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RÉSUMÉ :
Nous évaluons les séries thetas de deux moitiés de l’ombre d un réseau arithmétique impair. Ce résultat est généralisé aux

anneaux et est utilisé ensuite pour construire des codes formellement auto duaux et des empilements de sphères.

MOTS CLÉS :

ABSTRACT:
We derive formulae for the theta series of the two translates of the even sublattice

���
of an odd unimodular lattice

�
that

constitute the shadow of
�

. The proof rests on special evaluations of the Jacobi theta series attached to
�

and to a certain vector.
We produce an analogous theorem for codes. Additionally, we construct non-linear formally self-dual codes and relate them to
lattices.
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Abstract

We derive formulae for the theta series of the two translates of

the even sublattice L� of an odd unimodular lattice L that constitute

the shadow of L� The proof rests on special evaluations of the Jacobi

theta series attached to L and to a certain vector� We produce an

analogous theorem for codes� Additionally� we construct non�linear

formally self�dual codes and relate them to lattices�

KeyWords� Jacobi forms� unimodular lattices� self�dual codes� shadows�

� Introduction

The shadow of a lattice has received some attention since the landmark paper
��� where it was employed to derive upper bounds on the minimum norm of
unimodular odd lattices� The shadow of a code was described in �	� and
numerous papers have generalized these results� In �
�� a careful study of
congruence properties of norms of vectors led to extension constructions for
unimodular lattices and self�dual codes� Building on these latter results� in
the present note we derive closed formulae for the theta series of the two
translates of the even sublattice L� of an odd unimodular lattice L� that
constitute the shadow of L� These formulae can be made more explicit in
the case of a lattice obtained via Construction A�k from a code over Z�k� In a
similar manner we derive an analogous theorem for self�dual codes over Z�k�
An important tool is the Jacobi theta series introduced in ���� and studied
further in ����

� De�nitions and Notations

��� Lattices

An n�dimensional lattice is a discrete additive subgroup of Rn� We attach
the standard inner�product� i�e� for vectors x and y

x � y �Xxiyi�






The norm of x in Rn is x � x� The dual L� of a lattice L is de�ned as

L� �� fy � Rnj �x � L � x � y � Zg�

A lattice is unimodular if it is equal to its dual� A unimodular lattice is
Type II if all its vectors have even norms� Type I otherwise� Consider a Type
I lattice L� Let L� denote the sublattice of even norm vectors of L and L�

its unique nontrivial coset in L� Call further L� and L� the other two cosets
of L� in L��� The unique nontrivial coset of L in L�� is called the shadow of
L �denoted by S� and is equal to L�

S
L��

��� Theta series

The ordinary theta series of a lattice L is

�L�� � ��
X

x�L
qx�x�

where q � exp�i�� �� with � � C and ��� � � ��
The Jacobi theta series attached to a lattice L and a vector y � Rn is

�L�y��� z� ��
X

x�L
qx�x�y�x

where q is as before and � � exp�
�iz�� with z � C� For each k and i �
�� �� 
� � � � � 
k � � put

ti��� z� �
X

r�i �mod �k�

q
r�

�k �r�

where q and � are as before and let Ti�� � � ti��� ��� Further� for any real a
let

ti�a��� z� �� ti��� az��

��� Z�k�Codes

A linear code over Z�k is a submodule of Zn
�k
� We attach the standard inner

product to the space� that is �v�w� �
P
viwi� The dual C

� is understood with
respect to this inner product� A code is self�dual if it is equal to its dual� The

�



Euclidean weight of a vector x � �x�� x�� � � � � xn� is
Pn

i��minfx�i � �
k�xi��g�
A code is Type II if all vectors in the code have Euclidean weights which
are � �mod �k� and Type I otherwise� If C is a Type I code over Z�k and
C� is the subcode of vectors whose Euclidean weight is � �mod �k� then
C� � C � C� and the shadow is C�

� � C � C� � C�� see ��� for a complete
description�

We shall recall the standard A�k construction of a lattice from a self�dual
code over Z�k� De�ne the reduction modulo 
k� by � � Zn � Zn�k� by

