let us consider the two following problems:

% 4 |Dul—1=0
u(z,t)=0siz el

% — (|Du| —1) =0
u(.,0) = ug|a_ (2.20)
u(z,t)=0siz el

Let us recall that ug is assumed to be uniformly continuous.

From classical results on viscosity solutions (see Theorem 1 in [20]), (2.19) (resp. (2.20)) has
at most one viscosity solution uniformly continuous on Q2 x [0, 7],V T>0 (resp. on Q_ x [0, 7],
V T>0). By reconsidering the arguments given for the existence, it can be shown that the
solution of (2.19) (resp. of (2.20)) is the restriction of the function (2.12) to 2, x R, (resp.
to Q- x R, ). And since a viscosity solution of (2.6) has to be continuous, the only possible
solution is the function (2.12).
The proof of Theorem 2.11 is thus complete.
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Remark on Theorem 2.11: Equation (2.6) is used to reinitialize a function as the signed
distance function to a closed curve in R?. This reinitialization is only performed in a narrow
band in which T is embedded (see [25, 4]). But according to the form of the solution of (2.6),
the first reinitialized values of u are the closest ones to I'. This explain why this reinitialization
method is so fast. Moreover, an immediate consequence of the definition of ¢, is that u(z,t,) =
€xt,. Thus, if we choose the bandwidth around I on which we want a signed distance function,
we know how many iterations equation (2.6) are necessary.

Commentary: We comment here the introduction of ¢, in the definition of (2.12). It could
appear arbitrary. Let us consider the function v : R> x R, +~ R defined by

v(z,t) = €, inf (e;up(z +y) + 1) (2.21)

ly|<t

We recall that €, = sign(ug(z)). By reconsidering the arguments of the existence part of
Theorem 2.11, we see that v is a viscosity solution of (2.6) on Q2 xR, and on Q_ xR;. But v
is not necessarily a continuous function on R x R, , and thus is not a viscosity solution of (2.6)
on R x R, . The following 1-D example illustrates this remark.

Let 2 = (—1,1), and let us take as initial condition:
uo(z) = 2 (|z[ = 1)
In this case, it is easy to compute both functions v and v given by (2.12) and (2.21). We get:

2(lz] =)+t if|z|<landt<1-—|z| =t,

)zl -1 iflz]<landt>1-|z|=t,
W) =0 (e —1) =t if 2] >1and £ < |o|—1=t, (2.22)
|z| — 1 if |[zg]>1andt>|z|-1=t,
2(Jz] = 1)+t if jz[ <1
v(z,t) =< 2(Jz| —1)—t if |z|>1and ¢t < |z| (2.23)

t—2 if || > 1 and t > |z|

u is continuous on R x R™, but this is not the case for v: we just have to consider v(1 + €, t)
and v(1 — €,t) for ¢ large enough to convince ourselves.

[
Remark: Let us consider the following PDE:
ou )
N + sign(u) (|[Du| —1) =0 (2.24)
u(.,0) = ug

This PDE is very close to (2.6), but the discontinuity of the Hamiltonian H(r, p) = sign(r) (|p| — 1)
is with respect to r.

u defined by (2.12) is still a uniformly continuous viscosity solution of (2.24) (it suffices to
remark that for all z € R?, we have for all t € R, : sign(u(z,t)) = sign(up(z)); and the
arguments are then the same as the one in the proof of Proposition 2.11 (Part 1)).

But as far as we know, the uniqueness of a solution of (2.24) remains an open problem.
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3. A more general equation

In this section, we want to extend some results of the previous section to more general discon-
tinuous Hamiltonian. Let us consider the first order Hamilton-Jacobi equation:

ou
5 T sign(uo(e)) H (Du) = 0 (3.1)
u(.,0) = up(z)

In the sequel we will always make the following hypotheses (for the reader’s convenience,
we recall all the hypotheses which we use in this section at the end of the paper):

(H 3.1) ug is uniformly continuous on R?.

(H 3.2) H is a convex function on R?.

H
(H 33) HHHMﬂ+a>—££2::+CO

P
(H 3.4) H(0) <0 and {p/H(p) = 0} is non-void and symmetric with respect to 0
(ie. {H(p) =0} = {H(=p) = 0}).

We will note 2, (resp. §2_) the open set {z/uo(z) > 0} (resp. {z/uo(z) < 0}), and T the
common boundary to ©; and Q_, i.e. T' = {z/ug(x) = 0}.
We consider the function:

uo () ifxel
inf,cge [ug(x — tz) +tH*(z)] ifz € Q, andt <t,
u(z,t) = dp(z,T) ifx e Q) and t > t, (3.2)
SUp,ege [Uo(@ +t2) —tH*(2)] ifz € Q_andt <t,
—dp(z,T) ifreQ_andt>t,

where ¢, is defined by:

p inf{t € R, /inf, cge [ug(z — t2) + tH*(2)] = dp(z, )} ifz € Qy (3.3)
| inf{t € Ry /sup,cge [Uo(z + t2) — tH*(2)] = —dr(z,T)} ifzeQ_ |

Our goal is to prove that with some additional (and technical) hypotheses the function u(z, t)
defined by (3.2) is the unique viscosity solution of (3.1) vanishing on T'.

dy is the distance associated to the Hamiltonian H and will be defined in subsection 3.1.2.
We recall that H* stands for the Legendre-Fenchel transform of H:

H*(2) = sup ((p,2) — H(p))

pERN

Remarks:

1. Most of the results of Section 3 are still valid when (H 3.3) is replaced by lim .40 H(p) =
+00.

2. We draw reader’s attention to the asymptotic behaviour of the solution u(z,t) as ¢t —
+o00. This type of result, to the best of our knowledge, seems new for discontinuous
Hamiltonian.
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3. t, is such that u(x,t,) =di(z,T) if z € Qy and u(z,t,) = —dp(z,T)if z € Q_, and z —
dr(z,T) is the viscosity solution of the stationary equation H(Du) = 0 (see corollary 3.5).

