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RESUME :

Dans ce travail, nous étudions la couverture du graphe complet par des cycles, motivé par le dimensionnement de réseaux
WDM tolérants aux pannes, ou les requétes sont routées sur des sous-réseaux protégés indépendement les uns des autres. Le
probléme général peut étre exprimé de la fagon suivante: étant donnés un graphe G modélisant un réseau WDM et un graphe
logique I modélisant une instance de requétes sur G, trouver une couverture par des cycles des arétes de 1, telle que chaque cycle
de la couverture satisfasse la contrainte de routage disjoint (DRC) sur G . La DRC s’exprime de la fagon suivante; associer a
chaque aréte de | un chemin dans G tel que tous les chemins associés aux arétes d’un cycle de la couverture soient sommets
disjoints. Ici, nous considérons le cas ol G = Cn (un cycle de longueur n) et I = Kn (I’instance all-to-all). Nous cherchons
a minimiser le nombre de cycles de la couverture. Nous donnons une solution optimale a ce probléme ainsi qu’au cas ou la
longueur des cycles de la couverture est fixée a 4, et aux versions orientés de ces problemes.

MOTS CLES :
couverture par des cycles, WDM, graphe, tolérance aux pannes

ABSTRACT:

This work considers the cycle covering of complete graphs motivated by the design of survivable WDM networks, where the
requests are routed on sub-networks which are protected independently from each other. The problem can be stated as follows:
for a given graph G, find a cycle covering of the edge set of Kn, where V(Kn) = V(G), such that each cycle in the covering
satisfies the disjoint routing constraint (DRC), relatively to G, which can be stated as follows : to each edge of Kn we associate
in G a path and all the paths associated to the edges of a cycle of the covering must be vertex disjoint. Here we consider the case
where G = Cn, a ring of size n and we want to minimize the number of cycles in the covering. We give optimal solutions for the
problem and as well as for variations of the problem, namely, its directed version and the case when cycle length is fixed as 4.

KEY WORDS :
cycle covering, WDM, graph, survivability
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Abstract

This work considers the cycle covering of complete graphs motivated by the design of survivable
WDM networks, where the requests are routed on sub-networks which are protected independently from
each other. The problem can be stated as follows: for a given g¥afihd a cycle covering of the edge
set of K,,, whereV(K,,) = V(G), such that each cycle in the covering satisfies the disjoint routing
constraint (DRC), relatively t67, which can be stated as follows : to each edg&’gfwe associate in G
a path and all the paths associated to the edges of a cycle of the covering must be vertex disjoint. Here
we consider the case whefe = C,, a ring of sizen and we want to minimize the number of cycles
in the covering. We give optimal solutions for the problem and as well as for variations of the problem,
namely, its directed version and the case when cycle length is fixed as 4.

Keywords: cycle covering, WDM, graph, survivability.

1 Introduction

The problem of covering the edges&f, by complete graph&,’'s has been studied by many people. This
problem is known as the covering design problem [MM92, $ti96]. Moreover, the problem of finding a
perfect covering of the edges &f, is the same as a partitioning problem and this is related to the existence
of an(n, k, 1)-design. Partitioning the edges &f, into isomorphic graphs and in particular cyc@gs has

also been well studied [Hei92, LR92]. But there seems to be less known results for the problem of covering
the edges oK, by C}’s, wherek > 4. In [Ber75], the answer was given fér= 4.

Here we consider a covering problem arising from the design of a survivable WDM nefwavkere
the communication requests are routed on sub-networks which are protected independently from each other.
Designers prefer to use small cycles as subnetworks because the failure of one edge is easily repaired by
using the remaining part of the cycle. This problem was asked by France Telecom R & D (see [BCCT01]
for more details on it).



Routing a request ové&r consists in finding a path ovér between the pair of nodes communicating in
the request. We cover the requests by cycles and each cycle formed by some requests must be routed vertex
disjointly overG, or this is the same as saying that we can find a set of vertex disjoint paths corresponding
to the set of requests over a cycle. We call this property the disjoint routing constraint (DRC). This property
can be extended to the directed version of the problem in which the paths in the routing will be directed
paths and the cycles in the covering will be directed cycles.

