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Abstract

This paper introduces a new Blind Source Separation algorithm for
convolutive mixtures. In addition to separate sources, this algorithm
respects the paraunitary property of the model considered, obtained
after whitening observations. In order to respect this property, authors
introduce a new model for equalizer, wisely factorized in 3 filters.
After a presentation of theoretical results, a numerical algorithm is
then derived. This algorithm is based on the solution of a polynomial
system, containing some values of output cumulant multi-correlations.
Simulations and performances of the numerical algorithm are presented
in the last section.
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1 Introduction

Blind channel identification has been studied extensively during the last
decade. The method presented in this paper is intended to Multiple Input
Multiple Output (MIMO) paraunitary channel. The fact that the channel
is considered as paraunitary is not restrictive since prewhitening can always
be performed in a first stage.

Most blind MIMO equalization techniques use High Order Statistics
(HOS) for separating signals [5] [13] [10], even if second order statistics are
sufficient; this can be implicit through constant modulus [6] [12] or constant
power [7] criteria. Indeed, this paper presents an algorithm based on HOS.
Moreover, our algorithm is very attractive since it can be implemented
7off-line”. Contrary to ”on-line” algorithms which need long data block to
converge (typically from 10,000 to 100,000 symbols), ”off-line” algorithms
only need approximatively 1000 to 2000 symbols.

Algorithms like PAJOD [4] have already been proposed for MIMO channels.
Unfortunately, the paraunitary constraint was not accurately verified for
equalizers when it was considered for channels.

Our main contribution consists of a block algorithm dedicated to blind
MIMO equalization. The goal of this algorithm is to build a paraunitary
equalizer in order to correct channel mixing effects. It has been shown to
maximize a well-defined contrast, as pointed out in section 3. Moreover
some implementation tips are proposed in order to reduce time calculus for
long-length channels. Simulations and performances obtained are reported
in the last section of the paper.

2 Model and notations

Throughout the paper, (7) stands for transposition, (") for conjugate transposition,
and (*) for complex conjugation, with j> = —1. Vectors and matrices are
denoted with bold lowercase and bold uppercase letters respectively. Next,

let {H(k),k € Z} denote a matrix impulse response. Then, we denote its
transfer function as:

=[] S H(E)
k

Furthermore, the entries of a matrix H are denoted H;;, where subscript ij
denotes the i-th row and the j-th column of H.

Now, consider the linear time-invariant system (LTI) depicted in figure
1 like a Finite Impulse Response (FIR) complex mixture of length L of N
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Fig. 1: Source s is filtered by channel C[z] and observation w is equalized

by H|z].
white random processes. More precisely, denote s = (s1,...,sy5)" the N —
dimensional source vector of complex signals, w = (wi,...,wy)" the N —
dimensional observation vector and @ = (a1, ...,an)" the N — dimensional

estimated source vector. Hence, the multichannel LTI invertible system is
described by the following equation:

w(n) =Y C(n—k)s(k) (1)
k

where {C(n),n € Z} is a sequence of N x N matrices which denote the
impulse response of the LTI mixing filter. Hence, the transfer function of
the channel is the following:

Cl] =) C(k)z*. (2)
k

The multichannel blind deconvolution problem consists of finding a LTI
filter H|[z], also named equalizer, in order to retrieve the N input signals
{si(n),i = 1,..., N}, solely from the observations w(n) of the output of
the unknown LTI channel C[z]. Hence, the estimated source vector is the
following;:

a(n) =Y _ H(n—kw(k) (3)
k

Define the global LTT system G|[z] according to
a(n) =Y _ G(n—k)s(k) (4)
k

with the transfer function
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Now, we take the following definition of paraunitary:

Definition 1: Paraunitary. A N X N rational matriz H|z] is said to be
paraunitary [11] if :
H"[1/2*|H[z] = INn

where In is the N X N identity matrix.

The following hypotheses are assumed:

H1. Inputs {s;(n),i = 1,..., N} are mutually independent and identically
distributed (i.i.d.) zero-mean random processes, with unit variance.