��x�� � � � � xn� � �x� �mod 
k�� � � � � xn �mod 
k���

Given a code C over Z�k we construct a lattice by

��C� �
�p

k
fx � Zn j ��x� � Cg� ���

It is shown in ��� that if C is a Type I code then ��C� is a Type I unimodular
lattice� and that if C is a Type II code then ��C� is a Type II unimodular
lattice and that the minimum norm of the lattice is minf
k� dE�k g� where dE
is the minimum Euclidean weight of the code� Moreover� it is shown that
the image of the shadow under � is the shadow of the image� see �
� for a
complete explanation of the connection between shadow codes and shadow
lattices�

A special code we shall use later is the even code En over Z� which is
de�ned as En �� 
Zn

�
� Its complete weight enumerator �de�ned below� is

cweEn � �x� � x��
n�

��� Weight Enumerators

De�ne the complete weight enumerator for a code C over Z�k by

cweC�x�� x�� � � � � x�k��� �
X

Aa��a������a�k��
xa�� x

a�
� � � � x

a�k��

�k�� �
�

where there are Aa��a������a�k��
vectors with ai coordinates with an i� The

symmetric weight enumerator is

sweC�x�� x�� � � � � x�k��� �
X

Aa��a������akx
a�
� x

a�
� � � � xakk ���

�



where there are Aa��a������ak vectors with ai coordinates with an �i� The
Hamming weight enumerator is given by HC�x� y� � swe�x� y� y� � � � � y�� The
minimum Euclidean and Hamming weights of a code are denoted by dE and
dH � The Lee weight of a vector over Z� is the sum of the Lee weights of each
component� The elements have Lee weight corresponding to their binary
image under the gray map� speci�cally� �� �� 
� � have Lee weight �� �� 
� and
� respectively� The minimum Lee weight of a Z� code is denoted dLee�

We introduce the following weight enumerator� For a code C and a vector
y de�ne

JC�y �
X

c�C
x
nij�c�
i�j ���

where nij�c� is the number of coordinates that have an i in c and a j in y�
Observe that for c � C�

c � y �X
i�j

nij�c�ij�

� Evaluations

��� Lattices

We shall state the main result of this section and then give the necessary
lemmas to prove this theorem� The main result of this section is the following�

Theorem � Let L be an odd unimodular lattice of dimension n� Let L�

denote the sublattice of even norm vectors with L� the unique non�trivial
coset in L� and let L� and L� be the other two cosets in L�� with the shadow
S � L� � L�� Set

	n�� � � exp�
i�n



�� � �

�
���

Let y denote an arbitrary element of L�� Then if n 	 � �mod 
� then the
theta series �� and �� of L� and L� evaluate as


���� � � �
i

�
�n����L�� � �

�
� � 	n�� ��L�y�� � �

�
�
�

�
��


���� � � �
i

�
�n����L�� � �

�
�� 	n�� ��L�y��� �

�
�
�

�
��

�



If n 	 � �mod 
� then

���� � � ���� � �
�



�S�� ��

We prepare for the proof by a pair of lemmata� First we note the imme�
diate�

Lemma � ���� � � ���� � � � i
�
�
n
� �L��� �

�
�

Proof� We express �S�� � in two ways by S � L�
S
L� and by ��� ��� p�

����� that is

�L�
�
�� �� �L�� � � �

i

�
�
n
� �L��� �

�
�� ���

�

We proceed by generalizing ��� ��� p� ���� from the theta series to the
Jacobi theta series� That is� we express the Jacobi theta series of the shadow
as a function of the Jacobi theta series of the lattice�

Lemma � For a Type I unimodular lattice L and any vector y � Rn we
have

�S�y��� z� � �
i

�
�n�� exp��i� z

��y � y�
�

��L�y��� �

�
�
z

�
��

Proof� First we express �L��y as a function of �L�y�

�L��y��� z� �
�



��L�y��� z� � �L�y�� � �� z��

Then we use the Poisson Jacobi formula ��� ��� to express �L��y as a
function of �L�

�
�y and �L�y as a function of �L��y� The result follows� �

We can now sketch a proof of Theorem ��
Proof� We compute ����� by splitting the range of summation in the

de�ning equation of �S�y��� �� and using the tables for n 	 � �mod 
� in �
�
which give the orthogonality relations between the cosets Li� to observe that
the power of � is a constant for x � Li and y � L�� The value of �S�y��� ��
can then be obtained from Lemma 
�

	



Since by Lemma � we know �� ��� we conclude by solving a system of
two equations in two unknowns� �� and ���

For the cases when n 	 � �mod 
� we have that the glue group is the
cyclic group of order �� and that L� � �L�� It follows that these theta series
are equal� �

��� Codes

Throughout this section let C be a Type I code and C� its subcode of doubly�
even vectors� and C� � C � C� with S � C�

� � C � C� � C�� Let 
g denote
a g�th root of unity� The matrix A � �aij� is a 
k by 
k matrix with

aij �
�p

k


 i
��ij
	k �

We shall now give an analog to Theorem � for codes over Z�k�

Theorem � Let C be a Type I code of length n� Let C� denote the subcode
of even vectors with C� the unique non�trivial coset in C� and let C� and C�

be the other two cosets in C�
� with shadow C� � C�� Let y denote a constant

vector of C�� Then if n 	 � �mod 
� then the complete weight enumerators
of C� and C� evaluate as


cweC�
�x�� x�� � � � � x�k��� � cweC�A�x�� x�� � � � � x�k���� � ����n� JS�y�
 ij�kxi�j�

�	�

cweC�

�x�� x�� � � � � x�k��� � cweC�A�x�� x�� � � � � x�k����� ����n� JS�y�
 ij�kxi�j�
���

If n 	 � �mod 
� then

sweC�
�x�� � � � � xk� � sweC�

�x�� � � � � xk� �
�



sweS�x�� � � � � xk��

We have the following analog to Lemma ��

Lemma � Let C be a Type I code and A the matrix as de�ned above� then

cweC�A�x�� x�� � � � � x�k���� � cweC�
�x�� x�� � � � � x�k���

� cweC�
�x�� x�� � � � � x�k���

�



Proof� We express cweS�x�� x�� � � � � x�k��� in two ways by S � C�
S
C�

and by ��� Theorem 	�
� p� �
���� that is

cweS�x�� x�� � � � � x�k��� � cweC�A�x�� x�� � � � � x�k����� ���

�

Consider the polynomial JC�y �
P

c�C x
nij�c�
ij � We note that for c � C�

c � y � Pi�j nij�c�ij� and that this product is constant for c � C�� y � C� and
c � C�� y � C�� Hence� it is most useful when y � S� the shadow of the code�

From ��� �corrected in ���� we have

JS�y�Xij� �
�

jCj�T 
 I� � JC�y�X��a�� �
�

where Ta�b � �
	k�ab with a� b � Z�k and ��a� � 
b
�

	k�a� b� with a � �a� b��
Let y � S and substitute Xij � zijxi�j in JS�y�Xij�� Splitting the range of

summation we have

JS�y�z
ij
ijxi�j� � zc��ycweC�

�xi�j� � zc��ycweC�
�xi�j� ����

where ci � y represents the constant inner product of y with an element of Ci�
Note that it was imperative that y be a constant vector for equation �� to
hold�

Using the tables in �
� which give the orthogonality relations between the
cosets Ci� we get the following lemma�

Lemma � Let C be a Type I code then�

cweC�
�xi�j�� cweC�

�xi�j� � ����n� JS�y�
 ij�kxi�j� ����

The proof of Theorem 
 follows directly from the previous lemmata and
that fact that when n is odd� C� � �C��

We give an elementary example of Theorem 
� Let C � E� � f����� �

�� �
��� ��
�g�
Then C� � f����� �

�g� C� � f��
�� �
��g� C� � f����� ����g� and C� �
f����� ����g� Then WC�

� x�� � x�� and WC�
� 
x�x�� Choose y � ����� We

�



have JS�y�Xij� � x����x����
x��x��� then JS�y�
p��xi�j� � �x���x���
x�x��

Finally�

WC�A�x�� x�� x�� x�� � JS�y�
p��xi�j�

� x�� � x�� � 
x�x� � x�� � x�� � 
x�x�

� 
x�� � 
x�� � 
WC�

and

WC�A�x�� x�� x�� x�� � JS�y�
p��xi�j�

� x�� � x�� � 
x�x� � x�� � x�� � 
x�x�

� �x�x� � 
WC�
�

Note that if the vector ���� is used then the theorem does not hold since
it is not a constant vector�

� Applications

��� Construction A�k

Theorem � can only be useful if we know how to compute �S�y� Following ���
we shall denote by �a� the vector

�a� � �a�
� � � � � a�
��
We shall require the following result from ����

Lemma � �Choie�Kim ���	 If L is a Type I lattice obtained by Construction
A�k from a code C then

