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RESUME :

Ce papier contient la justification mathematique du modele variationnel propose en traitement d’images pour la classification
supervisee. A partir des travaux effectues en mecanique des fluides pour les transistions de phase, nous avons developpe un
modele de classification par minimisation d’une suite de fonctionnelles. Le resultat est une image de classe formee de regions
homogenes separees par des contours reguliers. Ce modele differe de ceux utilises en mecanique des fluides car la perturbation
utilisee n’est pas quadratique mais correspond a une fonction de regularisation d’image preservant les contours. La Gamma-
convergence de cette nouvelle suite de fonctionnelles est prouvee dans ce papier..

MOTS CLES :
Gamma-convergence, classification d’images, regularisation non quadratique.

ABSTRACT:

The purpose of this paper is to show the theoretical soundness of a variational method proposed in image processing for
supervised classification. Based on works developed for phase transitions in fluid mechanics, the classification is obtained
by minimizing a sequence of functionals. The method provides an image composed of homogeneous regions with regular
boundaries, a region being defined as a set of pixels belonging to the same class. In this paper, we show the I'-convergence of
the sequence of functionals which differ from the ones proposed in fluid mechanics in the sense that the perturbation term is not
quadratic but has a finite asymptote at infinity, corresponding to an edge preserving regularization term in image processing.
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Gamma-convergence, image classification , edge-preserving regularization
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Abstract:

The purpose of this paper is to show the theoretical soundness of a variational
method proposed in image processing for supervised classification. Based on
works developed for phase transitions in fluid mechanics, the classification is
obtained by minimizing a sequence of functionals. The method provides an
image composed of homogeneous regions with regular boundaries, a region
being defined as a set of pixels belonging to the same class. In this paper,
we show the I'-convergence of the sequence of functionals which differ from
the ones proposed in fluid mechanics in the sense that the perturbation term
is not quadratic but has a finite asymptote at infinity, corresponding to an
edge preserving regularization term in image processing.



1 Introduction

Image classification consists of assigning a label to each site of an image
to produce a partition of the image into homogeneous labelled areas. The
classification problem concerns many applications as, for instance, land use
management in remote sensing.

Based on results conducted in the Van der Waals-Cahn-Hilliard theory
framework for phase transitions in fluid mechanics [2, 4, 11, 14, 16], we have
recently proposed a sequence of functionals for image classification [15]. The
soundness of such a method relies upon I'-convergence theory. The purpose
of this paper is to prove the I'-convergence of the sequence of functionals we
use, which differs from the one used in fluid mechanics in the sense that the
perturbation term is not quadratic, but it is an edge preserving regulariza-
tion term as defined in image processing.

Let Q be an open bounded subset of R%, I : @ — R the observed data
to classify, I € L>(2). A class is characterized by parameters of the spatial
distribution of intensity, i.e. the mean and standard deviation for Gaussian
hypothesis. This work takes place in the general framework of supervised
classification which means that the number n of classes and the parameters
of the Gaussian distribution of the classes (a;, 0;) are a priori known. These
values are either given by an expert or are pre-computed by using a fuzzy
Cmeans algorithm with an entropy term (see [13] for instance). Knowing
(ai,0:)1 = 1,..,n, the question is now to find a partition of {2 based on the
observed image, where a component is the set of pixels in class 7. We also
add a regularity constraint on the partition. In order to assign a class ¢ to
each pixel x, we have proposed in [15] the sequence of functionals

/|u z)| dm—i—s\/g¢(|Vu(x)\)di+§flW(u(x))dx, (1)

vV v
data term restoration term classification

and the associated problem consists in finding ug such as:
up = lim [argmlnF( )} (2)
e—07t

Let us first consider the functional with a fixed €. The first two terms of
(1) are standard for noisy image restoration by nonquadratic regularization
[8, 3]. Function ¢ is a smoothing function that will be defined later.
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Figure 1: Example of double-well potential W, in the case of two classes with
a1 = a,as =b.

The third term of (1) is a level constraint such that W : R — R attracts
the values of u(x) towards the mean a; of class 7, taking into account the stan-
dard deviation o;. W has n minima at a; such that W(a;) =0, Vi=1,..,n.
W is quadratic around each minima (from the Gaussian distribution hypoth-
esis), i.e. around the a;, W(t) = (%)%, and is piecewise parabolic between
the wells (see Figure 1). l

Considering a sequence of energies F, when ¢ — 0 is inspired from works
conducted in the Van der Waals-Cahn-Hilliard theory framework for phase
transitions in fluid mechanics [2, 4, 11, 14, 16] using I'-convergence.

We recall the definition and some properties of I'-convergence (see [10]).
Let X be a metric space, and let f. : X — [0, +00] be a family of functions
indexed by ¢ > 0. We say that f. I'-converge as ¢ — 07 to f: X — [0, +00]
if the following two conditions

V., = x lim(i)grlf fe(ze) > f(x), (3)
and
dz. —» x  limsup f.(z.) < f(x), (4)
e—0t

are fulfilled for every x € X. The I'-limit, if it exists, is unique and lower
semicontinuous. The I'-convergence is stable under continuous perturbations,



that is, (f.+v) ['-converge to (f+wv) if f. ['-converge to f and v is continuous.
The most important property of I'-convergence is the following: if {z.}. is
asymptotically minimizing, i.e.

lim, ( f.(z) —inf £.) =0, (5)

e—0t

and if {z., }» converge to z for some sequence €, — 0, then x minimizes f.

The minimization problem (2) relies upon I'-convergence arguments. If
@(t) = 2, then it can be shown from [4] that the sequence of functionals (1)
['-converges to

( n n
}:/\@—uwn+§:@mwy&mymm9)
i=1 Y Ai

i,l=1

Fy(u)=q if u e BV(;{ay,...,a,}), (6)

+00 elsewhere in L?(Q).

\

where BV (Q) is the space of functions of bounded variation [1], H' is the
one-dimensional Hausdorff measure, and 0*A; is the essential boundary of
the subset A;. For u € BV(Q;{a1,...,a,}), 4; = {z € Q : u(z) = a;} for
any ¢ = 1,...,n. Then the sets Aq,..., A, define a partition of {2 into sets
with finite perimeter. This partition is the classification result. The weight
ki is defined by

muz/éMW@ﬁ. (7)

From TI'-convergence and compactness results, we know that the sequence of
minimizers u. of F.(u) converges (up to a subsequence) to a minimizer of
Fy. So ug defines a partition of € according to the predefined classes, with
minimal interfaces with respect to the weighted length (6), (7).