3.1 Technical preliminaries
3.1.1 Convex analysis tools

We will use some classical tools from convex analysis.

1. H* is always convex, and H*(0) = —inf H(p)

H
2. As we assume that limp, 4o # = 400, we also have (see [14]):
p
H*
lim & =400 (3.4)
|p|—+o0 ‘p|

3. If F; is a family of functions from R" into (—oo, 00), we have (see [29]):

(irilfF,)* — sup F*; (3.5)
YA> 0, (AF)" = AF* (%) (3.6)

4. If H is convex, we have Vz € R? , Vt > infg: H:

w1 H =) (@.2) = oty (M AR (%)) (3.7)

This last formula comes from [24].

3.1.2 Distance associated to the Hamiltonian H

Definition 3.1. For H satisfying hypotheses (H 3.2) and (H 3.4), we define:

L(z) = max(p/n(p)=0} (7, )

where (.,.) denotes the Euclidean product in R*. L is a norm on R?. The associated distance
to this norm is given by:

dr(z,y) = L(x — y)

We will note
dp(z,T') = infyer L(z — y)

L is called norm associated to the Hamiltonian H and d;, a L-distance (to distinguish it from
the Euclidean distance).
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L verifies the following proposition:

Proposition 3.2. If T is a closed curve in R?, then:

(i) u is the L-distance function to T if and only if

u(z) >0 Vz € R?
u(z) =0 ifzel
u(x) = infyry=ny (u(x +y) +h) Vh€[0,dr(z,I)]

(i1) u is the opposite of the L-distance function to I' if and only if

u(z) <0 Vz € R?
u(z) =0 ifx el
u(w) = supgp=ny (u(x +y) — h) = —infrrgy=n (—ulz +y) +h) Vh € [0,d(z,T)]

(111) u is the signed L-distance function to I if and only if

u(z) =0 ifrel
u(z) >0 if x lies in the exterior of T (3.8)
u(z) <0 if « lies in the interior of T’ |
u(z) = e infyp=ny (u(z +y) +h) Vh € [0,dp(z,T)]
b |1 ifx lies outside I’
WHETE €2 =1 1 if x lies inside T
Proof: As L is a norm, the proof is the same as the one given for Proposition 2.5.
|

3.1.3 Some more tools

We will also need the following lemma:
Lemma 3.3. Let z € R?, h > 0 and t > 0. The following formula holds:

iIZlf [ug(x — (t+h)z) + (t+ h)H*(2)] =
infinf [ug (x — he — ty) + tH"(y) + hH" ()]

Proof: Let us write:
A = influg (& = (t+h)z) + (1 + h)H"(2)]
B = irgfinf [ug (z — h& — ty) + tH*(y) + hH*(£)]

It is clear that B < A. Let us show the reverse inequality: Let £ and y in R? , and hand ¢ > 0

(the case when h or t = 0 is obvious). Let z = hf:;y We have:

up(x — (t+ h)z) + (t+h)H"(2) =
uo(x—hg—ty)+(t+h)H*< he | W )

h+t+h+t
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We then use the fact that H* is convex:

hé + ty
t+ h)H*
(t+4) <h+t

) < hH*(€) + LH' (y)

We deduce:

ug (x — (t+ h)z) + (t+h)H*(2) <
uo (z — h& — ty) + hH*(§) + tH"(y)

which implies (by taking the infimum in z in the left-hand-side and the maximum in y and &
in the right-hand-side)
A<B

3.2 Viscosity inequalities and uniqueness for equation (3.1)

In order to show that u(z,t) given by (3.2) is a right solution of (3.1), we have examine four
points:

(i) u(x,t) verifies the viscosity inequalities (2.10) and (2.11).
(ii) u(z,t) is the unique solution of (3.1) vanishing on T'.
(iii) The existence and continuity of t,.

(iv) u(z,t) is uniformly continuous.

We will begin by proving the two first points in this subsection. We will need to make further
assumptions on ug to get the two last points.

3.2.1 Viscosity inequalities

Proposition 3.4. Let us assume hypotheses (H 3.1)-(H 8.4) hold. If x — t, and (z,t) — u(x,t)
given by (8.2) are continuous respectively on R2\T' and R? x R, , then u is a viscosity solution
of (3.1) vanishing on T.

Proof: The proof is not very different from the case when the Hamiltonian H is continuous
(see [5, 15, 6]). But our proof appears more direct and natural to us than those existing in the
literature which are often based on optimal control theory.

To show that w is a viscosity solution of (3.1), it suffices to show that u is both a super and
subsolution (in the viscosity sense). We only show that u is a subsolution (proving that u is
also a supersolution is similar).

So let (z9,ty) € R? x RT, and ® smooth such that (z,%) is a local maximum of (u — ®)(x,t).

(i) First case: We first assume that xy € Q0 (the case (zo € Q_) is identical).
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Step 1: if ¢y < t,,, then:
For € < 1 small enough, if & < €® and |y| < I (with k> 0), we have :

’LL(.TO — hy, t() — h) - (I)(.TO - hy, t() — h) S ’U,(.’EQ, to) - (I)(.’EQ, to) (39)

We add hH*(y) to the two members of the inequality (3.9), then:

w(zo — hy,to — h) + hH*(y) <
u(zg, to) + [®(xo — hy,tyg — h) — (g, t0) + hH™(y)] (3.10)

This implies

‘;ngf% (u(zo — hy,to — h) + hH*(y)) < ‘;ngf% (®(zg — hy,to — h) — (0, to) + hH*(y)) + u(x, to)
(3.11)

which implies:

inf (u(zg — hy,to —h) + hH*(y)) < inf (®(zg — hy,to — h) — ®(zo,t0) + hH*(y)) + u(xo, to)

yeR? lyl<t
(3.12)

But from (3.2), we have (since t,, —h < t;,_p, for h small enough as x — t, is continuous
on Q,):

inf (u(xo — hy,to — h) + hH*(y))

y€ER?