H2. The vector s(n) is stationary up to the considered order r, r > 3, i.e.
Vi € {1,...,N}, the order-r marginal cumulants,

Cllsil = Cum[fi(n), e ,si(n)jff(n), e ,sf(n)J] (6)

-~

p terms g=r—p terms

do not depend on n. For definitions of cumulants, refer to [9] and
references therein.

H3. At most one source has a zero marginal cumulant of order r.

H4. The global transfer matrix, G[z] = H|[z]C|z], satisfies the property
G[z]G"[1/z*] =Ix (7)

and hence
H[2]C[z]C"[1/z*|H"[1/z*] = INn

in other words, G[z] and H|z] are paraunitary.

Remark 1. The constraint of hypothesis H4 is not restrictive. Indeed,
one can always whiten the observations by using a filter that factorizes the
second-order power spectrum, i.e. a classical prewhitening of the observations.
Thus paraunitary filters can be easily obtained by standardization of observations
(second order white with unit covariance).

Considering the previous hypotheses and models, we can make a first
proposition:
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Proposition 1: A N x N FIR paraunitary filter of length L, H|[z], can be
factorized in 3 filters as shown in figure 2:

H[z] = A[z].Q.B[7]

where A[z] and B|[z] are FIR paraunitary filters of length Ly and Ly respectively,

with:
1<L,<Landl1<Ly<L

Lo+ Ly = L+1 with L € 77

and Q is a N X N unitary matriz.

Wy Xq Y1 - ai
e Bl | | Q | AlZ] e
H[Z]

Fig. 2: Factorization of the paraunitary equalizer in 3 filters.

Proof. According to the general factorization of paraunitary matrices
[11], the length L equalizer can be generated as follows:

H[Z] == W1Z1[Z]W2 - ZLfl[Z]WL

where, for the same number N of inputs and outputs, W, p € {1,...,L}
denotes a N x N unitary matrix and Zg[z], k € {1,...,L — 1} denotes a
N x N diagonal matrix:

In_ 0
Zk:[z]:Pi,N( ]\([)1 z_l )Pi,N

where P; y denotes a permutation matrix (i.e swapping components Z;; and
ZnnN)-Matrices W, are generated thanks to Givens matrices, themselves
function of 2 angles (6 and ¢):

I : 0 : 0
cos 6; .-+ sin@;el®i
R(0:i,¢i) =] o : I : 0
—sinfje 9% ... cos6;
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Hence, for N = 2, we take the following equality: W, = R(6,,$p). Case
Ly = 1 (respectively L, = 1) is equivalent to replace A[z] (respectively B|z])
by In. For L, > 1, filter A[z] is defined as the product:
Alz| =W1Zi[z]... Wi,1Z1,-1]7]
and for filter B[z] when L; > 1:
B[Z] = ZLa—f—l[z]WLa—i—Z e ZL_l[Z]WL.

Hence, the unknown unitary matrix @ of the equalizer corresponds to W,
in the general definition of a paraunitary filter. &

Example. In the case of a length 3 equalizer and for N = 2 inputs and
outputs, we have 3 couples of angles to search. Tabular 3 describes filters
A[z] and B|z] for each rotation matrix Q.

Filter Alz] Q searched Filter B[z
IN W1 Zl[Z]WQZQ z W3
lel[z] W2 ZQ[Z]R3
WlZl[Z]WQZQ[Z] W3 IN

Fig. 3: 3 cases for a length 3 equalizer.

Now, consider the followings input-output relations of our filters for NV =

z=B[zlw, y=Qz, a=AlZy.

