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RESUME :

Les inférences standards et non-standards dans les Logiques de Description avec la disjonction sont négligemment étudiées
tandis qu’il y a beaucoup de recherches sur ces inférences dans les Logiques de Description avec la conjonction. L’inférence
d’approximation est citée et étudiée pour la premiére fois par S. Brandt, R.Kisters et A.Turhan. Les auteurs ont proposé un algo-
rithme double exponentiel pour calculer I’approximation supérieure d’une ALC-description de concept & une ALE-description de
concept (ALC-ALE). Un tel algorithme double exponentiel n’est pas satisfaisant dans la pratique. Cet article étudie la subsomp-
tion dans le langage ALU(ELU). Un algorithme d’approximation d’une ALU-description de concept a une FL- -description de
concept est directement déduit a partir de cette subsomption. Une autre contribution de cet article est de proposer un algorithme
exponentiel pour le calcul de I’approximation supérieure ALC-ALE. L approche choisie pour cet algorithme est le calcul recursif
sur la disjonction et la conjonction.

MOTS CLES :
Logiques de description, langage ALU, langage ALE, algorithme d’approximation

ABSTRACT:

Standard and non-standard inferences in Description Logics with disjunction are still negligently studied even if these are
investigated well in Description Logics with conjunction. Approximation inference is new and first investigated by S. Brandt,
R.Kisters and A.Turhan. The authors have proposed a double exponential algorithm computing the upper approximation from
an ALC-concept description to an ALE-concept description (ALC-ALE). Such a double exponential algorithm is difficult to be
satisfactory in implementation. This paper studies subsumption in ALU (ELU) language. An approximation algorithm from an
ALU-concept description to FL- -concept description is deduced directly from this subsumption. The second contribution of the
present paper is to propose an exponential algorithm for computing the upper approximation ALC-ALE. The approach chosen
for this algorithm is recursive computations on disjunction and conjunction.
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Description Logics, ALU language, ALE language, approximation algorithm
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Résumé

Les inférences standards et non-standards dans les Logiques de Des-
cription avec la disjonction sont négligemment étudiées tandis qu’il y a
beaucoup de recherches sur ces inférences dans les Logiques de Description
avec la conjonction. L'inférence d’approximation est citée et étudiée pour
la premiére fois par S. Brandt, R.Kiisters et A.Turhan. Les auteurs ont
proposé un algorithme double exponentiel pour calculer I’approximation
supérieure d’une ALC-description de concept & une ALE-description de
concept (ALC-ALE). Un tel algorithme double exponentiel n’est pas satis-
faisant dans la pratique. Cet article étudie la subsomption dans le langage
ALU (ELU). Un algorithme d’approximation d’une ALU-description de
concept & une F L™ -description de concept est directement déduit & partir
de cette subsomption. Une autre contribution de cet article est de propo-
ser un algorithme ezponentiel pour le calcul de 'approximation supérieure
ALC-ALE. L’approche choisie pour cet algorithme est le calcul recursif sur
la disjonction et la conjonction.

Abstract

Standard and non-standard inferences in Description Logics with disjunc-
tion are still negligently studied even if these are investigated well in Des-
cription Logics with conjunction. Approximation inference is new and first
investigated by S. Brandt, R.Kiisters and A.Turhan. The authors have pro-
posed a double exponential algorithm computing the upper approximation
from an ALC-concept description to an ALE-concept description (ALC-
ALE). Such a double exponential algorithm is difficult to be satisfactory
in implementation. This paper studies subsumption in ALU (ELU) lan-
guage. An approximation algorithm from an ALU-concept description to
F L™ -concept description is deduced directly from this subsumption. The
second contribution of the present paper is to propose an exponential algo-
rithm for computing the upper approximation ALC-ALE. The approach
chosen for this algorithm is recursive computations on disjunction and
conjunction.