= inf <1Hf (’U,()(SEO — hy - (to - h)Z) + hH*(y) + (to - h)H*(Z))>

yeR2 \ z€R2
So, thanks to Lemma 3.3:

inf (u(xg — hy,to — h) + hH*(y)) = inf (ug(xo — tow) + toH*(w)) (3.13)

y€ER? weR?2
N

-’

~”

:u(mo,to)

Hence, using (3.12):

®(zg,t9) < inf (®(zg — hy,to — h) + hH*(y))

ly|<t
And thus
(I)(.’E(),t()) — (I)(,’I')(),t() — h) S inf ((I)(.’L'O — h/y,to — h,) — <I>(a:0, to — h,) + hH*(y)) (314)
ly|<®
But
0o
(I)(.’l?(),t()) — <I>(:U0,t0 — h) = ha(l’o, T(h)) (315)

where 7(h) € [to — h,to]. And (remember that D® stands for the derivative in the space
variable):

®(zg — hy,to — h) — ®(zo,t0 — h) = —h(D®(&(h, y),t0 — h),y) (3.16)
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where £(h,y) = AM(zo — hy) + (1 — M)zo (with A € [0, 1]).

thus
h%—f(mo,r(h)) < inf, (—h(D®(E(h, y), to — h),y) + hH*(y))
hence .
W(xo,T(h)) < |;‘D<fl (—=(D®(&(h, y), to — h),y) + H*(y))

If € — 0, then (since h < €? and |y| < 1):

T(h) — t()
and
S(h: y) — Zo
Thus 9%
¢ (Tosto) < inf, (=(D(zo,t0),y) + H'(y)
But
inf (—(D®(a0,to),y) + H'(y)) = - Sup ((D®(zo,%0), y) — H*(y))
= —H"(D®(xg,tp))
—H(D@(wo, t()))
Hence

0o
E(.’Eo,to) S —H(D(I)(.’E(),t()))

and v is a viscosity subsolution of (3.1).

Step 2: if ¢y > t,,, then:

(3.17)

(3.18)

(3.19)

(3.20)

We have 2¥(z,ty) = 0 (u is then differentiable with respect to the variable ¢), and thus

92 (39, t9) = 0. We therefore want to show that

H (D®(z0,10)) <0

To make the proof clearer, we will not write the t-dependency which here is unsignificant.

For x small enough, we have:
h+u(zog+ ) — P(xo+ ) < ulzg) — P(x0) + A

S u(rg+z)+h <u(rg) —P(z) + P(xo+2)+ h

= inf (u(zg+x)+h) < u(xg) — P(z0) + L(iﬂgf:h (®(xo + ) + h)

L(z)=h

-

~

= u(xy) from Proposition 3.2
(u(zo) = dr(xo, 1))
Hence

g, (@(z0+ ) = B(a)) > ~h
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But
D(xg +2) — () = (DP(0),x) + 0(h)

So
inf (D®(zy),z) > —h +o(h) (3.21)

L(x)=h

Remember that:
L(r) = L(x,0) = sup (z,p)
{H(p)=0}

(3.21) can then be written as:

sup (D®(xg),z) < h+ o(h) (3.22)

L(z)=h

We then use (3.7) with ¢ = 0 to compute L:

He) = {HS<E>110}(x’p) =3 <AH* G))

And by using (3.6), we get:
L) = fnf (OH)'(@)
But, from (3.7) with t = h

e (@) = nf (ka2 (5))

and the expression of L* is:

By using ( 3.5), we have:
L (3) = s (01 (5)) = s (@) (5))

But H** = H, thus: Y Y
L (5) = s (1 (5))

Hence:
sup (z,v)= inf [AXN+ A | sup pH (2) (3.23)
{(L(z)=h} {x>0} {u>0} A
Let us set:
Gp(v) = sup (z,v) (3.24)
{L(z)=h}

From (3.23), we have:
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We remark that if H (%) >0, then supy,.o pH (%) = +o0
So (3.23) can be written as:

Gp(v) = inf hA+ X | sup pH <3) (3.26)
D0/ (3)<0) w0y A

But, if H (%) < 0, we have supy,qy pH (%) = 0 (it suffices to take p > 0 arbitrarily
close to 0). So if A > 0, we have Ah + Asupy,.q, nH (%) =\n
Thus (3.26) implies that:

Gr(v) = inf (\h) (3.27)
{\>0/H(%)<0}

And as h > 0, we therefore have:

Gr(v)=h inf (A (3.28)
{\>0/H(%)<0}

And putting it back into (3.25), we then get (as h > 0):
D(b(l‘o)
A

inf {\ € R /H ( ) <0} <1+0(1) (3.29)

Since H is assumed to be convex and as H(0) < 0, we deduce that:

H (D®(z)) <0 (3.30)
which means that u is a viscosity subsolution in the case a(zy) > 0
(ii) Second case: If zo € €2_ , we have the same result (the computations are analogous).