It is clear that not every cycle satisfies DRC. As an illustration, the cficle, 3,4, 1) can be routed
over Cy and it satisfies DRC. However the cydlg, 3,4, 2, 1) does not satisfy DRC as it is impossible to
associate the requesis 3) and(2, 4) to vertex disjoint paths i6's(see Figuré¢|[1).

In general, we can model all the requests as the edge set of a logicallguaplirected or not. Finding
a cycle covering for all requests with the above constraint is the same as finding a covering of the edge set
of I, such that each cycle in the covering satisfies the DRC constraiat 8uch a covering will be called a
DRC-covering off relatively toG.

Our aim is to minimize the cost of the network ; the cost function is a complicated one, but for the
particular case, considered here, whéfe= C,,, it corresponds to minimize the number of cycles in the
covering.

Finally we will suppose that there is a request of communication between every pair (or couple) of
vertices . Hence] will be the complete grapk,, or the symmetric complete digragty;.

As an illustration, letG be Cy andI be K, (See Figuré]l). A first covering is given by the twQ’s
(1,2,3,4,1) and(1,3,4,2,1) (See Figur¢|1.(c)), but there does not exist an edge disjoint routing for the
cycle(1,3,4,2,1). In counterpart, the covering given in Figliie 1.(d) by &e(1,2,3,4,1) and the two
Cs'’s (1,2,4,1) and(1, 3,4, 1), satisfy the edge disjoint routing property.

In summary, we want to find the minimum number of cycles in a DRC-coveridg,afor K?) relatively
to the cycleC,, (or an). As a variation of the problem, we can also add some restriction to the cycles in the
covering, for example, we can consider the case when the size of the cycles is uniform or is bounded.

We denotep(n) the minimum number of cycles needed in such a DRC-coverirg,oand similarly we
definepy(n) for the case when the cycle size is restricted téb®@/e prove the following results:

Theorem A Whenn =2p+1, p(n) = % = %. Furthermore, the DRC-covering &f,, 1 consists
of p Cs and@ Cy.

Theorem B Whenn = 2p, p > 2, p(n) = [%W = P’%ﬂ Furthermore, whem = 4q + 4, ¢ > 2, the
DRC-covering ofKy, consists oft C5 and2¢® — 3 Cy4, and whem = 4q + 2, ¢ > 1, the DRC-covering of
K412 consists o2 Cs and2¢? + 2¢ — 1 C.

Theorem C ps(2p + 1) = @Jrl,forp > 3; pa(4q) = 2¢°> +1,forq > 2, andpy(4q + 2) =
2¢° +2¢+2,forg>1.

Let p*(n) be the minimum number of directed cycles needed in a DRC-coverirdg;ond we also
definep}(n) similarly. We have the following results.

Theorem D Whenn = 2p, p*(n) = p*. Furthermore, we have a DRC-covering &%, with p C, and
p® — p C4, and another covering withp Cs andp? — 2p C.

Theorem E Whenn = 2p + 1, p*(n) = p? + p. Furthermore, the DRC-covering @€, 1 consists op
Cs andp® —p Cy.

Theorem F p%(2p 4+ 1) = p? + p + 2 for p > 3, andp;(2p) = p* + 2forp > 4.
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a) Physical grapht, b) Logical graph K,
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c) Covering with 2C}

Logical cycles Embedding
d) Covering with 1C4 and 2C5

Figure 1: Cycle covering example.



Remark Theorenj A anfl B were presented in SPAA conference [BCCTO1].

2 Related results

Our problem has not yet been studied in the literature. However, without the disjoint routing constraint, there
are some known results for finding the coveringfof or K; by cycles. Following four results determine
the covering numbers when the cycle sizes are three and four.

Theorem 1 ([MM92, [SR82]) The minimum number of 3-cycles required to cover the edges &f [ 2 [251]].