1 Introduction

This work is motivated by problems automatically translating a knowledge-
base written in an expressive DL into another knowledge-base ( which uses
the same base concepts) in less expressive DL. In electronic commerce, in fact,
document interchanges between partners are required. Composition of these do-
cuments needs a vocabulary for each partner and a mechanism interpreting a
vocabulary into another. One of solutions is to use DLs for designing local vo-
cabularies that are derived from a common, fundamental vocabulary. The voca-
bularies are designed probably with different DLs. The mechanism interpreting
between derived vocabularies, therefore, requires an efficient algorithm allowing
to translate a L,- concept description into Lgz-concept description. In the case of
a precise translation does not exist, the approximation allows to replace a Lj,-
concept description with the “nearest” Lg-concept description w.r.t subsumption.
Problem becomes interesting if L; is less expressible than L.

We begin it with investigation of subsumption problem in ALY in section
3. We end this section with an algorithm for computing approximation ALU-
FL™. This approximation is based on characterizing subsumption in ALU.

In section 4, necessary transformations on L;- concept description are defined
for approximation ALC-ALE. These transformations allow to compute recursi-
vely on disjunction and conjunction. Use of recurrence is one of crucial points
that helps avoiding the double exponential complexity in the approximation
algorithm.

2 Description Logics
Concept descriptions are built from concept constructors, a set Ngof concept

names and a set Ngiof role names. The semantics of a concept description is
defined in provided that an interpretation I=(A, ) as the following table :

Syntax Semantics FL | ACU ELU| ALE| ALC
T A X X X X X
1 0 X X X X X
cnbD cn D! X X X X X
vr.C {r € ANy :(z,y) € 1 = y e|x X X X
cl}
r.C {r e AFy :(zy) er' A yell} X X X
-AA€e Ne | A\ A! X X X X X
cub ctubD! X X X
-C A\ CT X




Table 1

In this paper, we study the DLs languages in Table 1.

3 Characterization of subsumption in ALU(ELU)
and ALU-F L approximation

We will begin investigate problem of subsumption in ALU(ELU). The ALU-
F L~ approximation is obtained from characterization of this subsumption.

Definition 3.1 Let L, and L; be two DLs, and let C' be a L,-concept des-
cription and D be a L;— concept description. Then, D is called upper (lower)
Lg-approximation of C' (min(C), maz(C') for short) if

i)CC D (DCC) and

ii)CC D (DDCC), D C D (DLC D’ implies D’ = D for all Lj-concept
descriptions D’

Remarks : Let Ly=ALC, Ly=ALE. If there exists min(C) then it is unique.
Indeed, if Di= min(C) and Dy= min(C) then C C D; M Dy C Dy and C C
Dy M Dy C D,. It means that D; = D,. There may be many maz(C). For
example, C' = Ir. AUVr.B, maz(C) = 3Ir.A, maz(C) =Vr.B.

Definition 3.2 A term, called V-normal (3-normal) if it is conjunctions of terms
of the form :

where A,B are also V-normal (3-normal) terms. In other word, a normal term
is conjunctions of terms of the following form :

Vg (Vugr.(c .o (Vi (QrU - UQ)U. o UV Uy (Qul) .. UQy) ) .. ) where Q; €
{P,|P; € Np}U {—P,|P;, € Np}, up = ry.1y (1; : role name). (r; € Ng)

Remarks : The language ALU can be V-normalized.
Indeed, any term Vw.(A B) can be transformed into the terms : Yw.AMVw.B
The language LU can be 3-normalized.

Definition 3.3 A is a normal term. The suffix word of A, W(A), is defined
recursively as follows :
W(Q) =Q.e, WQi1UQ2 ) — (Q1,Q2).6, WVu.(Q1UQ2 ) ) — (Q1,Q1).u
W(Vup.(A; U Ay ) = W(A).W(As).uy
W(Vul.Al L VUZ.AQ ) — W(Al)U1W(A2)U2



Definition 3.4 (Construction of normal term tree)
A is a normal term. The tree of the term A, T4 is defined from W(A) as follow :

1. A node ny as root is created.

2. If W(A) is of the form W(A;).W(A,).u and assume that two subtrees T 4;
and T,y corresponding to W(A;),W(A,) are built. Firstly, two roots of
these trees are unified for a unique node n;. And then an edge is created
in order to connect ny with common root njand (ng, n1) = u. If W(A) is
of the form W(A;).v.W(A,).u and assume that two subtrees T 4; and T 49
corresponding to W(A;),W(Ay) are built. Two edges are created in order
to connect ng with two roots ny; and nis : (ng, n11) = u, (ng, N12) = u.