(iii) Third case: If xyp € I'. We then use the definition of viscosity subsolution for a
discontinuous Hamiltonian. We want to check that:

0o
E(.’Eo,to) + F* (Jio,D(b(LL'(),to)) S 0

where
F (z, Du) = sign(ug(z))H(Du)

But in this case, we have Vt > 0:

u(zg,t) =0
and thus 9
in
a (.’E(), t) 0
It therefore suffices to check that:
F* (.’130, D(P(.’L'(), to)) S 0 (331)

But
F, (o, D®(xy, 1)) = min (0, H(D®(zo, 1)), —H(DP(xg, t0)))

Hence (3.31) holds.
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Remark: In fact, while proving Proposition 3.4, we showed in addition the following result:

Corollary 3.5. Let us assume (H 3.3)-(H 3.4) hold. Then u : x — dp(z,T) is a viscosity
solution in Q. = {z/ug(x) > 0} of the stationnary equation H(Du) = 0.
3.2.2 Uniqueness

We deal here with the uniqueness of a solution of (3.1).

Proposition 3.6. Let us assume hypotheses (H 3.1)-(H 3.4) hold. Then (8.1) has at most one
viscosity solution which is uniformly continuous on R* x [0,T], ¥V T>0 and which vanishes on
Ir.

Proof: It is the same as the one for the uniqueness in Theorem 2.11. It relies on a theorem
by Ishii (see [18]).
[

3.3 Existence of ¢, and continuity of u(z,t)

In order to completely show that u(z,t) given by (3.2) is a viscosity solution of (3.1), it remains
to prove that u(zx,t) is continuous. It is the most difficult point (due to the discontinuity of the
Hamiltonian of (3.1)).

3.3.1 Further hypotheses

As we mentioned earlier, we need to make further assumptions on uy to go on. In the sequel,
we will always make one of the two following hypotheses.

(H 3.5)
lug(z)| < dp(z,T) Vo € R?
U is bounded on R?.

(H 3.6)
lug(z)| > dr(z,T) Vo € R?

We refer the reader to subsection 3.3.4 to see what can happen when (H 3.5) or (H 3.6) is

not verified.

Remark: Note that these two hypotheses cannot hold simultaneously. And we will have to
distinguish these two cases in the following proofs.
We define v : R? x R, — R by:

uo () ifxel
v(z,t) = < inf,ere [ug(x — t2) + tH*(2)] if z € Qy (3.32)
SUP,ege [Uo(2 — t2) —tH*(2)] ifx € Q_

and f:R? x Ry — R by:
f(z,t) =v(z,t) — €d(z,T) (3.33)
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lifx e Qy

where € = { “lifzeQ

v(x,t) coincides with u(z,t) when ¢t < t,. We study ¢, through the zeros of f.

For the moment the time ¢, defined by (3.3) is such that v(z,t,) = €,dp(z,T),ie. f(z,t,) =0.
We can remark that hypothesis (H 3.5) (resp. (H 3.6)) implies f(z,t) < 0 for all ¢ € [0, t,]
(resp. f(x,t) > 0) since f(z,0) = uo(z) — dr(x,T) < 0 (resp. f(z,0) > 0). We will have to
assume more about the nature of this zero. Depending on the fact that (H 3.5) or (H 3.6) hold,
we will use one of the two following hypotheses:

(H 3.7) For all z € R?\T', there exists 3, > 0 such that:

Flz,1) <0 Vtelo,t]
Fz,8) >0 Vit €lty, by + Bl

(H 3.8) For all z € R?\T', there exists 3, > 0 such that:

flz,t) >0 Vte(o,t,]
flz,t) <0 Vit €]ty te + B

We will also use the following assumptions:

(H 3.9) ug is C* on R2.

(H 3.10)
inf (H*(z) — |z||Vuo|e) >0
z€R2

where |Vug|o = SUp e |Vuo(x)|.
Remark that when H is radial, (H 3.10) is equivalent to:

H(|Vuglo) < 00
(H 3.11) H* is radial and H*'(z) > 0, Vz € R

These two last hypotheses are not empty. For instance, let us consider the Hamiltonian
H(t) = t*—1. Tt verifies (H 3.11). And if uyg is such that |Vug|e < 1, H and ug verify (H 3.10).
Beside hypotheses (H 3.1)-(H 3.4), we will now assume (H 3.5) or (H 3.6).

3.3.2 Continuity of u(z,t) under hypothesis (H 3.5)
We first verify that ¢, given by (3.3) exists.

Lemma 3.7. Let us assume hypotheses (H 3.1)-(H 3.5) hold. Then for all x in R?, t, ezists
and is finite. Moreover,

L < dp(z,T') + sup,ege [uo ()|
T —H(0)

(3.34)
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Proof: As ug is assumed bounded, there exists M > 0 such that Vo € R?, |uo(z)| < M.
Moreover, since v (defined by (3.32)) is uniformly continuous on €, and Q_ (see [6]), f (defined
by (3.33)) is also uniformly continuous on 2, and Q_.

Let us set z € €, (the case z € Q_ is similar). From (H 3.5), we have u(z,0) = ug(x) < dp(z,T),
i.e. f(z,0) <0. On the other hand, we have:

vz, t) = irzlf (uo(z — tz) + tH*(2))
> —M +tinf H*(z) (3.35)

Since H(0) < 0, we have for all z € R?:

H*(z) > —H(0) > 0 (3.36)
Thus
Jim v(z,t) = 400
And then:

tlim f(z,t) = 400

And we conclude thanks to the mean value theorem that ¢, exists and is finite (remember that
by definition f(z,t,) =0). (3.34) is an immediate consequence of (3.35) and (3.36).

|
The following lemma gives the behaviour of u(z,t) close to T'.
Lemma 3.8. Let us assume that hypotheses (H 3.1)-(H 8.5) hold.
o Ifx € Qy, then for all t > 0 we have:
0 <wu(z,t) <dp(z,T) (3.37)
o [fxeQ_, then for all t > 0 we have:
—dp(z,T) < wu(z,t) <0 (3.38)
In particular, we have for all t > 0:
lim u(z,t) =0 (3.39)

rz—T

which means that u(x,t) is continuous on T' X R, .