Theorem 2 ([Ber75]) The minimum number of 4-cycles required to cover the edgis, ié

nlin-—1 . 1 fn=3 mod38
{4 [ 2 H +en) withe(n) _{ 0 otherwise.

Theorem 3 ([Ber75]) The minimum number @f; required to cover the arcs dt;: is "2 if n = 0 or 1

mod 3 , except fom = 6 for which itis 12 and®™=* if = 2 mod 3.

Theorem 4 ([Ber75]) The minimum number 6f, required to cover the arcs df* is {”("Lfﬂ ,forn > 4.

A related problem has been considered in the applications of optical networks in which one needs to
find the minimum number of colors (wavelengths) required to color the edges of the logicallgsagh
that the paths associated to the requests with the same color are edge (arc) disjoint in the physi¢al graph
(seel[Bea00]). In the undirected casedde C,,, the problem is similar as finding a DRC cycle covering of
K,; indeed, we can associate to each cycle of a DRC-covering a color and conversely, we can build a cycle
from the paths with the same color, as(ify edge disjoint paths are also vertex disjoint.|In [B@R], the
answer was given for the undirected case of the problem. But unfortunately, the result was not correct for
n even, and furthermore, the subnetworks corresponding to a given wavelength (color) are not cycles with
small lengths. In the directed case, a minimum coloring was given_in [Wil96]. One of our results implies
this coloring, but is stronger, as in_[Wil96] the paths with the same color are not vertex disjoint and again
the subnetworks are not small directed cycles.

3 Ourresults

Let the vertices of the cycl€’, be labelled with integers modutg represented by the sgt, 1,...,n — 1}.

A C}, satisfies DRC if and only if its vertices can be ordered cyclically modulinat is if the vertices can
be written(ay, as,...,ar) With0 < a1 < as < --- < ar < n—1. As an example, in Figu@ 2, the cycle
(0,2,3,6,0) satisfies DRC, but the cycl®, 4, 3, 6,0) does not satisfy it.

We will first give the lower bounds fg#(n) andp,(n) and then construct the coverings which attain the
lower bounds. We then extend the results to the directed cases.
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Figure 2: Disjoint Routing Constraint.

3.1 Lower bounds

2

Proposition 5 p(2p + 1) > X2 withp > 1, andp(2p) > 25

, D> 2.

Proof: LetC7, 1 < j < p(n), be a cycle of a DRC-covering d&,, (remark that the cycles do not
necessarily have the same length). The disjoint routing property implies that its vertices are cyclically

ordered modula. ThusCﬂ' can be writter(a?, a?, . . ai ,a{) with0 <a] <a} <--- < ai <n-—1.
Lets! =al , —al,1 <i<kj—1, andéi =n4al — ak The disjoint routing property implies

> 5? =n.

For an edgq x, y} of K,, with z < y, we call difference of the edge the valye- z if y — 2z < n/2or
x + n — y otherwise (it corresponds to the distance betweandy on a cycle of lengt).

In the odd case; = 2p+1, the covering must contain theedges ofdifferencé foreveryd,1 < d < p.

Each difference corresponds t@3 with 67 = d or n — d. Thus 207 > nd = n2&)  Remind

that ", 51? = n. Consequently, if the covering contaip&:) cycles, we havep(n) > nZ=E= (p“) and hence,
p(n) > p(pg‘l)_

In the even casey = 2p, the covering must contaim edges of differencée, wherel < d < p —1, and
5 = p edges of differencg. Furthermore, since the degree of the node& jnis odd (equal tox — 1) and
the degree of the nodes of a cycle is even (equal to 2), the covering must contain extra edges (i.e. in each
vertex, there is an edge covered at Ieast twice). Thus, there are & lexisa edges of difference at least 1

in the covering. Consequently, > (ZZ;% nd) + pp + p = p(p? + 1) and if the covering contains

2,7 z
_ 2 2+1

p(n) cycles, we obtaimp(n) = 2pp(n) > p(p® + 1) and thereforep(n) > 2=,

O

Note that for both odd and even cases, the length of the cycles involved in the DRC-covekindna$
no influence on the lower bound pfr). We show, in this paper, that the optimal solution can be obtained
by using cycles of both length 3 and 4. Also, from Theofém 1, we can see that by using only cycles of length
3, it will not give the optimal solution.