3. Step 2) is done recursively forward to leaves. And each leaf of tree will be
a set {Q;}.
Remarks : We denote P4(c) = {Q;|Q; is belong to the leaf {Q;}of ¢}
Ezxamples 3.1
A= Vul.(Vuz.(Pl L PQ)U (VU3(P3 L P4) )
B = Vul.u2.(P1 L PQ) L Vul.u3.(P3 L P4)
C =VYu,.( P U P (VYus.(PsU Py) )

Uy Uy Uy

€
Uz Us Uz Us Uz

{P1, P2} {Ps, P4} {P1, P2} {Ps, P4} {P1, P3} {Ps, P4}

Ta Ts Tc

Fig. 1 - Trees T'x

Proposition 3.1 Let 7" be an (empty) acyclic ALU-TBox. Let I be a model of

T. Let A be concept name occurring in 7" and be of the form (V-normal term).
For any d € C! ( CT = dom(I) ), we can build a tree T:' = T} i.e d is root

of the tree and there exist individuals e; corresponding to the nodes and leaves

n; of Ty and each edge (e;, ;) = u;; of Tj* corresponds uniquely to an edge (n;,

nj) = Uqj of TA.

d e Al iff

for all trees T3' | there exists a path w of the tree T;! such that, for all e € C? :

(die) € w' = e € Ql V... Ve € Q) where Q;;.€ P4(w)

A proof of this proposition can be found in Appendix.



Note that a tree for 3-normal term can be defined similarly (instead there exists
a path w, there exists a tree!). Therefore the obtained result for ALY can be
extended for ELU.

Definition 3.5 LetA; and B; be normal terms. W(A;) and W(By) are corres-
ponding suffix words.
W(A;) X W(B) is defined as follows :
o If W(A)={Q;}.wy and W(B;)={Q;}.wy then wy = wy and Py, (w;) C
P, (ws)
o If W(A,)= W(Ay).w;.W(Ay).wy and W(B,)=W(By).v,.W(Bz).vy then for
all ¢ there exists j such that w; = v; and W(4;) W(B,)
[ ] T‘A1 j T‘B1 lff W(Al) j W(Bl)
Proposition 3.2 Let 7" be an empty acyclic ALU-TBox . Let I be a model of

T. LetA; and Ay be V-normal terms occurring in 7', we have
A C Ay iff W(A)) = W(Ay)

A proof of Proposition 3.2 can be found in Appendix.

In example 3.1, from Proposition 3.2 we have B C A. Definition 3.6 allows
to extend the obtained result for the language ALU.

Definition 3.6 LetA; and A, be normal terms.
i) Ta = Tanay = { Tay, Ta, }

Theorem 3.1 Let T be an (empty) acyclic T-Box of the language ALU. Let I
be a model of T'. Let A; and A, be concept names occurring in T :

Ay = Ann .. NAy,, Ay = Ayl ... T1Ay, where A;; are normal terms. We de-
note :

W(A;) = {W(A11), ..., W(An)}, W(A2) = { W(As), ..., W(4y) }

We have : A} C Ay iff For all W(Ay;) € W(Ay) , there ex1sts W(A;,) € W(A4,)
such that

W(Ay) = W(Ay)

A proof of Theorem 3.1 can be found in Appendix.

Our problem in this section is, however, to find a FL£ -approximation D of
an ALU-concept description C. Characterizing subsumption in ALY allows to
compute this approximation. Corollary 3.1 will respond to this problem.

Corollary 3.1 Let C be Ls-concept description where Ly— ALU and FL™-Tbox
(it can be empty) as Lyg.



There exists a minimal concept description D in Ly

Proof : We denote T¢ = {T¢, ..., T4} as set of trees where C is considered as
disjunctions of C; terms and T% corresponds to C;. The same way each word of
L(D, Q;) which is defined in [1] can be considered as tree ended by @);. Hence,
we can build Tp from words of L(D, @;) for all Q);. Consequently, we obtain a
necessary and sufficient condition for the expressivity of C' in Ly from Theorem
8.1 : it says that each T% must be reduced to a path.