Those relations can be expressed as a function of two elements: (i) time
instant n with n € Z and (ii) observed signal {w;(n),i € [1,...,N]}. The
previous relations became:

Z Biq(m)wq(n —m),
= Z Qiqq(n)
q

and

ZA“I m)yq(n —m).
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In the remaining, we take the following general notation for cumulants, e.g.
cumulants of vector w :

Legrn(T + 1+ p) = Cumfwe(n — 71 — py — p1),wi(n — 15 — p2 — pa),
wo(n — 73 — p3 — p3), Wh(n — 74 — pa — pa)]. (8)
Now, using the multilinearity property of cumulants, we can express the
input-output relations between all cumulants of the system. Thus, between

estimated source vector a and output vector y of @, we have a convolutive
relation (through A[z]) which leads to:

TG a() = D) Aig(r) A5 (12) Ars(r3) A (Ta) TS, (7 + 1) (9)

T qrst

with g = (u1, po, p3, psa) and 7 = (11,79, 73,74). The range of each 7; is
[0,...,L, — 1]. The input-output relation through @ is:

Fgls,rt("' + ) = Z QqaQrpQscQtal o pa(T + 1) (10)
abed

By combining (9) and (10), we deduce the following relation between computed
cumulants of £ and output cumulants of a:

Tk () =YD 0" Aig(11) A3, (72) Ags (73) Ay (74)

abed T qrst

QqaQrpQscQiaTY, py(T + 1) (11)

Next, the input-output relation between observed cumulants of w and
computed cumulants at the output of B[z] (i.e. cumulants of ) is similar
as equation (9):

T2 pa(m + 1) =Y > Bae(p1)Bis(p2) Beg(p3) Bin (pa) T (T + 1 + p) (12)
P efgh

with p = (p1, p2, p3,p4). The range of each p; is [0,..., Ly — 1]. The global
input-output relation of equalizer H|[z] is not given in this paper since it is
not necessary for the algorithm. Nevertheless it can be easily deduced by
combining (11) and (12).

3 Contrast proposed

Now, let us focus on the contrast used to carry out the equalization of the
system. In the previous section, @ is an instantaneous filter since it is a
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N x N unitary matrix (typically generated from Givens matrices). Thus,
for N = 2, we define it as a function of 2 angles named ¢ and 6:

Q- cos 0 sin fe??
“ \ —sinfe7?  cos

Considering the use of HOS for separating signals, and more precisely of
fourth-order complex cumulants, we have to determine the contrast to use
for this new structure of equalizer.

Definition 2: Trivial filters. The set S of source processes is characterized
by assumptions, such as A1. One defines the set T of trivial filters, as
containing all filters that do not affect these assumptions. In other words,
S is stable by the operation of T. For instance, filters of the form A[z]- P,
where P is a permutation matriz, and A[z] a diagonal filter, do not affect
mutual independence between components of s(n). If in addition s(n) is an
i.i.d. mon Gaussian process, A[z] should contain only pure delays, integer
multiples of the sampling period, and fized complex factors; in other words,
the entries of A[z] are of the form \zF, with k € 7Z.

Definition 3: Contrast. Let H be a set of filters, and denote H -S the
set of processes obtained by operation of filters of H on processes of S. An
approximation criterion, Y(H;x), will be referred to as a contrast defined
on HeH,x€H-S, if it satisfies the three properties below [1]:

. Invariance: The contrast should not change within the set of acceptable
solutions, which means that Ve € H-S, VH € T then Y(H;x) =
Y(I;x).

. Domination: If sources are already separated, any filter should decrease
the contrast. In other words, Vx € S, VH € H, then T(H;x) <
Y(I;z).

. Discrimination: The mazimum contrast should be reached only for
filters linked to each other wvia trivial filters: Ve € S,Y(H;x) =
YILx)=>HeT.

For convenience, we would take p; = 0, Vi € {1,...,4} in equation (8)
and followings. Hence, I'f} .,(p) is rewritten I'f; ; for simplicity.

Now, let us define the contrast to use for equalizing system G|[z].
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Proposition 2: The contrast defined in [3]:

N
H = Arg mﬁx Tia with You= Z T8 “ (13)

=1

with a = 1, is suitable for estimating equalizer H|z].
Remark 2. For a = 1, the previous contrast is the simplest since

polynomial degrees and then time calculus (hence implementation difficulty)
increase proportionally to factor a. Thus, = 1 is simplest than a = 2,
however precision is reduced.