Proposition 6 p(2p+1) > 2 4 1 with p > 2, andps(4g) > 2¢ + 1 and ps (4 +2) > 2¢% +2q + 2,
with ¢ > 1.

Proof: In the odd casep = 2p + 1, we know by PropositioE|5 thaty(2p+1) > p(2p + 1) = p(p;”.

If there was an equality, as‘@ = M + p, p extra edges are used because the covering is not a




decomposition. SQ:M 51? > (2p+ 1)1@ + p, as the sum of the distances of fhextra edges is at least
p. Therfore,(2p 4+ 1)ps(2p + 1) > (2p + 1)”(7’—;1) + p which impliesps(2p + 1) > @ + 1.

In the even case, far = 4¢, the bound is that of Propositi¢n 5. For= 4q + 2, by Propositiorj b,
we haveps(4q + 2) > p(dq +2) = 2¢% + 2¢ + 1. If ps(4q + 2) = 2¢%> + 2q + 1, then, ast(2¢® +
2g 4 1) = WetBlatl) | o4 4 3,94 + 3 extra edges are used, andy ; 07 > (2¢ +1)° + 2¢ + 3, and
(4q+2)pa(4q+2) > (2¢+1)3 +2q + 3, which impliesps (4 +2) > 2¢> +2q+ 1+ T‘iQ > 2¢% +2q+1.

O

3.2  Minimum DRC covering

Theorem A Whenn = 2p+1, p(n) = % = W. Furthermore, the DRC-covering &f,,,1 consists
of p C3 and 222 ¢,

Proof: (By induction onp) K3 is covered using on€’s. Thus, the theorem is true when= 1.

Suppose now that the theorem is true fo5, 1. We will show that it is also true for = 2p + 3. For
that, let us arrange the verticesigb,, 3 in the following order:A4,0,1,...,p — 1, B,p, ..., 2p.

We build a DRC-covering of<,,,3 from a DRC-covering ofi’»,.1 as follows. The cycles of the
DRC-covering ofK, 1 3 will be

e thep(p + 1)/2 cycles of a DRC-covering of th&5,,; on vertice®, 1,...,p—1,p,...,2p,

e the p C4's of a DRC-decomposition of thé&',, » constructed between verticés...,p — 1,p +
1,...,2p on one side and vertices and B on the other side, name(d,p — 1 — i, B,p+ 1 +1i, A),
0 < i < p— 1. Note that these cycles satisfy DRC.

e theCs (A, B,p, A).

One can check that each edgef6f, . 3 is covered by exactly one of these cycles and altogether we have
plp+1)/2+p+1=(p+1)(p—+2)/2cycles. Furthermore, there are exagtly 1 Cs's andp(p + 1)/2
C4’S.
O

In Figure 3, we show a covering &f5 obtained in that way. Let us called the verticed®f A, 0, B, 1,2
in that order. The DRC-covering df; consists of the unique cycl®, 1,2, 0) of the covering ofK’s, plus
the C4y (A,0,B,2, A) of a DRC-decomposition of th&, , constructed between vertices and B and
verticesO and2, plus theCs (A, B, 1, A).

Figure 3: Covering of<’; obtained from the covering df’s.



Theorem B Whenn = 2p, p > 2, p(n) = ["28—“1 = PQTJFﬂ Furthermore, whem = 4q + 4, ¢ > 2, the

DRC-covering ofK, consists oft C3 and2q? — 3 Cy, and whem = 4q + 2, ¢ > 1, the DRC-covering of
K412 consists o2 Cs and2¢? + 2¢ — 1 C.