�L�
a���� z� � cweC�t��a��� z�� t��a��� z�� t��a��� z�� � � � � t�k���a��� z���

Combining this lemma with Theorem � we obtain

Theorem � With the notations of Theorem 
 we have for a Type I lattice�
whose shadow contains �a�� the following identities hold�


���� � � �
i

�
�n���cweC�T��� � �

�
�� T��� � �

�
�� T���� �

�
�� � � � � T�k���� � �

�
��






� 	n cweC�t��a�� � �
�
� �
�
�� t��a��� �

�
� �
�
�� � � � � t�k���a�� � �

�
� �
�
���


���� � � �cweC�T���� �
�
�� T��� � �

�
�� T��� � �

�
�� � � � � T�k����� �

�
��

� 	n cweC�t��a�� � �
�
� �
�
�� t��a��� �

�
� �
�
�� � � � � t�k���a�� � �

�
� �
�
����

��� Shadow sums and extensions

The following construction while implicit in ��� was �rst de�ned in ����� It
generalizes the extensions of �
��

Theorem � �Dougherty�Sol�e �
��	 Let L and L� denote two Type I unimod�
ular lattices of respective dimensions n and n�� The set

L �S L
� ��

��

i��

Li � L�i

is a unimodular lattice of dimension n�n�� It is Type II if n�n� is a multiple
of �� Let C and C � denote two Type I self�dual codes over Z�k of respective
lengths n and n�� The set

C �S C
� ��

��

i��

Ci � C �
i

is a self�dual code of length n� n�� It is Type II if n� n� is a multiple of ��

For instance �


 Zi �S Z
��i � E� for � 
 i 
 �


 D�
�� �S D

�
�� � Niemeier lattice of root system D�

��


 O�� �S Z � ��� the Leech lattice�

��



These results give added importance to Theorems � and 
� since the theta
series of such a lattice is easy to compute if one knows the theta series of the
four cosets of L� into L�� and of the four cosets of L�� into L

��
� � Speci�cally� if

L and L� denote two Type I unimodular lattices of respective dimensions n
and n�� then the theta series of their shadow sum is

�L�SL� �
�X

i��

�Li�L�i�

Additionally� if C and C � denote two Type I self�dual codes of respective
lengths n and n�� then the cwe of their shadow sum is

cweC�SC� �
�X

i��

cweCi cweC�i �

� Constant Vectors and Shadows

In light of Theorem � we would like to know when a constant vector is
contained in the shadow of a unimodular lattice� As an example we note
that ��� � ��

�
� �
�
� � � � � �

�
� is not in the shadow of any unimodular lattice formed

by construction A� from a self�dual code over Z�� Since if ��� were in the
shadow of the lattice then there would exist a vector s in the shadow of the
code such that ��s� � ���� where � indicates the A� construction� Then for
some integer � we have �p

�
� � �

� which implies that
p

 is an integer� giving

a contradiction�
In general we want to know when there is a constant vector in the shadow

of a code over Z�k� We shall develop a general theory and apply it to this
situation�

Let C be a self�dual code over Z�k� We shall give an alternate de�nition
of a shadow and call it the generalized shadow�

Let s be any vector in Zn
�k

such that s � S� s �� C� and 
s � C� De�ne a
subcode of C by

sC� � fv j v � C� �v� s� � �g ��
�

The code sC� is a subcode of index 
 in C and let sC� � C � sC�� Then
sC�

� � C � sS � C � sC� � sC��
Notice that if L � ��C� is the lattice formed from C then ��sC�� �

��s�L� and ��sS� � ��s�L� � ��s�L�� Speci�cally the s�shadow is mapped

��



via the construction to the corresponding ��s� shadow of the lattice� i�e�
sL� � fv j v ���s� � Z� v � Lg� sL� � sL� sL�� and sS � sL�� � sL�

If the vector s � S where S is the standard shadow then sC� � C� and
sS � S�

Let � be a �k�th root of unity� i�e� � � e
��i
�k � First we compute the

complete weight enumerator of the standard subcode C��

cweC�
�x�� x�� � � � � x�k��� �

�



�cweC�x�� x�� � � � � x�k���

� cweC�x�� �
��x�� � � � � �

��k����x�k�����

Speci�cally the second summand replaces xi with �i
�

xi�
Let s be the constant vector s � ����� � � � � ��� Let 	 � e

��i
�k � Now we can

compute cwesC�
for this vector s�

cweC�
�x�� x�� � � � � x�k��� �

�



�cweC�x�� x�� � � � � x�k���

� cweC�x�� 	
��x�� � � � � 	

��k����x�k����

Speci�cally the second summand replaces xi with 	i�xi�
Moreover� note that for a given monomial xa�� x

a�
� � � � x

a�k��

�k�� representing a
vector v we have �v� s� � � if and only if

xa�� x
a�
� � � � x

a�k��

�k�� � xa�� �	
�x��

a� � � � �	��k����x�k���a�k�� �

Hence� if this is a weight enumerator for a subcode D� then D� � sC��
If S contains some constant vector s � ����� � � � � �� then cweC�

� cwesC�

and therefore

cweC�x�� �
��x�� � � � � �

��k����x�k��� � cweC�x�� 	
��x�� � � � � 	

��k����x�k���
����

Theorem � A shadow of a self�dual code C over Z�k has a constant vector
in the shadow S if and only if equation �
�	 holds for some ��

Example� Let C be the self�dual code in Z��� C � f��� �
� 
�� 

g� With
respect to the above k � � and in equation �� we have � � exp��i

� and 	 � i�

�




Then cweC�x�� x�� x�� x�� � x�� � 
x�x� � x��� and

cweC�x�� �
��x�� � � � � �

��k����x�k��� � x�� � x�x� � x��
� cweC�x�� 	

��x�� � � � � 	
��k����x�k����

Hence we see that the shadow contains the all�one vector�
Let s � ����� � � � � ��� we can compute cwesS�x�� � � � � x�k��� easily since

sS � �s�C�� hence if v � C� v � �v�� � � � � vn� then s�v � ���v�� � � � � ��vn��
This gives

cwesS�x�� � � � � x�k��� � cweC�x�� x���� � � � � x�k����� ����

Moreover� given that

cwesC�
�x�� � � � � x�k��� � cweC�x�� � � � � x�k���� cwesC�

�x�� � � � � x�k����

we have

cwesC�
�x�� � � � � x�k��� � cwesC�

�x�� x���� � � � � x�k����� ����

and
cwesC�

�x�� � � � � x�k��� � cwesC�
�x�� x���� � � � � x�k����� ��	�

So if the complete weight enumerator of C is known then it is easy to
compute the complete weight enumerators of cwesC�

� cwesC�
� cwesC�

� cwesC�
�

and cwesS � Moreover� the theta series of the corresponding lattices can also
be computed�

Given s � ����� � � � � ��� a corresponding vector in the induced lattice is
�p
�k
����� � � � � �� is in the s�shadow of the lattice� Hence it will be interesting

to know when there exists a constant vector S such that s � s � C for a
self�dual code C over Z�k�

Theorem 	 Let C be a self�dual code over Z�k then �k� k� � � � � k� � C�
Proof� If x � Z�k then xk � � if x 	 � �mod 
� and xk � k if x 	 �

�mod 
��
Let v � C� we have �v� v� � �� If vi 	 � �mod 
� then v�i 	 � �mod 
�

and if vi 	 � �mod 
� then v�i 	 � �mod 
�� Hence there are evenly
many i �denote the number by 
r� such that vi 	 � �mod 
�� Therefore
�v� �k� k� � � � � k�� � 
rk � �� �

��



Corollary � A unimodular lattice constructed from some code via construc�
tion A�k contains the constant vector �p

�k
�k� k� � � � � k��

An important example of the previous corollary is that any lattice con�
structed from a self�dual code over Z� contains the all�one vector�

Theorem 
 If C is a self�dual code over Z�r of length n �	 � �mod 
r�
then there exists a constant vector s� such that s �� C but s� s � C�

Proof� Theorem 	 gives that �
r��� 
r��� � � � � 
r��� � C� There exists �
such that

�
�� 
�� � � � � 
�� �� C

and
�
���� 
���� � � � � 
���� � C�

Otherwise we would have ��� �� � � � � �� � C� but

���� �� � � � � ��� ��� �� � � � � ��� � n �	 � �mod 
r��

Hence s � �
�� 
�� � � � � 
��� �

If En �� 
Zn
�
then cweEn � �x� � x��n� Computing the left hand of

Equation �� we have �x� � x��n and computing the right side for � � � we
have �x� � x��n� So the all one vector is in the shadow and is not in the
code� i�e� S � sS� where s � ��� �� � � � � ��� Then the associated lattice is in
the desired situation for Theorem ��

Over Zk� with k even we have the natural generalization of the En given
where �k� generates a self�dual code of length � over Zk� �

If Cn � �k���k��� � ���k� then �k� k� � � � � k� � Cn but �
k
� �

k
� � � � � �

k
�� �� Cn�

The complete weight enumerator is easily determined� i�e�

cweCn�x�� � � � � xk���� � �x� � xk�
n�

The left hand side of Equation �� gives �x� � xk�n since �k
�

�k� � �� and the

right hand side of Equation �� gives �x� � xk�n since 	k�
k
�
� � �e

��i

k� �
k�

� � ���
In general� the lattice formed under the image of this code contains the

vector

�k��
k



�
k



� � � � �

k



� �

�p
k�
�
k



�
k



� � � � �

k



� � �

�



�
�



� � � � �

�



� � ����

��



� Formally Self�Dual Codes

A code C is said to be formally self�dual with respect to a weight enumerator
if the weight enumerator is held invariant by the MacWilliams relations�

Theorem � Let C be a Type I code over Z�k with odd length n� The codes
D� � C� � C� and D� � C� � C� are formally�self dual �with respect to the
symmetric or Hamming weight enumerators	 non�linear codes�

Proof� Let WC�X� denote either the symmetric or Hamming weight
enumerator� We note that WC�

�X� � WC�
�X� � �

�WS�X� since n is odd�
Let M �WC�X� denote the action of the variable transformation given by the
MacWilliams relations� Apply the MacWilliams relations to WD�

�X� and
the result is�

�

jD�j�M �WD�
�X�� �

�

jCj�M �WC�
�X� �M � ��



��WC�

�

�X� �WC�X���

�
�



WC�

�

�X� �
jC�

� j

jCjWC�

�X� � jCj

jCjWC�X�

�
�



WC�

�

�X� �WC�
�X�� �



WC�X�

�
�



WC�X� �

�



WS�X� �WC�

�X�� �



WC�

�X�� �



WC�

�X�

�
�



WC�

�X� �
�



WC�

�X� �
�



WS�X� �

�



WC�

�X�� �



WC�

�X�

� WC�
�X� �

�



WS�X�

� WD�
�X��

The same computation holds for D�� since WD�
�X� � WD�

�X�� The code
is nonlinear since the glue group is the cyclic group of order �� �

As a simple example we take the self�dual code of length �� Then D� �
f�� �g� and sweD�

� x�x�� Note that applying the MacWilliams relations
results in x��x

�
�� but that the same is not true for the complete weight enu�

merator�
Let the minimum weight of Ci be denoted by di then this theorem is

especially useful when d� 
 di for i � �� �� �� Then a code is produced with
higher minimum weight than the self�dual code with a weight enumerator
that satis�es the MacWilliams relations�

��



Corollary � Let C be a Type I code of odd length� with D� and D� as de�ned
above� then A�k�D�� and A�k�D�� are sphere packings whose theta series are
held invariant by the Poisson formula� that is

�L�z� � �det L�
�

� �
i

z
�
n
��L�

��
z
��

and whose minimum norm is min f
k� dE�Di�g where dE�D�� is the minimum
Euclidean weight of Di� for i � �� 
�

We computed the swe of fsd codes obtained from cyclic self�dual Z� codes
of ��
�� Some have a better minimum weight than the self�dual codes of the
same length ������ Table XVI� P� 
�
�� This is the case for lengths �� ��� 
�
and ��� Based on the following data and polarization computations akin
to ���� we conjecture that the codewords of �xed Lee composition support
t�designs with

� t � 
 for lengths �� ��� 
�� ��� ��

� t � � for length 
��

Borrowing the notations of ��
�� we give the parameters of our formally self�
dual codes in lengths �� ��� 
�� 
�� ��� �� and ��� Until length 
�� we use
a ��� when the parameter is better than any one known for this length�


 Length �
From the only non trivial cyclic self�dual code C��� ��
� ��� we construct
a formally self�dual code with dH � ��� dLee � ��� dE � �� and

swe �� a
 � � a�c	 � �
 a�b	c� �� c�b	 � 
� a�cb� � 
� ac�b� � � b
�


 Length ��
From the only non trivial cyclic self�dual code C���� �	

� 	�� we con�
struct a formally self�dual code with dH � ��� dLee � ��� dE � � and
swe �� ��� a��c	 � 
�� a�c� � ��� a
c� � �	� a