Proposition 3: Since couple of angles (0;,$;) are mutually independent
for all i in {0,...,L — 1}, criteria defined in (138) can be rewritten as the
following:

H = Arg max Y14 (14)

Proof. Indeed, for N = 2, criteria (13) consist of finding couples of angles,
independent from other couples, thanks to @ matrices (called R(6, ¢) in the
proof of proposition 2) which compose the equalizer H|z]. O

Now expanding (11) and collecting terms involving 6 or ¢, we obtain the
following equation for the output cumulants of a:

4 1—a
I‘g',ii = Z Z Kiﬂ”‘*‘l(cos 0)“(sin 9)470‘6](2’34_&74@ (15)
a=0 \[g=0

Consider n = (23 + a — 4), then Ki is a coefficient depending of indices
a,b,c,d and ¢, 7,s,t, and in accordance with a and 7. Expanding equation
(15):

I'd; = Kicos*0+ Kjcos® 0sinfe’
+K3 " cos® @sinfe™? + K3 cos® O sin? 0
+K% cos? 0 sin” 0% + K52 cos® 0 sin® fe 2%
+K1 cos Osin? 9e’? + K, ! cos §sin® e =77
+K3 cos 0sin® 0e3? + KT? cos sin® fe 3%
+K§ sin 6 + K§ sin* 9?7 + ;4 sin? ge=*7¢
+K3 sin* 0e*? + g2 sin* e 2? (16)
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when indices g, 7, s,t and a, b, ¢, d take their values in {1, 2} in case of 2 i.i.d.
sources. Hence, in (16) we have a total of 15 coefficients K¢,. For instance,
K§ corresponds to the sum described in (11) when ¢ = a, r = b, s = ¢, and
t = d, for any delays 7;, i € [0,...,L —1]:

KD =D Aig(mi) A7 (12) Ais(m3) Afy (1a) T, 1o (7)
qrst T
We can simplify (16) thanks to the circularity of cumulants I‘g"ii. Actually,
Vi € N, I‘g’ii is in the real field. Consequently, we have the following
equalities:

Ky = (K3h* 5 K3 = (K3
Kt o= (k7YY 5 K3 = (k)
Ks = (Kgh 5 K = (Kg*)®

Indeed, we work with fourth order circular cumulants; properties of circular
cumulants are defined in [8]. Moreover, one can prove that T'f} ;; is real (and
negative for N-PSK distributions) by applying Cauchy-Schwarz inequality.
Thus, denoting R the real part of a complex number and & its imaginary
part, we can rewrite equation (16) as:
I, = K9 cost 0 + 2 cos® O sin OR(KLe’?)
+ cos? fsin? 9 (ICg + 2%(’C%62J¢))
42 cos @ sin® 0 (%(IC} e’?) + §R(IC§’63J¢))

+sint (icg +2R(Cheb?) + 2%(&36%‘#))
(17)

Both cumulants I‘?’Hl and F%QQ are real, and so we have the expression of
contrast defined in (14):
a
Tig= Z 7% il

7

In this way, we can replace e’ by Euler’s formula so that e’® = cos ¢+ sin ¢.
The relations that ensue are the followings :

cosdp = (cos 2¢)? — (sin 2¢)?
sin4¢ = 2sin 2¢p cos 2¢
cos 3¢ = cos 2¢sin ¢ — sin 2¢ cos ¢

sin 3¢ = sin 2¢ cos ¢ + cos 2¢ sin ¢
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cos2¢ = (cos )% — (sin )2

sin 2¢ = 2sin ¢ cos ¢

1—¢ , 2t
cos</>:1+—t2, 81n¢:1+t2

with ¢ = tan % and thus tan¢ = %, and

1
cosf = —— sinf = v

V1+u? V1+u?

with v = tan8.