A covering of K4 with oneCs and 2C4 is given in Fig 1.
In order to prove this theorem, we first need to prove some lemmas.

Lemma 7 Kg can be covered by @5 and 3C}.

Proof: The covering is given by the tw@’s: (0,1,3,0) and (0, 1,4,0), plus threeCy: (0,2,4,5,0),
(1,2,3,5,1) and (2,3,4,5,2), as shown in Figurg|4. Furthermore, there are three edges}, {2, 3}
and{4, 5}, covered exactly twice (they form a perfect matching).

O

Figure 4: K¢

Lemma 8 If there exists a DRC-covering &f4,.2 With p(4q + 2) = 2¢* + 2¢ + 1 cycles, then there exists
a DRC-covering of4 .14 With p(4g + 4) = 2¢* + 4q + 3 cycles.

Proof: Letthe vertices ofy,4 be A,0,1,...,2¢,B,2¢+1,...,4¢ + 1 and arrange them in this order.
We build a DRC-covering of{,4 from a DRC-covering off4,1» as follows. The cycles of the
DRC-covering off4,4 4 Will be

e the2¢® + 2¢ + 1 cycles of a DRC-covering of th&,,» on verticed), 1,...,2¢,2¢+ 1,...,4q + 1,

e the2q Cy's of a DRC-decomposition of th&s, » constructed on verticeks ...,2q¢,2¢ + 1,...,4q
on one side, and verticesand B on the other side, name(\, i, B,2q + i, A), 1 <i < 2gq,

e the 2 triangleg 4,0, B, A) and(A, B,4q + 1, A).

One can check that every edgefof, 4 is covered by one of these cycles and that altogether we have
202 +2¢+1+2¢+2=2¢°>+4¢+3 = [%W cycles. Furthermore, there are exactlg'ds in the
covering (2 from the DRC-covering df,,42 and the 2 extrd’s’s).

O

To illustrate this proof, we indicate in Figure 5 the cycles involved in the coverirdggof



Figure 5: Cycles involved in the covering ffs.

Lemma 9 If there exists a DRC-covering &f4,.2 With p(4q + 2) = 2¢* + 2¢ + 1 cycles, then there exists
a DRC-covering of4, 16 With p(4g + 6) = 2¢* + 6q + 5 cycles.

Proof: We will prove a stronger lemma, imposing some extra properties in the decomposition which will
be kept in the construction.

Let us suppose that there exists a DRC-covering Qf. o, where the node® 1, . . ., 4¢g+1 are cyclically
ordered, with the following properties:

¢ the edges (of the perfect matchin@) 1), (2,3),..., (4¢g,4q + 1) are covered exactly twice, while
other edges are covered exactly once.

e the edg€{0, 1} belongs to th&’s (0,1, z,0), for somex different fromo, 1.

We will show that there exists a DRC-coveringléi, ¢ with the same properties. Note that these properties
are satisfied by the covering éfs of Lemmd 7 (withz being eithes3 or 4).

Let the vertices of<4 ¢ be0, A, B, 1,...,2¢+1,C,D,2q+2,...,4¢+ 1 and arrange them in this order.
The cycles of the DRC-covering @€ 4, Will be

e the2¢? + 2q cycles of the covering ok, 2 except theC; (0, 1, z,0),

e the2q Cy’s (4,4,C, f(i), A), with 2 < i < 2¢ + 1 and wheref is a bijection from{2,3,...,2¢+ 1}
to{2¢+2,...,4¢+ 1},

e the2¢+1Cy's (B,j,D,g9(j),B),1 <j<2q+ 1, and wherg is a bijection from{1,2,...2¢+ 1}
to{2¢+2,...,4¢+ 1,0}.

e the 3Cy's (A,B,C,D,A), (0,A,1,2,0), (B,1,C, D, B) and theC (0, A, C,0),

One can check that each edgelof, ¢ is covered by one of these cycles and that altogether, we have