Existence of minimal concept description D in Ly such that C' C D.
Assume that there exists T% such that T% is a path. We denote T%,. .. T% is a set
of path trees. In this case, minimal concept description D is built as conjunctions
of D, = Vu; ...u,Q, where u; ...u,Q, = T¢. It is obvious that such a D is
minimal. If there does not exist T% such that T is a path, then D = T.

[ |

An algorithm can be built directly from Corollary 3.1 that allows to compute
a minimal concept description D in FL~ from a concept description C in ALU
up to equivalence. This is an algorithm which needs an exponential time to run
in the worst case. That is the case if it unfolds all conjunctions and disjoints
(normalization).

Ezxample 3.2
i) mingc_(A) = T where A is defined in Example 3.1
ii) ming,_ (AMVr.P) =Vr.P

4 ALU-ALE (ELU-ALE) and ALC-ALE approxi-

mations

In computation of ALE-approximation of a concept description containing
disjunction we choose another approach. This approach is based on recursive
computing of disjunction and conjunction. Indeed, lcs computing and normali-
zation allow respectively recurrence on disjunction and conjunction.

Definition 4.1 (the following notations are used in [3] ) C' is an ALC_concept
description

e PRIM¢(C) or PRIM(C) ( PRIM%(C) ) denotes the set of all (negated)
concept names and the bottom concept occurring on the top-level conjunc-
tion (disjunction) of C.

e VALY(C) ( VALY(C) or VAL, (C) ) is a conjunction (set) of all C” occurring
in value restrictions of the form Vr.C’ on top-level of C'. If there is no value
restriction on top-level of C' then
VAL: (C) =T.

e EXY(C) or EX,(C) ( EX¢(C) ) is a set (disjunction) of all C” occurring in
existential restrictions of the form 3r.C” on top-level of C'.

6



e The d-normal form of C' (d-normal(C))
C = CiU...uC,, where
Ci = ﬂAEPRIM(Ci)A M HC’EEXT‘(Ci) dr.C’ HVTVALi(CZ) 5
1 C;, C"and VALE(C)) are in d-normal forms.

e The c-normal form of C' (c-normal(C))
C =Cin...nc, where
Cz' = I_IAepR[M(Di)A L HTEX;%(CZ) L I—'C’EVALT(D@') Vr.C”
C; C T, C’and EX%(C;) are in c-normal forms.

Remarks : C' can be turned into an equivalent concept description of the d-
normal form. C' can be turned into an equivalent concept description of the
c-normal form.

Definition 4.2 Let C be an ALC-concept description. C' is in C-normal form
if none of the following rules can be applied at any position in Cj :

Pri—-P
EnL
dr. L
Vr. T
ENT
Vr.C Vr.D Vr.(C D)
Vr.C 1 3r.D Vr.C'N3r.(C D)
where C; are terms occurring in d-normal form of C' = CL...UC,,

A A
H

Definition 4.3 Let (', ...,C),, be the L_concept descriptions. The L_concept

description C' is the least common subsumer (lcs) of Cy, ...,C, (C = les(Ch,
..,Cy) for short) iff i) C; C C for all i=1..n ii) C; T C” for all i=1..n that
implies C' C C".

Proposition 4.1

1. f A=A, NC and B = B; M C are normalized ALE-concept descriptions,
we have
les(A, B) = CM les(Aq, By)

2. If C =C,MCyis ALC-concept description which is normalized, we have
minAgg(C) = MiNAre (Cl)|_| Min Ace (CQ)

Proof :

1. Since A and B are normalized ALE concept descriptions, the description

tree of A is an exact concatenation of description tree A; and C. Similarly,

the description tree of B is an exact concatenation of description tree By
and C. From the construction of product description tree for lcs(A, B) in

7



[5], we have : lcs(A, B) = les(C, C)N les(C, By)M les(C, Ay les(Aq, By)

Cn les(C, By)N les(C, AN les(Ay, By).

It is obvious that : CM1 les(C, By)M les(C, Ay)M les(Ay, By) E CN les(Ay,
By)

Moreover, CT lcs(Ay, By) C les(C, By)M les(C, Ay). Hence, les(A, B) =
cn lCS(Al, Bl)

. For short, we write min for min 4-s. We will prove it by induction on the

structure.

C =Vr.AN3r.(ANB).