In order to maximize contrast expressed in (14), we have to find roots
of the derivatives of (17). The reasoning is the following:

1. rewrite (17) with variables ¢ and u,

2. partially differentiate (17) according to variables ¢ and u, individually,
3. find all pairs of roots (u,t) solving the system of polynomials,

4. test each pair to select the maximum of Yy 4.

Thus, in a first stage, we obtain a system X of 2 polynomials denoted @1 (u, t)
and ®9(u,t) in 2 unknowns (u and t) :

oY
¢1(u7t) = 8,31,4
> =
oY
@2(’(1,,75) = 8;74

Polynomial ®(u, t) is of global degree 12 (8 in variable ¢ and 4 in u) whereas
®y(u,t) is of global degree 11 (8 in t and 3 in u). Next, components of those
polynomials are denoted likewise :

4
Oy(u,t) =Y Agg(t) uP (18)
k=0
3
Dy(u,t) = Y & (t) u” (19)
k=0

System 3. can be solved by using the resultant of a Sylvester matrix.
Hence, considering only variable z for ®;(u,t) and ®5(u,t), and collecting
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8 couples (6,9) solution of Y1 4

0.9

0.8

i’i» 00“\“\91;00“‘\\\\

0.5

A
[ t\\\e\\\,,,» \“\\\"/ wlu‘t‘,’ ’:o“s\\\\\
\ \‘ ,;o
"1 < ‘Q\‘M “““,'/”" o .,:.o .,{ “
A /‘ il \s/é‘o \\\ n Q

0.4
400

400

Angle 6

Angle ¢

Fig. 4: Maximization of the criteria over 8 and ¢.

terms of same degree in u, we obtain a matrix of Sylvester of size 7 x 7. This
size corresponds to the sum of degrees in u of the two polynomials, i.e. 4
for @1 (u,t) and 3 for ®y(u,t).

&o(t) 0 0 0 Ao(t) 0 0
§1(t) &o(t) O 0 A(®) X(t) 0
E2(t) &i(t) &) 0 Xa(t) Mi(t) Xo(t)
E3(t) &a(t) &1(t) &o(t) As(t) Xa(t) Ai(?)
0 &) &) &) A(t) As(t) a(t)
0 0 &) &) 0 () As(2)
0 0 0 &3(t) 0 0 Aq(t)

Remark 3. Global degree of ®3(u,t) has been reduced from 12 to 11 (4 to
3 in variable u) thanks to an obvious root u = 0. Therefore equation (19) is
already divided by u. Since a valid pair of roots (u,t) must satisfy both of
the polynomials of 3., we have 2 roots in variable ¢, reported in polynomial

@1(u,t):
ytVy?+a?

x

tu:O =
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where ¢ = R [K}] + R [(K3)*] = 2R [K1] and y = S [(K1)"] — S [K}] =
—2$ [K3]. Moreover, other relations like those are used in the algorithm in
order to avoid imaginary parts residual. Indeed, only real parts are used in
computing sequences.

Furthermore, in order to reduce time calculus, we compute only the
tensor of cumulants observed from the output of filter B[z]. Hence we need
only (11) for solving system X. As a result, we do not take care of B|z] in
the system and thus we reduce time computation cost.

In addition, we can reduce loops in the algorithm by using a N* x N*
matrix for I‘g;,jl. Actually, (11) uses 8 indices denoted a, b, ¢,d, g, T, s,t each
varying in {1,..., N}. Thus, we have N® values for each 7; fixed (e.g. 256
values for N = 2).

4 Algorithm

In this section we present the new algorithm derived from previous statements.
It has been implemented and results are shown in section 5. Tensors are
grouped like in [4]. The algorithm, for N = 2 sources, is summarized in
figure 5. Describe each step of this algorithm:

(1) Compute tensor of observations (8)
(2) Initialize A and B
(3) for k=1 to L,
(a) Compute tensor (12)
(b) Maximize contrast (14)
(c) Actualize A and B with angles
end;

Fig. 5: Summary of the algorithm

1. Compute the tensor of cumulants F'ég’ (T + p) defined in (8) and of

length L = max {7} + max {p}. Cumulants are standardized since
channel is paraunitary.