Proof: We only show the first point of the lemma. Let x € €, since u(z,0) = ug(z) <
dp(z,T'), we have thanks to (3.3) and (H 3.5), f(z,t) < 0 if ¢t < ¢,, and thanks to (3.2),
u(z,t) =dg(z,T) if t > t,. Therefore, for all t > 0:

u(z,t) < dp(z,T) (3.40)
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On the other hand (we recall that thanks to (3.7) we have Vt > 0 and Vy € R tH* (£) > L(y)),
thus for all t <,

u(z,t) = 1f(u0 +tH*(t))

s ot (et ()., (s ()
volzr— >0 uo(z—7y)<
y/uo(z—y 20 y/uo(z—y oy
>L(y) > L(y)
> inf inf inf —dy(z —y, )+ L
B <y/uo<z 207 gt o A~ 301 (y)))

> i (0, il (~dy(e -1+ L))
y/uo(z—y)<0

But if ug(x — y) < 0, then there exists z on the segment [z,x — y] such that ug(z) = 0. z is

given by: 2z =(1— Nz + Az —y) =z — Ay for some ) € [0,1].

Since d(x — y,T') stands for the L distance from x — y to I, and since z € ', we have:

dr(z —y,I) < Lz —y—2) = (1 - A)L(y) (3.41)
Thus, we get:
u(z,t) >0 (3.42)
Hence the lemma.
|

The main difficulty to show that u(x,t) defined by (3.2) is continuous is to prove that z —
t, is continuous on R*\I". We will need hypothesis (H 3.7) to go further.

Lemma 3.9. Let us assume that hypotheses (H 3.1)-(H 3.5) hold. If hypothesis (H 3.7) holds
too, then the function x — t, is continuous on R?\T.

Proof: Let z € R*\T'. Let (z,,) be a sequence of points in R? such that z,, — z when n — cc.
We want to show that ¢, — ¢, when n — oc.
As (z,,) is bounded in R? (since it converges to x), so is t,, (thanks to (3.34)). Therefore, there
exists &, € R? such that (up to a subsequence): t,, — &,.
From hypothesis (H 3.7), there exists 8, > 0 such that:

Flz,t) <0 Vte ot (3.43)
Fx,t) >0 Vt €ty ts+ ] (3.44)

We then remark that (3.43) can be rewritten as

f(z,t) (t. —t), <0 forallt € Ry (3.45)
where (y); = max(y, 0).
We also have (Vt € R, ):
So passing to the limit, we get (for all ¢ in R} ):
fl@,t) (& —1), <0 (3.47)
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By contradiction, let us suppose that & > t,. Reducing, if necessary, (., we may assume
&z >ty + B.- Then, for any t in |t,, t, + 3., we obtain from (3.47) f(z,t) < 0. This contradicts
(3.44). We therefore deduce that:

§o <ty (3.48)
But by definition of ¢, , we have f(x,,t,,) = 0. So passing to the limit, we get
f(@,6)=0 (3.49)
Hence, as t, is the first zero of f(z,t) (by definition), we obtain:
te < & (3.50)
Hence
ty =& (3.51)

We therefore deduce that t,, has only one value of adherence t,, and all the sequence (t,,)
converges to t,.
We conclude that x +— ¢, is continuous on R*\T'.

We are now in position to prove the continuity of u(x,t) defined by (3.2).

Proposition 3.10. Let us assume that (H 3.1)-(H 3.5) hold. If (H 3.7) holds, then the function
u(z,t) defined by (5.2) is continuous on R? x R, .

Proof: Let us first recall that from [6], the function v defined by (3.32) is uniformly continuous
on ©, and Q_ (since (H 3.3) holds). Let (z,#,¢,%) be in R? x R? x R, x R,. We can assume
that tz S ti.

First case: We begin by showing that u is continuous on 2, x R, (the case Q_ x R, is
similar). Assume that z and & are both in Q.

Step 1: If t < t, and t < t;, then:
u(z,t) —u(,t) = v(z,t) — v(t,1) (3.52)

And since v is uniformly continuous, u is continuous.
Step 2: If t > t, and t > t;, then:

u(z,t) —u(,t) =dp(z,T) — dp(2,T) (3.53)
And since dj, is continuous, so is u.
Step 3: If ¢, < t < tz, then we can write (as u(z,t,) = v(z,t,) and v(Z,tz) =
U(i’,t_@))

u(z,t) —u(,t) = u(z,t) — ulz, t,) +v(z,t,) — v(&, ts) +u(d, tz) —u(d, ) (3.54)
From Lemma 3.9, we know that y ~— ¢, is continuous on €2, so it is continous in
x: we have {, — t, when # — z. As we consider the case when t, < t < tz, we
have t — t, in (3.54) when 2 — z. Let € > 0. For |z — Z| small enough, we have
u(z,t) — u(z,t;) < 5 (since u(w,.) is continuous) and v(z,t,) — v(,%;) < 3, and
for [t — | small enough, we have u(%,t;) — u(2,#) < £. And consequently u(z,t) is
continuous on €2, x R, .
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Second case: It remains to show that u is continuous on ¥V x R, (where V is an open
neighbourhood of T' in R?). But this follows from Lemma 3.8 where we have studied the
behaviour of u(x,t) for z close to I'.

|
We then show that u(z,t) is in fact uniformly continuous.

Proposition 3.11. Let us assume hypotheses (H 3.1)-(H 3.5) and (H 3.7) hold. Then the
function u(z,t) defined by (3.2) is uniformly continuous on R* x R, .

Proof: From Proposition 3.10, we know that u is continuous. Furthermore
|u(z,t)| < max (jv(z,1)],dr(z,T))

Let us recall that a uniformly continuous function has at most a linear growth at infinity (see
[12, 13]). Since v and df, are uniformly continuous, we deduce u has at most a linear growth at
infinity, i.e. there exists C' > 0 such that:

u(z,t) < C(lz| + |t| + 1)

As u is a continuous viscosity solution, we deduce from [12, 13| that u is in fact uniformly
continuous.