2¢°+2¢+2q+2q+1+3+1 = 24> +6¢+5 = {%W cycles. Furthermore, there are still exactiggs
in the covering. Also, the edges {0,4},{B,1},{2,3},...,
{2¢,2¢+1},...,{C,D} ,{2¢+2,2¢+ 3},...,{4q,4q + 1} (corresponding to a perfect
matching) are covered twice, while other edges are covered only once. Moreover, tH® edgewhich is
covered twice, appears in tli& (0, A, C,0). Let us relabel the vertices @€4,¢ as follows: A (resp. B)
becomes 1 (resp. 2),for1 < i < 2q + 1, becomes + 2, C (resp.D) become®2q + 4 (resp.2q + 5), and
J,2q+2 < j <4q+ 1 becomeg + 4. Therefore K4, Satisfy the induction properties.

O



Figure 6: Cycles involved in the covering éf.

Remark For the proof of Theoreﬁ]C, we note that the t@gs of the decomposition oks are(0, 1, 3,0)
and (0,1,4,0). So assuming that = 3 and afterg — 1 steps of induction, the tw@'s’s of Kyqyo, if
q > 2, become(0,1,2q + 2,0) and(0,2q — 1,4q,0). Furthermore, we have a cyde, i, 2¢ + 2,4q, 1)
(corresponding to thé€’y (A, i, C, f(i), A) with f(ig) = 4¢ in above construction).

Now, we are able to prove Theorém B.

Proof of Theorem[B : (By induction)

The theorem is true for = 6 as shown by Lemmia 7. Note that the coveringigf satisfies the two
extra properties needed in the proof of Lenjma 9. So using Lgmima 9, one can build by induction the DRC-
covering ofKy,+2, ¢ > 1, by p(4q + 2) = 2¢* + 2¢ + 1 cycles. Then, using Lemn@ 8, one can build the
DRC-covering ofK 44, ¢ > 1, by p(4q + 4) = 2¢* + 4q + 3 cycles.

So Theorem B is proved. 0O

Theorem C ps(2p + 1) = %+1,forp > 3 pa(4q) = 2¢°> +1,forqg > 2, andpy(4q + 2) =
2¢° +2¢+2,forg>1.

Proof:
Case 1:n = 2p + 1. The proof is similar to that of Theorem| A, and by induction, we will prove
that there exists &’;-covering of K5, with vertices labelled), 1, ..., 2p, containing aC; of the form

(0,p—1,p,p+1,0) and the edgép — 1, p} covered twice.

Note that it is true fopp = 3 as we have a covering df; with the 7Cy’s (i,i + 1,i + 2,7 + 5,1),
0 < i < 6, containing in particular th€’y (2,3,4,0,2) and with the edg€2, 3} covered twice. Suppose
that the induction hypothesis is true ffi, ;. We will show that it is true forKy, 3. Let the vertices of
Kopi3beA,0,1,...,p—1,B,p,...,2pand arrange them in this order. Tog's of the DRC-covering of
Kop 3 will be :

. the% Cy’s of the covering ofi(»,, 1, except the”, (0,p — 1,p,p+1,0),



e thep — 1 Cy’s of a DRC decomposition oKz, _2 2, constructed between verticesl, ..., p —2,p +
2,...,2ponone side, and the verticdsand B on the other side, namely tiig's (A,p—1—i, B, p+
1+i,A4),1<i<p-—1,

e the 3Cy's (0,p—1,B,p+1,0), (A,p—1,B,p,A) and(A, B,p,p+ 1, A).

One can check that all the edges are covered and there are aIto@é}ﬁéH p—1+3= W +1
C4’s. The covering contains the cydlé, p — 1, B, p, A) which becomes, if we label the verticesigf, 3
from 0 to 2p+ 2, the cycle(0, p, p+ 1, p+2,0); furthermore the edgfp — 1, B} which becomegp,p + 1}
after relabelling, is covered twice.