From the numerical point of view, when ¢ decreases, the functional turns
from a restoration process (the third term in (1) is negligeable) into a clas-
sification process.

We do not use the quadratic function for ¢ but an edge-preserving reg-
ularizing function ¢(t) = ﬁ because, numerically, it gives better results
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original noisy (SNR=10 dB)

Figure 2: Synthetic “check” image.

by preserving high gradients which represent edges [8]. This is illustrated on
a synthetic image of size 128 x 128 pixels (”check” image), containing four
classes.

The white Gaussian noise introduced is such that the Signal to Noise
Ratio (SNR) given by SNR = 10log,, 22nnoisy signalvariance i 1) 4B, Fig. 2

presents the synthetic image (non noisy andnilzf;g;fr)mnﬁom the noisy one, we
compute the classification as in (2) for different ¢-functions (see [15] for the
detailed algorithm). The results are presented in Fig. 3. For a Tikhonov
regularization (¢(t) = t?), edges are oversmoothed. With a convex ¢, there
are still many misclassified pixels on the boundaries. Best results are provided
with the use of the nonconvex function ¢(t) = ﬁ, with g > 0.

Before stating the result shown in this paper, let us show that the family
of functionals F. in (1) does not I'-converge to the limit Fy given in (6) if
o(t) = ﬁ as it does when ¢(t) = 2. As the term [, |u(z) — I(z)|*dz is a
continuous perturbation, it is sufficient to show that

Eiu) =¢ / 1+|Zq|léu / Wi )

does not I'-converge to E, defined by

> kM (OANIANQ) if ue BV(Q{ar, ..., a.}),
Eo(u) = il=1

+00 elsewhere in L?().



o(t) = t*: convex (Tikhonov)

(t) = log(cosh(t)): convex (Green)

o(t) = %: nonconvex (Geman & McClure)

Figure 3: Classification of “check” image with different functions ¢. Non-
convex functions provide better results than convex functions which lead to
oversmooth results: we get damaged edges.



Let n = 2 and uy € BV (Q;{a1,a2}) with a; < 0 < ay. Let A, be the
tubular neighborhood of S,,, the set of jumps of ugy, defined by A, = {z €
Q= dist(z, Syy) < A}, with Ac > 0. Then, let u. , be defined as

as if z € {up(r) = a1 }\A:
) a if z € {up(r) = as}\A:
Uenl®) =9 adist(s, S,,)  if o€ {uolz) = ar} N AL
2dist(z, Sup) if x € {up(z) = as} N A..
The function u. , belongs to the Sobolev space W%(Q) so that the energy

E*(ug,) is finite for any e.
t2

Since T < % for any ¢t > 0, it is easy to check that
€ 1
Eg(ua,/-t) S - |AE| + _WO ‘A€| ) (9)
1 €
where | - | denotes the Lebesgue measure and Wy = maxyc(a; ,a0) W(t). As A

can be chosen in such a way that |A.| — 0 as fast as we want with e, then
the right-hand side of inequality (9) converges to 0 as ¢ — 0. So u., is a
counter-example to the lower inequality of the ['-convergence. This example
shows that too sharp transitions make the proof of the I'-convergence fail. In
order to obtain the I'-convergence with the considered function ¢, we have
to introduce the subspace of W12(Q) of finite elements as in Chambolle and
Dal Maso [7]. The meshsize of the discretization will limit the sharpness of
the transitions.

The paper is organized as follows. In Section 2 we define the sequence of
functionals and we state the I'-convergence result. The proof of I'-convergence
is given in Sections 3 and 4. The Section 5 is devoted to the compactness
of the minimizers for the sequence of functionals. In Section 6 we show that
the evaluation of the discrete functionals via the vertex quadrature rule does
not affect the ['-convergence and compactness results.

2 Mathematical preliminaries and statement
of the result

In the following |A| denotes the two-dimensional Lebesgue-measure of a set
A C R?, and H'(0A) denotes the one-dimensional Hausdorff measure of 9 A.
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Let Q C R? be a bounded open set. We will use standard notation for the
Lebesgue and Sobolev spaces LP()) and WP(2). We say that v € L'(Q)
is a function of bounded variation in 2, and we write u € BV(2), if the
distributional derivative Du of u is a vector-valued Radon measure with
finite total variation in €. We denote by |Du| the total variation of Du,
and by Vu the density of the absolutely continuous part of Du with respect
to the Lebesgue measure. It can be proved [1] that Vu coincides almost
everywhere with the approximate differential of u. We denote by u~(x),
ut(z) the approximate lower and upper limit of » at the point z, and we
denote by S, the discontinuity set of u in an approximate sense, defined as

Sy={z€Q:u(z) <u(x)}.

We say that a Borel set A C R? is a set with finite perimeter in Q if y4 €
BV(Q2), where x4 denotes the characteristic function of A. We denote by
0*A the essential boundary of A, i.e., the set of points where A does not
have density 0 or 1. The perimeter of A in €2 is then given by |Dx|(Q2) =
HHO*ANQ).

In the following  C R? will denote an open polygonal domain. Let 6, be
an angle such that 0 < 6y < 7, and let v(h) be a function such that v(h) > 6h
for any h > 0 and v(h) = O(h) as h — 0*. For any h > 0, we denote by
Th(2) = m(Q, 6p) the set of all triangulations of © made of triangles whose
edges have length between h and v(h), and whose angles are all greater than
or equal to 6.

We denote by V,(Q) € WH2(Q) N C°(Q) the linear finite element space

V(@) ={u: Q@ —>R : 3T, € 7,(Q) : u continuous, u|r € P,(T) VT € T}},

where T" denotes a triangle of T}, u|r denotes the restriction of u to 7', and
Pi(T) denotes the space of polynomials of degree 1 on T. We denote by
7, 1 C%(Q) — Vi (Q) the Lagrange interpolation operator.

Let {ai,...,a,} CRwitha; <ay <---<a, Let W:R — Rbea
function with the following properties:

(i) W is C'(R) with Lipschitz continuous derivative;
(ii) W is C? in a neighborhood of a; for any i € {1,...,n};
(iii) W(t) > 0 for any ¢ ¢ {a4,...,a,} and
W(a;)) =0, W'(a;)=0, W"(a;) >0, Vie {1,...,n}; (10)



(iv) W (t) is monotone increasing for ¢ > a,, and monotone decreasing for
4 S ai.