We have min(C) = min(¥Vr.A)1 min(3Ir.(ANB))= Vr.AMN3r.(AN B). Let
Ci = CpU...UCy is d-normal form of C;. Hence,

min(C) = min(Cy N Cy)= min( (C;1U...UC,)N (Co ... UCy,) ) =
min( (C1;NCy)U. ..U (C1,, M Cy,) ) = les(min(Cry M Ca),. .., min(Chyy,M
Cy,) ). By induction hypothesis,

les(min(Chy M Car),e .oy min(Chy, M Coy) )= les(min(Cry)M min(Cay),. . .,
min(Cly,)min(Coay,))

Since C' is normalized, the terms min(C1;)1 min(Cy;) and
min(Cy;)Nles(min(Coy),. .., min(Cy,)) are normalized too. From 1) we
have

les(min(Cr)M min(Cay),. .., min(Chy)min(Cay)) =
les(min(Chy)Mles(min(Cay),. . ., min(Cay) ). . ., min(Cly)Nles(min(Cay),. . .
min(Can)) ) =

les(min(Cay),. .., min(Cyy,) ) M les(min(Cyy),. .., min(Chy,) ) = min(Cy)N
min(Cy)

Theorem 4.1 Let C be an ALU (£ LU)-concept description.

1.
2.

if C =1 orC=T then minygce(C) = L or mingce(C)=T

if C = C7UCy where 1. (4, Cy then,
minace(C) = les(minace (Cr), minace(Co))

. if C = C; N Cy where Cl, Cy C T,

MinAce (C) = MINAre (01)|_| MinAce (02)

Proof :

1.
2.

Evidently !

If C' can be written in C' = C'; UCy where L C C;, Cs. Suppose that there
exists an ALE-concept description D such that C = C, U Cy © D C
les(minacs(Cr), minace(Co)). If minace(Cr)U minace(Cy) © D then
D = les(minace(Ch), minace(Cs) ) (since minace(Cr)U minace(Cy) C
les(min ace (Ch), minace(Cs)) ). If minace(Ch)U minace(Co) € D, there

8



exists d € (minace(C1)U minace(Cy))! and d ¢ D. Hence, we have two

possibilities :

o ifd e (minace(Ch)) and d ¢ D' : C, C DM minyce(Ch) C mince(Ch)
which is a contradiction.

o ifd e (mingce(Co)) and d ¢ DI : Cy T DM minyee(Co) © mingce (Co)
which is a contradiction.

3. Since C' = C1MNCy is an ALU (€ LU)-concept description, it is normalized.
The proof is obtained immediately from Proposition 4.1

Corollary 4.1 The Algorithm min44¥(C) is polynomial time algorithm in the
size of C' where C'is an ALU(ALE)-concept description.

Input : ALU-concept description C' Output : min e (C)

o If C=Vr.C, (C=3r..Ch), minace(C) =r.(minace(Cr) ) (minace(C) =
Ar.(min4ce(CY))

e If C' can be written in C' = C U Cy where L C C, O,
min ace(C) = les(minace(Ch), minace(Co))

o If C = Cl |_|02 where 01, 02 C T,
MinAce (C) = MINAre (01)|_| MinAce (02)

Figure 2 : Algorithm for ALU(ELU)-ALE approximation

Theorem 4.2 Let C be an ALC _concept description.
1. IfC =1 orC=T then minygce(C) = L or mingce(C) =T
2. if C =CUCy where L C (4, C5 then,
minace(C) = les(minace (Cr), minace(Cs))

3. if C = Cin...MC,, where C; C T. We have min 4.¢(C) = quinAﬁg(Eq)
where the size of FE; is a polynomial of size of C' and the number of terms
E; is exponential w.r.t the size of C.

Proof :
1. Evidently!
2. As Theorem /.1.