2. Initialize the equalizer with zero angles for filters A[z] and B|[z],
3. Loop on the sweeps: k=1,..., L.

(a) Compute the cumulant tensor I'Y, ,,(7) of  (defined in (12)).

The resulting tensor is composed of N2(L — Ly + 1) matrices
each of size N(L — Ly + 1) x N(L — Ly + 1).
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(b) Search couple (0y,¢r) maximizing Y4 defined in (14). Then
angles are reported in R(fy, ¢x) for the global equalizer.

(c) Actualize filters A[z] and B|z] with all known angles (6;, ¢;) for
i€l,... k).

4. Build equalizer H|[z] and separate observations w.

This algorithm consider that angles are all independent.

Remark 4. This algorithm is not yet optimized. Indeed, we suggest two
optimization tips:

e Increasing precision : in order to accurate precision of angles, a loop
on j = 1,...,e can be inserted bellow the loop on k. Effectively, in
the first loop, i.e. k = 1, angles (6;,¢;) for i € [2,...,L —1) are
null and hence values of (61, ¢;) are approximative. If a second loop
on j is inserted, it will re-calculate and increase precision of (61, ¢1)
and following couple since (611, ¢r—1) and previous couple have been
determined approximatively in the first loop. Hence, the largest range
for & we put, the highest precision we get.

e Reducing time calculus : during initialization A[z] and B|[z] are build
from Z[z] and R(0;,¢;) with Vi,0; = 0,¢; = 0. Hence, tensors
components of &, y, or a are taken from tensor of observed cumulants
of w. Thus, we can use the quadratic form of the contrast Y1 4 in order
to find eigenvectors of a 3 X 3 real symmetric matrix, as described in

[2].

5 Computer Results

One consider a FIR complex mixture of length L = 3 of N = 2 QPSK white
processes. The channels are paraunitary in order to preserve second-order
whiteness and are constructed as explain in section 2. Thus, the 6 angles
0;,¢;, for 0 < 1 < L — 1, are drawn according to a uniform distribution
in [0,27) in order to generate paraunitary channels. For each randomly
generated channel, block of noisy observations are generated according to

w(n) = z_: C(k)s(n — k) + pv(n)
k=0

where v(n) is a white circular complex Gaussian noise with identity covariance
matrix, and s;(n) are unit variance QPSK white sequences. Parameter p is
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introduced in order to control the Signal to Noise Ratio per bit (SNR), and
defined as follows:

SNRdb =-20 logm P
Figure 6 shows Symbol Error Rates (BER) for blocks of 500, and 1500

Average Symbol Error Rate with 25 trials

0

g -2
<107k
T
o
s
In]
g
-3
E10 1
n B
\
K
\,
" —< With 500 symbols \
10 ¢ —©- With 1500 symbols : ST
- € Inverse Channel (ZF) : A

10” I I I I I I Y

6 8
Signal to Noise Ratio (dB)

Fig. 6: Symbol Error Rate obtained when a 3-length equalizer is built from
blocks of 500 or 1500 symbols.

symbols over 25 trials. The minimal resolution is (1500 % 25) ! = 2,6.10 5.
Figure 6 presents median results of the 25 trials, i.e. average SER. As a
basis for comparisons, average BER obtained with Zero-Forcing method is
represented too. These curves demonstrate the good performances obtained
for short data block, i.e. 500 symbols only.

6 Concluding remarks

Through this paper, we have presented a new model for paraunitary equalizer
in order to respect the paraunitarity of the channel. Indeed, under this
constraint but with this new model of equalizer, we have demonstrated
that an algorithm could be performed. Then, from theoretical results of
section 2, a numerical algorithm has been implemented in order to measure
performances. Results obtained are very attractive since the algorithm
works very well with a 3-length equalizer. Moreover, optimization tips have
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been proposed in section 4 in order to accurate precision and to reduce time
calculus.
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