� c�� � �� a�c�� � ��	� c�b
a� � a�� � ���� b�a�c� � ���� b�a�c	 � �	�� b�ac

	� ��	� a�b
c� � ���� a	b
c	 � �
� a�b
 �

�
� c�b
 � ��
� b�� � 
�� b�a
�

�	




 Length 
�
There are four inequivalent non trivial cyclic self�dual codes� C� �� C�����
�� ��
�� 	�� C� ��
C�����
�� ��
��� ��� C� �� C�����
�� ��
�� �� and an other one C	 generated by
�fh� 
fg� with f �� f�f

�
� � h �� x� � � and fgh � x�� � � with the notation

of ��
�� We obtain�
Code dE dLee dH
C� � � �
C� � � 

C� � 	 �
C	 � � �


 Length 
�
From the only non trivial cyclic self�dual code C�
�� ���
� ���� we construct
a formally self�dual code with dH � ��� dLee � ���� dE � ��� and
swe �� a�� � ��
	 b��a
 � ��	 a��c� � �
�� a��c

�
�
�� a
c�� � �
���
 a��b
c� � 
�
� c�	b


a� � ��
	 b��a� � 
��	 b��c�� � ��
	 b��c� �


�
��� a�b
c��

		�� b��a�c��
���	 a	c��b
���
��
	 b��a
c�������	 b��a�

c���		�
� b��a	c	�����	 b��a��c���
��
	 b��a�c
�����	 b��c��a��		�
 b��ac��
�


���
 c��b
a��
���	� b��a�c	�
���	 b��a��c�

		�� b��c�a��
�
� a�	b
c���


���� b��a�c�������� b��a	c
���
���
 b��a�c�������� b�a�c������� b�a��c
	����� b�a��c�����	�� b��a�c��
���	 a��c	b
������� b�a
c��
���	 b�a�

c����
�
	� b�a�c���
���	� b��c�a��
���	� b��a�c��
��� b������
 b�ac�	�


 Length ��
There are �ve inequivalent non trivial cyclic self�dual codes� C� �� C�������� ��
��� 	�� C� ��
C�������� ���
��� ���� C� �� C�������� ���
��� ���� C	 �� C���	���� ���
� �
� and
C� �� C�������� ���
� �
� with the notation of ��
�� The codes C� and C� have
the same symmetric weight enumerator as do C	 and C�� We obtain�

Code dE dLee dH
C� �� � �

C�� C� �� �
 	
C	� C� �� �� �

��




 Length ��� there exist four inequivalent cyclic self�dual codes� We have�
borrowing the notations of ��
� �

codes generators dLee dE dH t�design
� f�f��h�� 
f�f��f

�
�f

�
�� � � � t � �


 f��f��h�� 
f
�
�f��f�f

�
�� � � 	 t � �

� f��f�h�f��� 
f��f
�
�� 	 � � t � �

� f�f��f
�
��h�� 
f�f

�
� � � 
 t � �

�

and we obtain four formally self�dual codes with minimum weights respec�
tively dLee � 	� dE � �� dH � � for the �rst code� dLee � �� dE � �� dH � 	
for the second code� dLee � �� dE � �� dH � � for the third code and
dLee � �� dE � �� dH � 
 for the fourth code� Their symmetric weight
enumerators can be polarized at most one time� This indicates that these
codes cannot contain t�design with t � ��


 Length �

There is a unique non�trivial self�dual cyclic code � �fh� 
ff�� in the nota�
tion of ��
��� From this code� we construct a formally self�dual code� The
symmetric weight enumerators of the two codes can be polarized at most one
time� Their parameters are�

cyclic code FSD code
dH � � dH � 	
dLee � 	 dLee � �

dE � �
 dE � ��


 Length ��
We construct a formally self�dual code from the quadratic residue code over
Z	� with minimum weight respectively dLee � ��� dE � 
�� dH � �
 and
swe �� ��	��� a��c�� � 
���	�	 a�
c�� � �

�
 a��c�� � �

�
� c��a�� � ������� a��c�	 � �		���� c��a�� � ����	�

� c��a�� � a	
 � ��	���	��
 a��b��c� � �������
� a
��b�
c����	
�	��	 c��a��b���	�������
 c��a��b�������	�� b�	a�������
� b��c�
�
��
��	�� b��c

�
�
��

��� b��a������


�� b��c�����	��
���
 b��c��a���
�����
��
	 b��a��c�
�

����
�


� b��a

��
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�

 b��a��c
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���
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