3. We have the d-formal(C) = DU...UD, where
Dj = Macprrim(p;) Al I_lc’eEX(D]-) r.C’MVr.VALS (D). In order to norma-
lize d-formal(C'), we replace the terms 3r.C"with 3r.(C'MVALS(D;)). Next,
we compute c-formal(d-normal(C)) = EiM...ME,,. We must prove that
the size of E; is a polynomial in size of C' and the number of terms FEj; is
exponential in size of C'. Indeed, the size of D; do not exceed a polynomial

9



number in the size of C' and there are at most an exponential number of D;.
Moreover, let k£ be the number of atomics : primitive, existential and value
restriction terms at top-level of C. The terms E; are built from at most
different (k + k?) atomic terms (there are at most k? new terms JIr.(C'M
VAL¢(Dy) ) ), hence the size E; does not exceed (k + k?). The same way,

the number of E; do not exceed ¢ where ¢ = C§k+k2) +...+ C,(CT;IZZ)

each C§k+k2) does not exceed an exponential number in size of C. Hence,

q is less than (k + k?).Exp(C). Consequently , from Proposition 4.1 we
have : min ace (C') = minace(c-normal (d-normal(C)) = [ 1imin(E;) where

q is an exponential number in size of C' and the size of E; is a polynomial
in size of C.

Note that the normalization is done only one time in the computation of
min ace(C) i.e in next recursive steps in which the computing of

min ace (AN, .. MA,,) is required, we have immediately min 4cs(A M. .. MA,,)
= minace(A)MN. .11 mingce(Ar,). Without normalization is necessary.

and

Input : ALC-concept description C
Output : min4ce(C)
1. fC =Vr.Cy (C=3r.Cy), mingce(C) =Vr.(minace(Cr) (minace(C) =
Ar.(minace(Ch))

2. If C can be written in C = C; U ... U C,, where 1L C C}
minace(C) = les(minace(Ch) ..., minace(Cy))

3. If C can be written in C' = C; M ...MC,, where C; C T
3.1 Computing d-normal form of C' : d-normal(C)= D;U ...UD,

3.2 For each D;, replacing 3r.C” with 3r.(C’11 VAL, (D;)), where C’
€ EX,(D;), we obtain d-normal(C)= | |; D;

3.3 Computing c-normal(d-normal(C)) =[] E;
3.4 minAgg(C) = ﬂt{minAgg(Ei)

Figure 3 : Algorithm for ALC-ALE approximation

Corollary 4.2 The algorithm min44%(C) is exponential time algorithm in the

size of C where C' is an ALC-concept description.
Proof :

The step 1 is done with a polynomial complexity in size of C. In the step
2, we have the number of min 4.¢(C;) parameters in lcs is polynomial in the
size of C. The size of min_4ce(C;) is at most exponential in the size of C. The

10



min ace(C;)’s are normalized. According to |5] the computing complexity of les
in which parameters are normalized is product of parameter sizes. The compu-
ting of lcs in the algorithm is done with a polynomial number of normalized
parameters and the size of each parameter is exponential at most. Therefore,
the computing complexity in the step 2 is at most exponential time in the size
of C.

In the step 3, from arguments for step 2, steps 3.1, 3.2, 3.4 are at most expo-
nential in the size of C'. Steps 3.8 can be also computed in exponential time in
the size of C. In fact, we have the number of F; is at most exponential num-
ber in the size of C' and the size of E; is at most polynomial in the size of C
(Theorem 4.2). In the case in which the recursive calls to step 2 are necessary,
we only need prove that the number of propagated parameters of lcs is always
polynomial. Indeed, E; is disjunction of a polynomial number of conjunctions
at top-level, hence lcs is always applied to a polynomial number of parameters.
Therefore, the computing complexity in total step & is at most exponential time
on the size of C. Finally, the recursive computing in both steps is bound by the
depth of tree C. Hence, whole evaluation can be carried out in exponential time
on the size of C.

[ |

Ezample 4.1 1) Co =Vr.B M 3Ir.AN (3r.BU Vr.B)

Computing d-normal of Cy : (Vr.BM3r.,AN3r.B) U (Vr.B 1 3r.A)
Normalizing d-normal : (Vr.BM0 3r.(AN B)N Ir.B) U (Yr.BMN3r.(AN B))
Computing c-normal : Vr.BN (Vr.B U 3r. (AN B)) N (3Ir.(AN B) U Vr.B)M
Ir.(ANB)N (Ir.BUYr.B)O (Ir.BU Ir.(AN B))

Computing the approximation :
min(Cy) = min(Vr.B)MN min(Vr.B U 3r.(AMN B)) M min(3r.(AMN B) U Vr.B)M
min(3r.(AM B) ) N min(3r.B U Vr.B)M min(3Ir.B U Ir.(AN B))