The main result of the paper is a consequence of Propositions 3.4, 3.6 and 3.11:

Theorem 3.12. Let us assume hypotheses (H 3.1)-(H 3.5) and (H 3.7) hold. Then the function
u(z,t) defined by (3.2) is the unique viscosity solution of (8.1) which is uniformly continuous
on R? x [0,T],V T > 0 and which vanishes on T.

A natural question is how we can check hypothesis (H 3.7) which is rather technical. We give
below a way to verify it.

Proposition 3.13. Let us assume that hypotheses (H 3.1)-(H 3.5) hold. If uy and H satisfy
(H 3.9) and (H 3.10), then v defined by (3.32) is such that 2(x,t) > 0 for all z € R*\I' and
for allt > 0. Hence (H 3.7) is verified.

Proof: Let z € R*\I'. We will assume z € Q. (the case z € Q_ is similar). According to
(3.32), we therefore have:
v(z,t) = inf (uo(z — ty) + tH*(y)) (3.55)
Yy

Let us note S(z,t) = {y(z,t)/v(z,t) = uo(x — ty(x,t)) + tH*(y(z,t))}. S(z,t) is a compact set
of R?. We thus obtain (cf [23]):

ov . *
5 (1) = y€15n(£ ) (y - Vuo(z — ty) + H*(y)) (3.56)
Hence P
v . *
o @t 2 inf, (- Vuo(z —ty) + H*(y))
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‘ f(.I, ) ‘f(.l‘, ) kf(.l?, )
la
L, t, !
t t
Graph 1 Graph 2 ‘ Graph 3
Figure 5: Nature of the zero of t — f(x,t)
So, thanks to (H 3.10)

ov
—(z,t) >0 3.57
% (2,) > (3.57)

As an immediate consequence of Theorem 3.12 and Proposition 3.13, we have:

Corollary 3.14. Assume hypotheses (H 8.1)-(H 8.5), (H 8.9) and (H 3.10) hold. Then the
function u(x,t) defined by (3.2) is the unique viscosity solution of (3.1) which is uniformly
continuous on R? x [0,T], VT > 0, and which vanishes on T.

By definition, ¢, is a zero of the function ¢ — f(x,t). In the proof of Lemma 3.9, the graph
of f(x,.) in t, cannot look like Graph 2 or 3 of figure 5. Hypothesis (H 3.10) ensures that in ¢,
the graph of f(z,.) looks like Graph 1 of figure 5. The following proposition gives a sufficient
condition on H under which the graph of f(z,.) cannot look like Graph 2 of figure 5 (but it
can nevertheless look like Graph 3).

Proposition 3.15. Let us assume that hypotheses (H 3.1)-(H 3.5) and (H 3.9) hold. If H
satisfies (H 3.11) and if x € R2\T, then the zeros of t — f(x,t) are isolated (f is defined by

(3.83)).

Proof: Let z € R?\I". We will assume z € Q, (the case x € {_ is similar). We recall the
definition of f (given by (3.33) when = € Q,:

f(z,t) =v(z,t) — d(z,T)

So o/ P
Y gt)=2
ot ot

By contradiction, let us assume that there exists «, > 0 such that %—’:(x, t)=0on [t ts + sl

i.e. on [ty sy + @yl

(z,1) (3.58)

ov

_(x’t)

o 0 (3.59)
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Since H* is radial, we have

v(z,t) = il;f (uo(z + ty) + tH*(ly])) (3.60)

Let us note S(z,t) = {y(z,t)/v(z,t) = uo(z + ty(z,t)) + tH*(|y(z,t)|)}. S(z,t) is a compact
set of R*> We thus obtain:

0
Si@t) = inf (y.Vuo(z +ty) + H'(ly))) (3.61)
yES(a:,t)

But for all y € S(z,t), we have:

tVuo(z + ty) + t%ﬂ*'(\y\) =0 (3.62)

Since x does not belong to I', we have (thanks to hypothesis (H 3.11)) ¢, > 0. If t # 0, we
deduce from (3.62) that:

y-Vug(z +ty) = —|y[H" (|y) (3.63)
Hence 5
(% . %! *
(et = dnt (=lylH (1) + B () (3.64)

Let (t1,t3) be in [t,, t, + a,]?* (with ; # ty). We have:

ov ov
E(‘T’tl) = E(.T,tQ) = 0

Let us set y; € S(z,t1) and yo € S(z,12) (y1 and yo # 0). We thus have:
~[y1 B (Jya]) + H* (|yn]) = 0 (3.65)
~[ya| H* (Jya]) + H* (|2]) = 0 (3.66)
Substracting (3.65) to (3.66), we get:
H(ly1| — H*(ly2]) = |y [H (yn]) + w2l B (|g2]) = 0 (3.67)

Of course, we also have:

H*(ly2| — H*([w1]) = ly2| H* (lyel) + lyn[H* (lya]) = 0 (3.68)

Since H* is strictly convex on R (from hypothesis (H 3.11)), and since H is of class C' on R,
we have (if y; # y»):
H*([ys]) = H*(ly2l) > (ly2] = ly2)) H™ (|92)) (3.69)

H*(lyel) = H*(lya]) > (ly2l = [y ) H" ([w)) (3.70)
From (3.67) and (3.69), we get:

(sl = 2DV H™ (1y2]) = [y H (Jya]) + Ly B (|32]) < O

i.e.

al (B (192)) = H () < 0
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Hence:
H* (lya]) = H* (Jyn]) <0 (3.71)

But from (3.68) and (3.70), we get:

(2l =l DYE (Jy2]) — [yl B (Jy2]) + |y | H (|Ja]) < 0

el (H () = B (Jel)) < 0

Hence:
H* ([y1]) — H* (Jy2]) <0 (3.72)

But (3.71) and (3.72) are contradictory. We thus conclude that we cannot have simultaneously

o1 xz,t) =0 on [t,,t, + az| and the existence of two distinct points ¢; and ¢, such that
t

S(z,t) # Sz, t) (3.73)

As we have assumed (by contradiction) that %—{(x,t) = 0) on [t,,t, + @], this means that
S(z,t) is the same set for all ¢ [t,,t, + a,]. There exists thus y; = yo(z) € R? such that
Vit € [ty te + gl

~[yol B (lyol) + H*(lyol) = inf (= [yl H"'(ly]) + H*(Iy))

y€eS(z,t)

For such a 7, we have

v(z,t) = inf (uo(z +ty) +tH*(Jy|))

[y|=[yol

ly|=lyo]

As this holds V¢ € [t,,t, + o], we must have

v %ol |vol v (%0
* * .
0= 5 (z,t)=H <—t ) e H e (3.74)

Taking the derivative with respect to ¢ again, we get:

|2/0‘ ! ‘yo| \y0| ! |y0| \y0| " |Z/0‘
- H* | == ZHT == 2H () =0
2 t + 2 t * 3 t

ol g (@> =0 (3.75)

t3 t

1.e.

First case: if |yo| # 0, we then deduce that:

H <@> =0
t

and we get a contradiction with (H 3.11).
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Second case: if |yg| = 0, i.e. yo = 0, then:
v(z,t) = ug(x) + tH*(0)

and 5
v
= — = H*
0 ot (0)

But we get a contradiction with (H 3.4) (we have assumed H(0) < 0 and thus H*(0) > 0).
|

We can slightly weaken (H 3.10) by considering a non-strict inequality, but doing so we will
have to assume more on H.

(H 3.12)
H(|Vuglo) <0
H radial
H*(z) >0, Vr €R

Remark: If H verifies (H 3.11) and if uy is the viscosity solution of H(Vu) = 0, then (H 3.12)
holds.
As an immediate consequence of Theorem 3.12 and Propositions 3.13 and 3.15, we have:

Corollary 3.16. Assume hypotheses (H 3.1)-(H 8.5) and (H 3.12) hold. Then the function
u(z,t) defined by (3.2) is the unique viscosity solution of (3.1) which is uniformly continuous
on R? x [0,T],V T >0, and which vanishes on T.

3.3.3 Existence of ¢, and continuity of u(z,t) under hypothesis (H 3.6)

We now consider the case when hypothesis (H 3.6) holds.

For z € R?, let g, be the projection of x on ' with respect to the L-distance (in the case
where the projection is not unique, we arbitrarily choose one of the projected of = as 7,), and
Yr = T — 9 (therefore L(y,) = di(2,T)). Then let us introduce an auxiliary time ¢, defined as:

£ = inf {t > 0/ inf (tH* (%)) - dL(a:,F)} (3.76)
>0 t
The following inequalities hold:

Lemma 3.17. Assume (H 3.1)-(H 3.4) hold. Then for all x in R?*, we have

! QdL(.T,F)
t, < T(O) (3.77)
and ,
lu(z,t,)| < dp(z,T) (3.78)
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Proof: We split the proof in two parts.

Part 1: We first prove (3.77). Let us recall that since H is convex, we have thanks to
(3.7)

e (Y
L(y) = inf tH (t) (3.79)
o H*(p) .
Now let A > 0. Since limp— 4o ﬁ = 400, there exists 7' > 0 such that Vi < T one
p
has:
H* (&
( t ) Z A
|Ya |
t
i.e.

which implies

. Yz
lim tH* () = .
Jim t , +00 (3.80)
and thus ¢, > 0.
Moreover, when ¢t — 400 :
tH” (%) ~tH*(0) (3.81)

Therefore
lim tH* (yi) = o0
t——+oo t

and ¢, < +o0. Let us give a more precise bound for ¢,. Since H*(0) > 0, there exists
d > 0 such that |y| < ¢ implies H*(y) > HTm). Moreover, there exists 7" > 0 such that
t>T = % <§. So,ift > T, then

tH (£) > Q)
/ >

Hence

2d(z,T)
< 2o 1) 50 (3.82)

Part 2: We now prove (3.78). The result is obvious when z lies on I'. We now consider
the case when z lies outside I'. Remember that

!
xz

t

u(z,t) < max(v(z,t),d(z,T)) (3.83)

(where v is defined by (3.32)).
We want to compute v(z,t,). Assume for instance that z lies in Q. (the case when z lies
in Q_ is similar). We have:

v(z,t,) = infyepe [uo(x —y) +t H <#)]
< ugla — y,) + L, H” (i)

But by definition
uo(z —ys) =0
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and
L) =ttt (4] = (o, T)

x

Thus ,
v(z,t,) <d,(z,T) (3.84)
Hence we conclude from (3.83) that (3.78) holds.
|
Lemma 3.18. Let us assume that hypotheses (H 3.1)-(H 3.4) and (H 3.6) hold. Then:
t, < % (3.85)

Proof: Let us assume x € Q0 (the case z € Q_ is similar). Then according to hypothesis
(H 3.6) we have u(z,0) = uo(z) > dr(z,T). Lemma 3.17 tells us that u(z,t,) < dp(z,T'). So
from the mean value theorem (remember that u(z,t,) = dp(z,T"), we deduce that necessarily
ty < t;. And we conclude thanks to Lemma 3.17.

Remark: From Lemma 3.18, we get that for all z in R?, ¢, exists and is finite.
The following lemma gives the behaviour of u close to I'.