For any i,l € {1,...,n} we set

s = / Woaor

For any I € L*°(Q) such that ||I|| =) < K < 400, we set
+oo > M > max{|ai|, |a,|, K}. (11)

For any h > 0 and any £ > 0 we define the functional E, ; : L*(Q) — [0, +00]
by

|Vu|? 1 :
9 1—V2d.’1}' + - W(U)dx ifu e D(Es,h)a
Ee,h(u) = ol+ M57h| U| ¢ Ja
+00 elsewhere in L?(Q),

where pi., > 0 and D(E, ») = {u € V4(Q) : ||ul|peo(o) < M}.
We say that n Borel sets Aq,..., A, define a partition of Q if

AzﬂAlzw VZ,ZE{]_,,TL},’L#Z, ‘Q\U?ZIAJ:O

Let v € BV(;{a1,...,a,}) and let A; = {z € Q : u(z) = a;} for any
t =1,...,n; then the sets Ay,..., A, define a partition of {2 into sets with
finite perimeter.

Then we define the functional Ey : L2(Q2) — [0, +o0] by

2) ki H(0"ANO"ANQ) if ue BV(Q{a,...,a.}),
Eo(u) = k)
+o0 elsewhere in L?(Q).

Finally we state the main result of the paper. We define
F. p(u) = /(u — I)%dz + E. 4(u),
Q
and we will prove the following theorems.
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Theorem 2.1 Assume that h = o(e|loge|™) and that the following condi-
tion is satisfied:

&fhﬁ 12&1,71

pep = —, with B>1 and ¢ > (12)
c

sin 00 )

Then the family {F. }. I'-converges to the functional

/Q (u — I)2dg + Eo(u)

in the L?(Q)-topology as ¢ — 0.

Since the term [, (u— I)*dz is a continuous perturbation with respect to the
strong-L?(2) topology, in order to prove the theorem it will be enough to
prove that the family of functionals {E. , }. I'-converges to the functional Ej.

Theorem 2.2 Assume that h = o(e|loge| ') and that p., satisfies (12).
Then any family {u.}e of absolute minimizers of F. j is relatively compact
in L*(Q), and each of its limit points minimizes the functional

/Q(u — I)’dz + Ey(u).

3 Lower inequality

In this section we investigate the I'-convergence lower inequality (3) with
fe = E.p and f = Ej.

Theorem 3.1 Let .y satisfy (12) and let h = h(e) with lim._o+ h(g) = 0.
Then, for every function uy € L*(Q) and for every sequence {u.}. C L*(Q)
converging to ug in L*(2) as e — 0%, we have

lim inf E. h(te,n) > Eo(uo).

e—0
First we prove the following lemma.

Lemma 3.2 Assume that ., satisfies (12). Then, for every e > 0 and for
every u € V() (0 < h < 1), there exists v € BV (QQ) such that

Boalw) > (1= 1N [ [VoPda+ 2 [ Wo)ds+ 260,00(5), (13
Q Q
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2Benln) 2 [{r €9 0(e) £ u(@)}, (19
and v(z) = ay for any x € Q such that v(z) # u(x).

Proof. We use a method developed by Chambolle and Dal Maso in [7],
Section 3. For any § € (0,1) we have

t2

. C
T Gy 2 M (1= 0

vVt > 0. 15
o3 wix (15)
Let T, € 7,(Q2) be a triangulation such that u|r € P;(T) for any triangle
T € Ty,. Let Vur denote the constant value of the gradient of v on each
triangle T' € T),. Using the inequality (15) we have

Eg,h(u) > ¢ Z | |VﬂUT|2 2 /W
= 1+ (ehf/c)|Vur|
> € Z T | min{6|Vur|?, (1 — 5)#} + g/ W(u)dz. (16)
TET,, Q

Let T = {T € T} : §|Vur|* > (1 — )55} We define v in the following
way:
o(z) = { a; onevery T €T}
u(z) on every T € T, \ T}.

Clearly we have v € BV (Q2) and

S, < | ot (17)
TeT}
Using inequality (16) we find
c
B> (1-0)5 3 |1 (18)
TeT}

We now set § = 1 — h#~1. The estimate (14) then follows by using (18).
By the assumptions on the triangulation, for any 7" € T} the following
inequality holds (see [7], Section 3):
1
T| > g - hsinbo - H'(OT),

11



so that, using (17) we have

1 .
Z T > — - hsin 6 Z H'(OT) 6 - hsin @y - H(S,). (19)

TET} TET}

Then, denoting by Vwur the constant value of the gradient of v on each
triangle T' € T}, and using (16) we find

Eo(w) > 0c Y |T|Vusf + /W yz+ 3 TI(1 - 6)-

TETL\T}, TeT;,

> (1= e S TVorf + /W o+ 5 37 1T, (20)

TeT TeT1

and, using (19),
Fop(u) > (1— hﬁ—l)g/ Voltds + é / W o)z + ¢ -sinfy - H'(S,).
Q Q

The estimate (13) then follows by using (12). W

We can now prove Theorem 3.1.
Proof of Theorem 3.1. Up to the extraction of a subsequence, we may
assume that {u.}. C D(E.;), and

+oo > liminf E, ,(u.p) = lim E; p(uep), (21)

e—0t e—0t

otherwise the result is trivial. To simplify the notation we set u. = ug n()
and we assume that u. converges a.e. to ug as ¢ — 0. Using (21) we deduce
that

hmlnf/ W (u:)dz =0,

e—0t

and by Fatou’s Lemma

e—0t e—0t

0< / W (up)dx = / liminf W (u.)dx < 11m1nf/ W (u.)dz =0,
o 0

thus W(ug(z)) = 0 a.e. in Q. Then, using (10) there exists a partition
{Ai}iz1,.n of Q (with A; measurable for any ) such that

= Z a;Xa,(x). (22)

12



For any ¢ > 0, Lemma 3.2 provides a function v. € BV () which satisfies
(13) and (14). We have

/(vs — up)?dr = / (ue — up)*dx + / (v; — ug)*da. (23)
(9] Ve =Ug ’Us?éus

The first term of the right-hand side of (23) tends to 0. Furthermore, we
have ||ve||ze() < M so that, using (22), it follows |v. — uo| < 2M a.e. in €,
and

/ (V. — ug)?dr < AM?*[{z € Q : v.(x) # u.(z)}|. (24)
Ve FlUe
Using (14) and (21) we deduce that v. converges to ug in L*(Q2) as e — 0.
Let v,, with a; < v, < a,, denote the truncated function

v. = max{a;, min{v,, a, }}.