= Vr.BM les(Vr.B, 3r.(AN B))N les(Ir.(AN B), Vr.B)M min(Ir.(AN B)) N
les(Ir.B, Vr.B)M min(3r.B U 3r.(AMN B))
=Vr.BOTNOTIr.(ANB)NTNIr.B=VYr.BN3r.(ANB)N3Ir.B
[ |

5 Conclusion

We have studied a standard inference in ALU. It is the subsumption infe-
rence. This characterizing way can be extended for ££U. From this inference,
we have proposed an exponential algorithm in the worst case approximating an
ALU-concept description with F L™ -concept description. We have also introdu-
ced an efficient algorithm computing upper approximation of an ALC-concept
description with ALE-concept description. The complexity of this algorithm is
exponential time in the size of the ALC-concept description. Note that there may
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exist many lower ALE-approximations of an ALC-concept description and we
can compute it with exponential time. Finally, the use of DLs in the integration
of independent vocabularies meets still many challenges. One of these is how to
use DLs in representation of contextual information if the translation depends
on context. Our work in the future is to research a suitable DL representation
for context information.
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Appendix

Proposition 2.1 Let T be an (empty) acyclic ACU-TBox . Let I be a model
of T. Let A be concept name occurring in 7" and be of the form (normal term).
For any d € C! ( C* = dom(I) ), we can build a tree T:' = T, i.e d is root of
the tree and there exist individuals e; corresponding to the nodes and leaves n;
of Ty and each edge (e;, ¢;) = uy; of T3 corresponds uniquely to an edge (n;,
nj) = Ujj of TA.

d e Al iff

for all trees T;' | there exists a path w of the tree T;;' such that, for all e € C” :
(die) € w! = e € QL V... Ve € QL where Q;;.€ P4(w)
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Proof : We prove the proposition by induction on the numbers of operators V
and LI of the term A. Let m be the number of operators V, let n be the number
of operators LI

e m=1,n=1
— Assume that A = Vu.(Q; U Q) and W(A) = (Q1,Q2).u

“ =7 we suppose that there exists a tree T;' that do not satisfy required
property. It means that there exists individuals e; where (d,e;) = u,
er ¢ QI Ae; ¢ QL. This implies that d ¢ A”.

“«<7 foralle; € CT: (d,e;) € ul. T3 can be built and it has only one
edge (d,e;) = u, W(A) = (Q1,Q2).u. Since, from the property of T3, we
have e; € Q! Ve, € Q). Hence, d € A’

Assume that A = Vu.Q U Qs and W(A) = Q1.u.Qs.€

“ =7 we suppose that there exists a tree T:' that do not satisfy required
property. This implies that there exists individuals e; where (d,e;) = u,
e1 ¢ Q1 Nd ¢ QL. Tt means that that d ¢ A”.

“<«<7:forall e, € CT: (dey) € u'. T3 can be built and it has two
edges (d,e;) = u and (d,d) = €. Since, from the property of T};', we have
e1 € QI vde QL Hence, d e A!

e We suppose that the proposition is verified for all normalized terms with
m,n < k.
— Assume that A = Vu.(A; U Ay) where the numbers of operators V, LI of

A, are less than k£ and W(A) = W(A;).W(As).u

“ =7 : we suppose that there exists a tree T;' with individuals e; where
(d,e1) = wand leaf individuals e; ¢ Q. From the construction of T, the
left subtree and the right subtree of T;' with common root e; are T;'* and
T;''. Hence, from the induction hypothesis, we have e, ¢ A; A e; ¢ A,.
Therefore, d ¢ A”.

“«<":foralle, € CT: (d,e;) € ul, we must prove that e; € Alve, € Al
We suppose that 7' can be built from e; (if 7' does not exist, then
d € A’ follows immediately) and there exists a path {Q;;}.w.u of T}
such that, for all e € C! : (de) € (wu)! = e € QLV...Ve € QL
where Q;; €P 4(w.u). From the construction of 7', the left subtree and
the right subtree of T3 with common root e; are also ZzglAl and 15"
In addition, we have {Q;;}.w is some path of Ti'!' or T3, From the
induction hypothesis, we have : e; € Ay Ve, € As.