Case 2 :n = 4q + 2, ¢ > 1. Note that in the proof of Lemnig 9, we obtain a coveringiof,;» with
2¢% +2q — 1 Cy’s and twoC3’s which are (see remark), 1,2q + 2,0) and(0,2q — 1,44, 0). Delete these
C3's and consider the 8'4's (0, 1,2q + 2,44,0), (0,29 — 1,4q,4q + 1,0) and (0, o, 3, 2q + 2,0), with
0 < a < 8 < 2¢+ 2. They contain all the edges of the deletégls. Thus, we have a covering @f 4,2
with 2¢% +2¢ — 14+ 3 = 2¢> + 2¢ + 2 Cy’s.

Case 3 :n = 4q + 4. We assume that > 1, and let us prove thaty(4q + 4) = 2¢> + 4q + 3. Like in
the proof of Lemma|g, let the vertices B0, 1, ...,2¢, B,2¢+ 1, ...,4¢ + 1. The proof of Lemm@]8 also
gives a decomposition d 4,4 into the2¢? + 2¢ — 1 Cy’s plus the 2C5’s of the covering ofKy,42, plus
2q + 1 Cy'’s of the decomposition of th&'y,» » (with vertices0, 1, ..., 4¢ + 1 on one side andl, B on the
other side), and plus the ed@d, B}. Using the remark of the proof of Lemmp 9, we have a decomposition
with 2¢2 + 4q Cy’s plus the edgd A, B}, plus theCs's (0,1,2¢ +2,0) and(0,2q — 1, 4q,0), and we know
that oneCy is of the form(1, 7o, 2¢+2,4q, 1). Let us replace the eddel, B}, the 2C5’s and thisCy by the
following 4 Cy4’s which cover all their edgesiA, 0,2g — 1, B, A), (0,1,2q + 2,4q,0), (0, 1,40,2q + 2,0)
and(1,«,2q — 1,4q, 1), for somel < a < 2¢g — 1, for examplex = 2 (which supposes > 1). Hence, if
q > 2, we have a covering witBg? + 4¢ + 3 cycles.

Finally, if ¢ = 1 a covering ofK is given by the following &4's : (i,7+1,i+ 4,7+ 5,4),0 <7 < 3,
(0,1,2,6,0), (1,2,4,5,1), (0,2,3,4,0), (3,4,6,7,3) and(1,3,5,7,1). Note that the edgef0, 1} and
{4,5} are covered twice.

O

Remark Forn =5, ps(5) = 5, as in anyCy, there is exactly one eddg, j} such thaﬁ{ = 2 since the
only way to have) ), &/ = 5 is to have 3 edges such th#t= 1 and one with§/ = 2. Thereforep,(5) > 5.
Finally a covering ofK5 is given by the &04's: (i,i 4+ 1,7 4+ 2,1+ 4,4),0 < i < 4.

4 Directed Case

We will now denote by*(n) the minimum number of directed cycles needed in a DRC-coveritg;of

Theorem D Whenn = 2p, p*(n) = p?. Furthermore, we have a DRC-covering Kf,, with p C, and
P> —p Cy, and another covering witbp Cs andp? — 2p Cy.

Proof: Using a similar proof to that of Propositi@ 5, one can check that the lower boyrigs) > p?
(we have no more the degree condition).

We will prove Theorenﬂ) by induction op. First, a DRC-covering ofK; is given by the 4C,
(0,1,2,0),(0,2,3,0),(0,3,1,0)and(1, 3,2, 1), and another is given by the, (0,1,2,3,0)and(0, 3,2,1,0)
plus the 2C, (0,2,0) and(1,3,1).

Now, suppose that*(2p) = p* and let us prove that*(2p + 2) = (p + 1)*. Let the vertices of;,, ,
beA,0,1,...,p—1,B,p,...,2p — 1 and arrange them in this order. A directed DRC-covering is given by
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thep? cycles of the covering ok’J,, plus the2p Cy (A,i,B,p+i,A)and(A,p+1i,B,i,A),0 <i<p-—1,
and plus the?; (A, B, A). Thus, we have a covering &, o with p*> +2p + 1 = (p 4 1)* cycles. If the
p* cycles of the covering ok’;, arep Cs andp? — p Cy, we obtain a covering ok, ., with p + 1 Cz and
P’ +p Cu. - . .