We have that . converges to ug in L?(Q2) as ¢ — 0. Now we define the two

functions
ay) = / Niaor (25)

and 9. (z) = g(v.(z)). Since g is Lipschitz continuous we have 9. — g(ug) in
L?(Q) and, using (22),

g(ug(z)) = K1y Hup(z) =a;, VIie{l,...,n}. (26)

For any ¢ we have 9. € BV (), Sy. € S5 = S,., and the approximate
gradient is given by

Vi (z) = VW (0.(x)) VU (). (27)
The following estimate then holds for the total variation
e = [ 1Viddo+ [ 0f = v lat < [ [90Jdn+ M1 (S5,
Q s Q
(28)

Ye
Using (13), (27) and (28) it follows

E.p(u.) > (1- hﬂ_l)s/ |V, |2dz + é / W(v.)dx + 2&1,nH1(S1,5)
Q Q

> (1— KN / |V65|2dm+§ / W (5.)da + 260 o H (S5.)
Q Q
> 2(1— hﬁ—l)l/Q/ VW (0.)|VU.|dx + 261, H' (Ss.)
Q
> 2(1 = K772 Dy (), (29)

13



so that, using (21), we find that the total variation |D1).|(€2) is uniformly
bounded with respect to ¢, for € small enough. Since

el ey < / VW@ dt = i,
ai

using the compactness theorem in BV [12] and the uniqueness of the limit,
it follows that g(up) € BV(f2). Then, using (26), we find that the sets
A; = {x € Q : ug(z) = a;} have finite perimeter for any i = 1,...,n, so that
up € BV (% {a1,...,a,}) and Ey(ug) < +00.

Let us now consider the total variation

[ Dg(uo)|(€2) = /Q Vg (uo)|dz +/S |9(uo)™ — g(uo)™|dH".

g(u)

We have [, |Vg(uo)|dz =0, and

[ ) = gtw) laH = 3 lglar) - gl @ 40 940 )

g(ug) i,l=1
1<l

= EH: ki H (O A NI AN Q).
)
Thus )
[Dg(uo)|(Q) =Y ki H'(0"Ain 0" AN Q). (30)
%)
Finally, using (29), (30) and the lower semicontinuity of the total variation,
we find

liminf E, p(u.) > 2 lim (1 - hﬁ*l)l/2 lim(i)grlf | D |(2) > 2|Dg(up)|(£2)

e—0t e—0t

= 2) kM (AN ANQ),
E)

which concludes the proof. H
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4 Upper inequality

In this section we prove the upper inequality of I'-convergence of the family
of functionals E, j to the functional Ej.

Theorem 4.1 Let h = o(e|loge|™t). Then, for every function uy € L*(2)
there exists a sequence {usp}e C L*(Q) converging to ug in L*(Q) ase — 0T
such that

lim sup E; p(uen) < Eo(ug)-
e—07t

First we prove the following lemma.

Lemma 4.2 For any i,l € {1,...,n} with i < I, there exists a sequence of
functions {7?’”}6 C CYH(R) with the following properties:

() Y0 = a; fort > pe, YP(t) = a; fort < —p., with p. > 0 independent
of the pair (i,1) and p. = O(e|logel);

(ii)

I tlimcpony =0 () 1 a8 =0 ()

(iii)

+o00 d G0\ 2 1
. e (3,0 _
1 -W ’ =2 il
EE(I)I"‘ _ ¢ ( dt ) + g (/76 ) di i

oo

Proof. Fix m € {i,...,l — 1} and consider the solution n(™™+) of the
ordinary differential equation:

d (m,m+1) 1
nT =\ Wemmi), g m(0) = S(am + amia). (31

Since /W (y) is Lipschitz-continuous in a neighborhood of %(am + A1),
local existence is guaranteed. Moreover, by writing

n(mm+1) (1) dy
o e
Lamtams1) VW (Y)

15



and using the properties of the function W, the local solution can be extended
to all of R. Then the solution n™™+1) : R — R is an increasing function
with the following properties:

U < ™™D () < apyy,  VEER,
tlig_n n(m’m+1)(t) = Om+1, tlim n(m’erl)(t) = Qm, (32)

and, using (10) and arguing as in [16], Section 1-B, the following decay
estimates hold:

Uil — n(m,m-l—l) (t) _p " lim n(m,m-l—l) (t) — Qm, _ "

1i
t_}—"moo eXp(_\/ am-l—lt) t——00 eXp( V amt)
(33)

where 20, = W"(am), 2041 = W"(am+1), and By, i1, Crmy1 are positive
constants. Now we set,

elloge o
tm,g = %, 0-5: ,m+1) — tm—i—l,s _ tm,s,
and we define ™™ : R — R in the following way:
( 1
n(m,m+1) (g) if — tm,E S t S tm—f—l,s;
Qm,s(t) it — th,g S t S _tm,s:
(mym+1)r4  _(m,m+1) —
e (t— o )= 4, if £ <~
pm—|—1,s(t) if tm—|—1,s S t S 2tm+1,s;
\ Gm+1 if ¢ 2 2tm+1,su
where ¢, ¢, Pm+1,c are cubic polynomials chosen in such a way that ném’mﬂ) €
CL(R) for any ¢ > 0. Moreover we have 7™ (t) = anq for t > pI™m™ ),
™) = a,, for t < —p™™ | with

pgm,m—l—l) — tm,s + tm-l—l,E = 8‘ ]Ogg‘ (

1 1
+ .
vV Qm VvV am—H)

16



If we write the polynomial g, in the form
Qm,s(t) =am + q(l) (t + 2t s) + q(Z) (t + 2t s) ;

using (33) one can check that

1 1
1) — 0 2 —0 )
e (e\ logs|) o dme <ez| logs\2>

Analogous relations hold for the polynomial py,;1.. Hence we obtain the
following estimates:

|@m.e(t) — am| < Qgg)d logel, for — 2t <t < —tp,
/ (1) " Q(Q)
< H < =2 for — 2, <t < —tp.,
()] < QR a0 < 3 O — Dt 1St
|pm+1,s(t) - am+1| < +15| IOgE\ for tm+1,5 S t S 2tm+1,5a
P(z)
m-+1

1
‘pm—l—l 6( )‘ < Pr(nj—lﬁ ‘pm—l—l s(t)| S fOI‘ tm—{—l,a S t S 2tm+1,£a
(34)
where Q(]) Péfﬂ, 7 =20,1,2, are positive constants independent of £. Since

d2n(m,m—|—1) 1

G = W),
using (34), we find
1
ldn{™ ™[] it ommin) = O (5) , (35)
m,m 1
D8 g ooy = O (%) (39
Now we set
+oo anmm N
It = / £ (7"5 - ) + W () | dt,
oo €
and we show that
111’(1)1+ I0m ) = 9k . (37)

17



We have

e 1
Il I CU T

2tm,5

th+1,5 1
+ / |:6(p:n+1,6)2 + _W(pm+l,6):| dt
tm41,e €

+ / o [s GL(WMM (15/6)>2 + éW(n(m’m“)(t/S))] dt.