In case where A = Vu.A; I Ay where the numbers of operators V, LI of A;
are less than k and W(A) = W(A;).u.W(Ay).e, our argument is similar.

Proposition 3.2 Let T" be a acyclic T-Box . Let I be a model of T'. Let A; and
As be normal terms occurring in T :
Ay C Ay iff W(A;) X W(Ay)

Proof :
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= 7 : Assume that T4, has m paths : ¢, ... ,c,,. Model I can be defined as
follow :

DOIH(I) :{do, d171,. .. ;dl,mla dg,l ey dgymg,. .. ;dZm,la- .. ;dZm,an} U {dl} 3

P1 — {do, d171,. .. ;dl,mla d271 ey dg,mg, e ;dm,la- .. ;dm,mn}; P2 — DOH](I), Q:
P, for all primitive concept @ # P;. The roles : R ={Ry|rg1... 71 = ¢} U
{ps} where ¢, = dodi1. .. dgme , 2 = ¢ for all k= 1.m and py = (dy...dy);
ps # ¢ for all k= 1..m.

From the construction of T 4,, we have T, = {¢x. Py, for all £ =1..m} and,
from the Proposition 3.1, we have dy ¢ Al (since for each cg, T 4, has two paths :
¢ from dy to dimi € Pland ¢y, from dy to Aok mak € —|P1[). Assume that T 4,
ﬁ T g9, i.e T 41 contains whether ¢y, k=1..m or p,. Since all paths are ended by
Py, from the Proposition 2.1, we have dy € Al. It means that we have built a
model I such that if T4, A Ty, then Al ¢ Al
“ &< 7 . Assume that A; ,(Z Ay i.e there exists a model I and an individual
d € Dom(I) such that d € A} \ A}. Assume that T4, £ Tas. Since d ¢ A}
Proposition 2.1 says that there exists T;‘f? and there exist individuals dy. . . d,, as
leaves of T such that d; ¢ Q. But then T4, < T, yields that there exists 7%
and there exist individuals d;. ..d; (i,j < m) as leaves of T4, such that d; ¢ Q!
and thus d ¢ Al which is a contradiction.

[ |

Theorem 3.1 Let T be a acyclic T-Box of the language ALU = {M,L1,V}. Let
I be a model of T'. LetA; and Asbe concept names occurring in T :

Ay = Apn LoNAy,, Ay = Ayl ... .TAy, where A;; are normal terms. We
denote :

W(A) = {W(Aw), o WAL} W(AZ) = { W(Az), ..., W(Az,) }

We have : A; C A, iff for all W(Ay;) € W(Ay) , there exists W(A;;) € W(A4,)
such that W(A4;;) < W(Ay)

Proof :

“ =7 : Assume that there exists ¢ such that T 4o ; which has m paths : ¢, ... ,cp,
and Ty, ; Ty,, for all j. Model I can be defined as follow :

Dom(I) ={do, d11,---,d1m1, dog -, domaye - sdam1se - - sdom2mn} U {d1,. .. du}s
P1 — {do, dl,l;- .. ;dl,mla dgyl ey d2,m2, . ;dm,la- .. ;dm,mn}a P2 — DOH](I), Q:
P, for all primitive concept @@ # P;. The roles : RT ={R;|ri1... 11 = ¢} U
{p1,-..,pu} where

C = dodk,l---dk,mk , Cop = Cg for all k= 1..m and Ps — (do...ds), S = 1..u,
ps # ¢ for all k= 1..m.

From the construction of Ty, ;, we have Ty, ; = {c;. P, for all K =1..m} and,
from the Proposition 3.1 and 3.2, we have dy ¢ AL, (since for each ¢k, T4, has
two paths : ¢ from dy to dg . € Pland ¢y, from dy to dog mar € —PY).

Since Ty, j Ta, i, Ta, ; contains whether ¢y, some k=1..m or py, s =1..u. Since
all paths are ended by P, from Proposition 2.1, 2.2, we have d, € A{j for all j
, hence dy € ; Al, , j=1.v. This implies that dy € A;. It means that we have
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built a model I such that if T4y ; A T4z, for all j=1..v then A] ¢ AL
“ <=7 Proposition 3.2
|
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