Furthermore, one can replace theg (4, 0, B,p, A) and theCy (A, B, A) by the 203_’(14, 0,B,A)and
(B,p, A, B) to obtain a covering without’, if we start from a covering ok’;, without C.

O

Theorem E Whenn = 2p + 1, p*(n) = p? + p. Furthermore, the DRC-covering éf; 5p+1 CONsists okp
Cs andp?® —p Cy.

Proof: A proof similar to that of Theore@A gives'(n) > p? + p. Given the DRC-covering oKz, 1,
obtained in TheorerElA using Cs’s andp —L Cy’s, we replace each, by two opp03|teC4 and eachC}s
by two opposnng Thus, we obtain a DRC -covering using exagtly+ p directed cycles, consisting 8p
Csy andp? — p C.

O

Theorem F p}(2p + 1) = p? +p+ 2 forp > 3, andp}(2p) = p*> + 2forp > 4.

Proof: Case 1:n = 2p + 1. Suppose thapj(n) = p> + p+ 1. Then, asi(p®* + p+ 1) = 2p(2p +
1) + 2p + 4, 2p + 4 extra edges are used and E;J & > (2p+ L)p(p + 1) + 2p + 4, which implies

pi(n) > p(p+ 1) + 355 > p* + p + 1 (recall that the sum of the distances over each cyclpis 1).

A covering withp? + p + 2 Cy's can be deduced from that of Theor@n C by replacing €actf this
covering by two opposit€;.

Case 2 :n = 2p. Suppose that}(n) = p* + 1. Then, asl(p* + 1) = 2p(2p— 1) + Zp +4,2p+ 4 extra
edges are used and 39, ; 7 > 2p(p — 1)p + 2p* + 2p + 4, which impliespj (n) > p* + 252% > p? + 1,

A covering of Kg by 18Cy's is deduced from that aks by 9Cy’s, given in the proof of Theoreﬂc by
replacing eacld’, of this covering by two opposn€4 Note that this covering contains thi (0,1,4,5,0),
which is of the form(0, 1, p, p + 1,0), and that the arcg), 1) and(4, 5) are covered twice.

We will prove by induction that there exists a coveringiof, with p? +2 directed cycles containing the
Cy (0,1,p,p+1,0) and with the arc$0, 1) and(p, p + 1) covered twice. That is true f@p = 8 as we have
seen before. Suppose thatitis true £, and let the vertices ok5, ., be0, A4, 1,...,p, B,p+1,...,2p—1
and arrange them in this order. @'s DRC-covering of K3, , is given by thep? + 1 cycles of the
covering of K3, excluding theCy (0,1,p,p+1,0), plus the2p Cy (A, i, B,p+i, A) and(A,p+i, B, i, A),

1 < ¢ < p, and plus the 7, (A,1,p,B,A) and(B,p + 1,0, A, B). Thus, we have a covering &, ,
with p2 + 1+ 2p+2 = p? +2p+ 3 = (p + 1)% + 2 cycles. Furthermore, this covering contains the cycle
(0, A, B,p+ 1,0) which becomes after relabellig, 1,p + 1,p + 2,0), and the arc$0, A) and(B, p) are
covered twice.

O

Note that the above covering @ also gives an optimal covering @iK,, as the lower bound was
derived usin@ K.
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5 Conclusion

The problem of the design of a survivable WDM network was considered as an extension of the classical
edge covering problem by addition of the disjoint routing constraint. In particular, we have studied the case
of a physical ring network with the all-to-all{;,) communication instance. For this design problem, we
give a solution with the optimal number of cycles as sub-networks.

Recently, in[[BY], we have extended the result€tdeing a torus (instead @f,,). It will be interesting
to look at other WDM networks like tree of rings and grids. One can also consider other communications
instances like\K,,, AK,, ,, or general logical graphs.
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