€ dt

tm,e

(38)

Using (31) we find that the third integral in the right-hand side of (38) is
equal to

tmt1,e/€ (m,m+1) \ 2
/ [(dn g ) + W(n(m’m+1)(tl))] dt’

—tm,e /€
[loge|/\/@m+1 dﬂ(m’m+1)
N 2/ —a \/ W (ntmm D) (t))dt!
—logel/v/am dt

(D (|logel/\/am+1)

=2 / W (y)dy,
n(mm D) (—|loge|/y/am)

and, using (32), this term converges t0 2K, ;41 as € — 0. Using the estimate

(@} (1)] < QW we have

_tm,E

lim E(qp.c)?dt = 0.

€_>0+ _ztm,e

Since W(gme(t)) = W'(a)(gme(t) — am) for t € (=2t ., —tm,) and for some
a close to a,, using the first estimate of (34) we have

1 [ e
= [ Wit = O ogeP),

€ J 2,
so that this term converges to zero. Analogously we get

2tm+1,5

. 1
lim |:‘S(p:n+1,6)2 + EW(pm—l—l,E) dt =0,

+
€—0 tm+1,5

18



and (37) is then proved.
(1)

Now we construct the function 7.7/ : R — R by means of translations
of the functions 7™™ ") in such a way that the smooth transitions between

the values a,,, a,,+1 do not overlap. We set

n—1
pE = Zpgjd—‘rl)’
=1

and we define a partition of the interval [—p., p.] into closed sub-intervals
with disjoint interiors:

-1
[_p€> pé‘] = U [gm,sa gm—l—l,s]a
with
fi,s = —Ps¢, é-l,s = Pe-
In each sub-interval [, Emt1c] We set %S”) equal to 77?"”"“) translated in

such a way that

’Yg’l)(gm,s) = Um, Véi’l)(fm—l—l,s) = Om+1-

This is obtained by setting

m—1
Eme=—p-+2)_ pH, fori+1<m<l-1,
j=t

and
E0(t) = gm0 (= e — pmHY), for G <t S G,
for s < m <[ —1. Notice that
D) =a,  for & . +20¢ M <t <&, =p..

The definitions above imply that 79’” € CY(R) for any ¢ > 0, and
75“)(15) = q for t > p., 75“)(15) = q; for t < —p., and we have obtained
the property (i) of the statement of the lemma. The property (ii) then fol-
lows from (35) and (36).
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By the construction of 7{"?, using (37), we obtain

+m[ dr}éi,l) 2 1 ('l)-l -1 -
EliI(I)l+ . [8 dt +EW(’Y&:7) dt = EEISI+;IE ’

l—

-1
Z lim (™™t = ZQlﬁm,mH = 2K,

" e—0t
m=1

and we have proved the property (iii). M
In order to prove Theorem 4.1 we need the following density result.

Lemma 4.3 Let ug € BV (Q;{ai,...,a,}); then there exists a sequence
{us}. € BV(Q;{as,...,a,}) such that

(i) the set A = {z € Q : u.(zx) = a;} is polygonal and H'(0A: NIN) =0
foranyi=1,...n, and for any € > 0;
(ii) u. — ug in L*(Q) ase — 0F;
(iii)
lim Eo(ug) = E()(Uo).

e—0+

Proof. This approximation lemma is due to Baldo [4] (Lemma 3.1). Parts
(i) and (ii) are stated exactly as above in Baldo [4]. Part (iii) needs some
developments. We first set out Baldo’s result and then we explain how we
can use it in our context.

Let W be given as in (10) and let us define on R the metric

d<sl,sz>=mf{ [ VG@ o 7(0)=§1,7(1)=§2;7€Cl([071];R)}-

Then let us set
gz(g) = d(a’ia g)a

and let us define the Borel measures
w(B) = [ 1D ()|

4 (B) = /B Dgi(us)],
20



where B is a Borel set and wu, is the sequence given in parts (i) and (ii) of
Lemma 4.3. In [4], Baldo proved the following result:

lim (\/ Mf) () = (\/ M) (€) = % > d(ai, a;)HN (0" A; N 0" A; N Q),

i=1 ij=1

(39)

where the symbol \/ denotes the supremum of a family of measures. In the
sequel we show that (39) is nothing else than part (iii) of Lemma 4.3.

STEP 1. Let us first show that for any 7,7 =1,...,n, i < j, we have
d(a;,a;) = ki j = / VW (y)dy. (40)

According to the definition of d(a;, a;) we have

d(a;, a;) < / VW@ (1) dt

for any C'-curve with v(0) = a; and (1) = a;. In particular if 7/(¢) > 0 for
all ¢ € [0, 1], by making the change of variable y = ~(t), we get

d(a;,a;) < / VW (y)dy = kij.

Let us show the reverse inequality. Let us set

I() = / VGO (1)dt.

Since t — 7(t) is continuous, it is bounded on [0, 1], i.e. there exist m. and
M, in R such that

my = min Y(t) <A(t) < M, = I{éaﬁw(t) vt € [0,1].

Moreover for all 7 € [m.,, M,] there exists t, € [0,1] such that y(¢,) = 7,
which implies

#{t; () =71 > 1. (41)
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Then, from the coarea-formula, we have
M, M,
I(y) = / (\/W(T) / d%(’) dr = / VW@ #45 1(t) = r}dr.
My v(t)=" My

Therefore, with (40) and since a; and a; belong to [m., M.,]

10)2 [T VWO #E A = > [T =k (@)

and we conclude that d(a;,a;) > k;; by taking the infimum with respect to
7 in the left hand-side of (42).