Lemma 3.19. Let us assume hypotheses (H 3.1)-(H 3.4) and (H 3.6) hold. Then for all
t > 0, we have
lim u(z,t) =0 (3.86)

z—T

which means that u(x,t) is continuous on I' x R,..

Proof: Let us set € > 0. We know that v defined by (3.32) is uniformly continuous on R*\I"
(see [6]). Moreover, v(z,0) = ug(x) — 0 when z — I'. Hence there exists A > 0 and T > 0
such that: dy(z,T') < Aand ¢t < T imply |v(z,t)| < e. From Lemma 3.18, we deduce that there
exists n > 0 such that ¢, < T when d(z,[') < n. Since |u(z,t)| < max(|v(z,t)|,dr(z,T)), we
thus conclude that V¢ > 0, |u(z,t)| < € when dy(z,I") < min(n,e).

We then prove the continuity of x — t,.

Lemma 3.20. Let us assume that hypotheses (H 3.1)-(H 8.4) and (H 3.6) hold. If hypothesis
(H 3.8) holds too, then the function x — t, is continuous on Q. and Q_.

Proof: The proof is the same as the one of Lemma 3.9.
We are now in position to prove the continuity of u(x,t) defined by (3.2).

Proposition 3.21. Let us assume hypotheses (H 3.1)-(H 3.4), (H 3.6) and (H 3.8) hold. Then
the function u(x,t) defined by (3.2) is continuous on R* x R,.
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Proof: The proof is the same as the one of Proposition 3.10, except the fact that we use
Lemma 3.19 instead of Lemma 3.8.

[ |
As in the preceeding subsection, we deduce from Proposition 3.21 that:

Proposition 3.22.
Let us assume hypotheses (H 3.1)-(H 3.4), (H 3.6) and (H 3.8) hold. Then the function
u(x,t) defined by (3.2) is uniformly continuous on R* x R, .

The main result of this subsection is a consequence of Propositions 3.4, 3.6 and 3.22:

Theorem 3.23. Let us assume hypotheses (H 3.1)-(H 3.4), (H 3.6) and (H 3.8) hold. Then
the function u(x,t) defined by (3.2) is the unique viscosity solution of (3.1) which is uniformly
continuous on Q x [0,T], ¥V T > 0 and which vanishes on T.

Remark: Contrary to the case of the previous subsection (when we assumed that (H 3.5)
held), there is no easy sufficient condition on H and wug such that (H 3.8) hold. We just have
(the proof is the same as the one of Proposition 3.15):

Proposition 3.24. Let us assume that hypotheses (H 3.1)-(H 3.4),(H 3.6) and (H 3.9) hold.
If H satisfies (H 3.11) and if x € R2\TI, then the zeros of t — f(x,t) are isolated (f is defined

3.3.4 Discussion about hypotheses

We explain here why we introduced hypotheses (H 3.5) or (H 3.6). Let us consider an example
when they are not verified. Assume that ug is given by:

2(jz|—1) ifz <2
up(z) = —2[z|+6 if2<z<?2 (3.87)

2z -4 ifz>2
and, let us choose:

Hit)=t"-1 (3.88)
It is easy to show that:

t2
H*(t) = 1 +1 (3.89)

Let = be in (2, 2). It can be checked that if z 4+ 4¢ < 2 then (v is defined by (3.32)):
v(z,t) = —-3t—2x+6 (3.90)

So v(z,t) =0 if and only if t = § — z.
If we assume that z also satisfies < I, then (remember (3.3)):

ly=7z—1

3
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When both conditions ¢ = I — z and z + 4¢ < 2 hold, we get: > . And we have that
41 7T __ 42
B <3~ 18
Thus we have when 3t <z < I:
7
: (3.01)

Let us now choose z in [I, 23] If ¢t < & then z +4t < 3. Set A= L. If ¢t < A, then

u(z,t) = -3t —2x+6 (3.92)

There exists € > 0 such that: if I —e <z < I thend(z,T') > d(Z,T)—A. Up to take e smaller,
we can assume that 7z < £ — e and that ¢, < Aif £ —e <z <. Thus, if T —e <z < %, then

u(z,A) =d(z,T') > d <g, F) —-A (3.93)
Andif <z <3 .
u(r,A)=—-3A—-2x+6<-3A+d (5, P) (3.94)

We therefore check that u is not continuous in (%, A) = (

Wl

, 36)-

w

Comments: This example shows us that with the definition we choose for t,, we cannot
expect to have the continuity of u if we do not make further assumptions on ug and H. That
is why we introduced hypotheses (H 3.5) and (H 3.6).

A Hypotheses used in section 3

For the reader’s convenience, we recall here the hypotheses we use in section 3.
(H 3.1) ug is uniformly continuous on R2.

(H 3.2) H is a convex function on R?.

H
(H 33) lim|p‘_)+oo ﬁ =400

p|

(H 3.4) H(0) < 0 and {p/H(p) = 0} is non-void and symmetric with respect to 0
(ie. {H(p) =0} = {H(-p) = 0}).

(H 3.5)

lug(z)| < dr(z,T) Vz € R?
up is bounded on R2.

(H 3.6)
lug(x)| > dp(z,T) Vo € R?

40



(H 3.7) For all x € R*\T', there exists 8, > 0 such that:

f(z,t) <0 Vte[0,t,]
f(z,t) >0 Vit €ty ty + Bal

(H 3.8) For all x € R?\T', there exists 3, > 0 such that:

flz,t) >0 Vite[0,t,]
flz,t) <0 Vit €]ty te + B

(H 3.9) ug is C* on R2.

(H 3.10)
inf (H*(z) — |z||Vup|eo) > 0

z€R2

(H 3.11) H* is radial and H*"(z) > 0, Vz € R.

(H 3.12)
H(|Vugle) <0
H radial
H*(z) >0, Vz € R
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