STEP 2. Let us now show that (39) is equivalent to part (iii) of Lemma
4.3. If (fa)aca is a family of regular positive Borel measures, then we define
the supremum of (14 )aca as follows: let E be any subset of €2, then

(\/ ,ua> (E) = sup { Z to(Ey); E, disjoint open sets in , F = U Ea} ,

acA acA’ acA’

where A’ is any finite or countable subfamily of A.
If we now set

wlE) = [ Do),
E
for any open subset ' C €2 we have
(\/ /,LZ) (Q") = sup {ZMZ(QZ), ; disjoint, ' = UQ,} :
i=1 i
But with the same computations we used to prove (30) we get

Z pi(Q) = DY EpH (07 AN 0" A; N Q)

1 k<j

= Z Kk Z Hl(a*Ak M O*A] N Qz)

k<j %
= Y wpH (0" AN A; N Q).
k<j
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Thus for all Q' € Q and for all i = 1,...n, we obtain

(\n/ [Lz) (QI) = Z I{jkal(a*Ak N 8*A] N Ql),

i=1 k<j

i.e. the supremum with respect to 7 “disappears”. In particular for Q' =
Baldo’s result (39) reads as

lim, D ki HN(0ALNOAS) =) kM (07 AN 0" A; N Q)
k<j k<j

which exactly means that

lim Eo(us) = E()(U,()),

e—0t

i.e. part (iii) of Lemma 4.3. W

We can now prove Theorem 4.1.

Proof of Theorem 4.1. We assume uy € BV (;{ay,...,a,}), other-
wise the inequality is trivial. In the following, we use a method developed by
Bellettini, Paolini and Verdi in [6]. Using Lemma 4.3 and a diagonal argu-
ment we can suppose that the set A; = {x € Q : ug(x) = a;} is a polygonal
domain with H*(0A4; N9Q) =0 for any ¢ = 1,...,n. We have

Sy = | J(04in 04, N Q).
i%l<:l1

We denote by P; the set of the vertices of the polygon A; and we set P =
U?_,Pi; hence P is a finite set of points. We denote by w the minimum angle
between the edges of S,,,.
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We introduce the following notations. Let T, € 7,(Q2); we set

(Su)pe = {z€Q:dist(z,5,) < p.};
(Supen = AT € To = TN (Suo),. # 0};
s, (z) = {y € Sy |y —z[=dist(z, Su) };
Q. = {w € (Su)y. : dist(lls,, (2), P) < cot(5)p.};

Qn = (JTeTh:TnQ. #0}.

We denote by M the set of all the pairs of integers (i,[) such that 7,1 €
{1,...,n}, i <1, and H'(0A; N OA;) > 0. Then for any (i,1) € M we set

d: ( ) _ diSt(.’E, OAZ N aAl), ifre Al,
WAT)Z 0 —dist(z, 04; N 04)), if z € Ay

LEY = {z€Q:|dy(z) < p};

L&) = (HT € Ty : TNLED £ 0}
Using the above definitions it follows that

(Uianem L\ Q) U Qe = (Sup)p. (43)

and, because of the dependence of the set (). on the angle w, we have for ¢
small enough

(29N Qo) 1 (L8 \ Q.) =9, (44)
if either ¢ # 4’ or [ # ', with (4,1), (¢',1') € M. Moreover we have
[(Suo)pe| = O (ellogel),  [(Sug)penl = O (e]logel), (45)
|Q:| = O (¢*|loge|*), Q-1 = O (£ loge?), (46)
LEY = O ellogel), LS| = O (ellogel). (47)

for any (i,1) € M.
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Using the properties (43), (44) we define the following function wu. on
O\ Qe:

U0(33)a if x € Q\ (SUO)PE’
u(z) = , , (48)
VD (dy (2)), ifze LI\ Q., V(i) e M.

Since |Vd;;(z)| = 1 for a.e. z € €, using the properties (i) and (ii) of
Lemma 4.2, we have that u. is Lipschitz continuous in Q\ Q. with Lip(u.) =
O(e7!) and a; + O(elloge|) < u.(x) < a, + O(¢|loge|). Because of the
particular shape of each connected component of @, following [6], by means
of a standard extension theorem [1], u. can be extended on the whole Q as a

Lipschitz continuous function such that
ar + O(ellogel|) < ue(z) < a,+ O(elloge|), ae. z€Q, (49)
with Lip(u.) = O(e™1). Using (45) we find
[hue—uilde = [ e wolde < (an — a1+ Oelog=))|(Sua)
Q (Sug)pe
= O(elloge]),

so that u. — ug in L*(Q) ase — 07,
Now we define u.j = m,(u:). Then, using (11) and (49), we have u. ) €
D(E. ) for any ¢ small enough. Moreover we have

[Vtue ]

1
L) < || Ve o) = O (g) . (50)

Using the properties of the Lagrange interpolation operator [9], (45), (50)
and the condition h = o(e|loge|™"), we find

/|u5—us,h\dm — / e — e pldz < CHI(Sug)pon] [Vt (e
Q (s

uO)Pa,h

< Ch|loge| = o(e),

from which it follows that u., — ug in L*(Q) as e — 0*.
Now we write

‘V’U,E h|2 1 /
E. ,(u, = 5/ : de +— | W(u.p)dz
#te) o 1+ pien|Vue nl? € Ja (t1)

1
s/ |Vu6,h|2dx+—/W(u57h)dx,
Q €Ja

IN

25



and we split the functional on the right-hand side as follows:
1
Eon(ten) < e / V. Pz + © / W (u2)da
Q €Ja

+ e/ (Vuenl? - |Vus?) de
Q

1
b2 [ V() - W) do
Q
- Is,h + Ilg,h + IIIsyh.

STEP 1. We prove that

limsup I, », < Ep(ug).
e—0t

Using (43) we decompose the domain 2 as follows:

Q= (2\ (Suo)p.) U (Ve L™\ Q) U Q- (51)
Using (48) and the properties of W we have
1
s/ \Vu,|*dz + —/ W (u.)dz = 0. (52)
O\(Sug)re € JO\(Sug)pe
Using (49) and (50), we have
C 1 C
e[ VuPdr<iQd, L[ W< 2.
Qe € € Ja. €
so that, using (46), we obtain
1
e | |Vul?dz+ - [ W(u.)dz = O (¢|loge]?) . (53)

Qe € JQ.
For any (i,1) € M we set

. 1
JOD = 5/ \Vu|*dr + - / W (u.)dz.
LEN\Qe € JLiN\Q.

Using (48), the property |Vd; (z)| = 1 for a.e. z € 2, and the coarea formula
[1], we can write

. 2

. dryiY 1 .

JE = / e (P @) )+ W60 d@)) | 1V (@)lde
L‘g‘l,l)\QEj dt 6

Pe

+pe @D\ 2
= / € (d% ) + éW(fyS’l)(t)) H ({zeq: dii(z) =t} \ Q.) dt.
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Since [1]
lim H {z€Q:diy(x) =t}) =H'(04:,N0A,NQ),

we have

| +pe d"}/(z D) 1
JD < [HH0A;n0A4,N0)+0(e|loge])] e\~ + gW(’Yg (1)) | dt,
e

and using the property (iii) of Lemma 4.2 we find

. ) +o00 [ d’}/(z 4) 1 ) -|
limsup J&) < H'(0A;N9A,NQ) lim [5 + EW@S’”) dt

e—0+ e—0t+ J_ dt

< 2/6@[7‘[1(6141' NoA; N Q)

Then we obtain

limsup »_ J&Y <zzm HY(BA; N A, NQ). (54)

==0" hem i=1
z<l

Using (44) and (51), and collecting (52), (53) and (54), the proof of STEP 1
is concluded.
STEP 2. We prove that

lim I, , = 0.

e—0t

Using (48) we have
Ueph = Ug ON Q\ (U(zl)eML( ) )> .

Then, using we find

(50)
L, = g/ (Vuonl? = Vo) da
U(meMLih

< 5/ |V (ue F uep) ||V (ue — uep)|de
U L
(GDeMYe h
< 0/ V(. = ue)lde
UinemLy
< 0/ V(e —uep)dz+C Y / e — e )| de.
Qs,h

(i,0)em ' Leh \Qsh

27



Using (46) and (50) it follows
C
|19 = uelds < £1Qul = O (eltogeP). (55)
Qs,h

Using the properties of the Lagrange interpolation operator (see Theorem
3.1.5 of [9]), for any (i,1) € M we have

(56)

/ \Q IV (e — e do < ChILE] ell 101 -
€,h

Since d;; is a distance function from polygonal boundaries, it follows that

d2 (3,0) d,y(l ) d2 (4,0)

———Vd;; ® Vd;,

2
VUE— d2 dt 3,0 = d2

———Vd;; ® Vd;,;

on L&Y \ Q:, and using the property (ii) of Lemma 4.2 we have
Z. 1
||V2us||Loo(L§i7’)\Q5) < ||d27£ ’l)/dtZHL""(—pa,pa) =0 (E_2> :
Then, using (47), (56) and the condition h = o(e|loge|™), we get

h
li - < C lim —|] =0.
im Z /L |V (ue —ugp)|dx < C’Ei)r(r)l+ 6| oge| =0 (57)

The proof of STEP 2 then follows from (55) and (57).
STEP 3. We prove that

lim I1I, ;, =0.

e—0t

Using (48) we have
Wi(uepn) =W(u:) =0 on Q\ (U(,l eML( l))
from which it follows

1
Ly < - /Q W (ue) — W (u. |dm<— S / W (o) — W (w.)| da

( JHemM

Ii
Lip(W) Z/ e — w2 de, (58)

(i,1)eM

IN
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where Lip(WW') denotes the Lipschitz constant of the function W in the inter-
val [a; — 6, a, + 6], with § > 0 and € small enough. Using the properties of
the Lagrange interpolation operator we find

2,0
/L(i,l) |U"S’h - u5| dx < Ch|L§,h)‘ ||Vue||L°°(Q)-
e,h

Then, using (47), (50), (58) and the condition h = o(e|loge|™!), we get

lim I11.), < C - Lip(W) lim ﬁ| loge| = 0,
e—=0T &

e—0t

from which the proof of STEP 3 follows.
The proof of the theorem then follows from STEPS 1-3. H

Theorem 2.1 then follows from Theorem 3.1, Theorem 4.1, and the fact
that the term [, [u(z) — I (z)|* dz is a continuous perturbation.

5 Convergence of minimizers

In this section we prove Theorem 2.2 stated in Section 2.

Proof of Theorem 2.2. The existence of a minimizer u. of F () is
obtained easily since in fact we search for a minimizer in a compact subset of
the space V), which is of finite dimension. Moreover there exists a constant
¢ > 0 such that

Fs’h(g)(ug) <ec (59)
For any ¢ > 0, Lemma 3.2 provides a function v. € BV () which satisfies

(13) and (14). Let v¥.(x) = g(v:(x)), where g is the function defined by (25).
We have ¢, € BV(Q) and Sy, C S,,..

Set ey = fiVIM VW (t)dt. Since ||v.||re0) < M, the following estimates
hold for any ¢ > 0:

¥z oo () < cm, (60)
D) < [ [Vlds+ ' (5.) (61)
Q
Arguing as in the proof of Theorem 3.1, see (29), and using (59) and (13),
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we find
1
c>E.p(u) > (1- hﬁ_l)S/ Vv, |*dz + B / W (v.)dz + 2k1,H (S,,)
0 0
> 2(1—hPH/2 [/ V). |dx + nl,nHI(SvE)}
0

> gty paety [ / |w5\dx+czw%1<5vs>] ,
Q

CyMm

where we have used ¢y > K1, see (11). Using (60) and (61), it follows that
. is uniformly bounded in BV () with respect to €, for ¢ small enough.
Then, using the compactness theorem in BV [12], there exists a subsequence
{t,}; converging in L*(Q2) to a function .

Set uy = ¢g~'(g). Since the function g is monotone increasing, using
the properties of the potential W it follows that the inverse function g~! is

bounded and uniformly continuous on compact subsets of R. Then
Ve, = g lo Ve, = ug  in L*(Q) ase; — 0T,

see also [14], proof of Proposition 3. Reasoning as in (23), (24) and using
Lemma 3.2, we find that u., — uo in L*(Q) as ; — 0%.

Hence, the statement of Theorem 2.2 follows from Theorem 2.1 and the
property (5) of I'-convergence. N

6 Numerical integration
In this section we show that the numerical approximation of the lower order
terms in the energy via the vertex quadrature rule does not change the results

previously obtained (see [5, 6]). More precisely, for any ¢ > 0 let I. € C§°(2)
approximate the function I € L*(2) so that [5]

L—Tin L), |Lllz=@ < =@, VL= <

o |0

(62)
For any h > 0 and any € > 0 we define the functional Es,h by

Bun(u) = ¢ /Q N /Q (W (u))dz,

1+ ponVaE ™ T e
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and the functional F. , : L2(€) — [0, +00] by

~

Bon(u) + / m((u - L))de it uw e D(E. ),
Q
+00 elsewhere in L?(92),

where D(ﬁs,h) = {u € Vih(Q) : ||u||gee(n) < M}. The integrals in ﬁs,h can be
evaluated via the vertex quadrature rule, which is exact for piecewise linear
functions.

Let u € V,(2) and let N}, denote the set of all nodes of a triangulation
Tj. Define the function @ € V,(92) in the following way: for any g € N,
set 4(q) = u(q) if |u(q)| < M, u(q) = M if u(q) > M, and a(q) = —M if
u(q) < —M. Since the function ¢(t) = % is monotone increasing for ¢ > 0,
by using the property (iv) of the potential W, we have F\E,h(ﬂ) < ﬁ_’h(u).
It follows that any absolute minimizer u, ; of ﬁgyh belongs to the domain
D(Fe,h)'

We prove the following proposition.

Proposition 6.1 Assume that h = o(¢|loge| 1) and that p. s satisfies (12).
Then the family {F. }c I'-converges to the functional

/ (u = I)2dz + Bo(u)
Q
in the L*(Q)-topology as € — 0.

Proof. We prove first the lower inequality: for every function uy € L*(Q)
and for every sequence {u. ,}. C L*(Q) converging to uo in L*(2) we have

lim inf . p(u.) > / (1o — I)?dz + Eo(uo). (63)
Q

e—0t

We can suppose, possibly extracting a subsequence, that {u.}. C D(ﬁs,h)
and lim infs_,0+ Fsyh(us,h) = limg_,0+ ngh(us’h) =L< +00, otherwise (63) is
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obvious. Following the method of [5, 6] we split F\g,h(ugyh) as follows:
ﬁs,h(us,h) = Fg,h(us,h)
1
+ g/[’ﬂ'h(W(U&h)) —W(ug,h)]da:
Q

+ /[Wh((ugyh — 15)2) — (Ueh — I)Q]dx
Q
= Fs,h(us,h) + Is,h + Ils,h- (64)

In view of Theorem 2.1, in order to show (63) it will be enough to prove that
lim, o+ I, = lim._o+ I1., = 0. Using the notations and the results of the
proof of Lemma 3.2, see (20), for a fixed 6 € (0,1) we have

~ C
Fop(ucy) > 6e Z T||Vueu|? + Z IT|(1—-6)—

hB
TETL\T}, TET;,

= be | [VueslPdo+(1—8)—|Q\ Al (65)
As,h ’ hﬁ ’

where Acp = Urer,\m T-
Using Theorem 3.1.5 of [9] we have

L < 1 Z /|7rh (o)) = W (e p)|da
TeTh
h? -
< G > TIIVW (ue )|y + Z T
TETR\T} TET],
h2
< GllipW')— 3. Zm

TET,\T} TeT}
h? C
= ClLlp(Wl)—/ |Vu€7h|2dx + —Z‘Q \ A57h|,
g A g
where we have used ||V?W (u. )| peo(ry < Lip(W')||Vuen @ Vuep|lpeory <
Lip(W')|Vue n|? on T. Since (65) yields for small enough ¢

L+1

(1-1¥)c

L+1
/ Ve, [*de < Rty Q\ Acn| < K’ (66)
A o€
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it follows
h? h?

|| < Cy +02?.

E
Since h = o(e|loge|™") and § > 1 we have lim, o+ I, , = 0.
Let us prove that lim,_o+ I, , = 0. We have

I, < Y / n(ten — 1)?) — (won — T)’|da
T

TeT,

S Z / |7Th((ug’h—15)2) — (us,h—I)Q\d$+02\Q\A5,h|.
T

TeT,\T}

In [5], proof of Theorem 4.1, the following estimate has been proved:

> / n((ten — L)) = (e p — I)?ld < Cy1 2 / V. *dz
T A,

TETh\T;lL e,h

h2 ’ h
+ CLQh”VIE”Loo(Q) + 01,3— / |Vu€7h|2dx + 01,4— / \ug,h\da:
€ As,h € As,h

+ 01,5 (/ (Ig - I)2d$>
As,h

Collecting all the above estimates, using (62) and (66), we obtain

N[

h? h h? h o\ s
|Ilg,h| S 01,1—+01,2—+01,3—+01,4—+01,5 (IE —]) dz +Cgh s
5 £ e\/e £ Q
which proves that lim, o+ II. , = 0 and concludes the proof of (63).
We now prove the upper inequality: for every function uy € L*(Q) there
exists a sequence {u. ,}. C L*(Q) converging to ug in L*(€2) such that

lim sup F, ,(ue) < / (uo — I)*dz + Eo(uq). (67)
e—0+ Q
We assume ug € BV (Q;{ay,...,a,}), otherwise the inequality is obvious.

Let {u.n}e be the sequence converging to wuy constructed in the proof of
Theorem 4.1 and such that

limsup E p(uen) < Eo(ug).
e—07t

33



The proof of Theorem 4.1 shows that the following estimate holds:
C
/ Ve’ de < —. (68)
Q €

Let us split ﬁ;,h(us,h) as in (64):

ﬁs,h(us,h) = Fs,h(us,h) + Ie,h + IIs,h-

Then the results obtained in the proof of the lower inequality and the estimate
(68) guarantee that

lim ]g)h = lim IIs,h =0
e—0t e—0t

holds true. It follows that

lim sup l?’gyh(ugyh) = limsup F; p(u.pn) < /(uo — I)?dx + Ey(up),
Q

e—0t e—0t

which yields (67). This concludes the proof of the proposition. B

We now prove the convergence of the discrete minimizers.

Proposition 6.2 Assume that h = o(e|loge|™) and that ., satisfies (12).
Then any family {u.p}. of absolute minimizers of F. p is relatively compact
in L*(Q), and each of its limit points minimizes the functional

/Q(u _ I)dz + Eou).

Proof. Let {u. s} be a sequence of absolute minimizers of ﬁgyh: then there
exists a constant ¢ > 0 such that F, p(u. ) < c.
Let us split again F; j(u. ) as in (64):

~

Fs,h(us,h) = Fs,h(us,h) + Is,h + IIs,h-

Since ljﬂg’h(ug,h) is uniformly bounded, from the proof of the lower inequality
in Proposition 6.1 we deduce that lim,_ o+ I, ), = lim._o+ 1., = 0. Hence
also F p(ue ) is uniformly bounded. The proof of Theorem 2.2 then shows
that there exists a subsequence {u., ;,}; converging in L*(Q2) to a function
ug as €; — 0.

Hence, the statement of the proposition follows from Proposition 6.1 and
the property (5) of I'-convergence. N
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