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ABSTRACT:
Broadcasting is a method of communication in a digraph, in which one vertex broadcasts a message to all other vertices,

by means of calls (along the edges of the digraph) that involve each vertex in at most one call at any one time. We consider
broadcasting in the general grid digraph, with edges determined by an n-dimensional "template" of vectors. Some 20 years ago,
Stout conjectered that the maximum number of vertices that can be informed in t time units is always a degree n polynomial in
t. This has so far only been proved for n=1. We prove Stout’s conjecture in the case when the template F contains a set FE of
linearly independent vectors such that each other vector of F is a convex combination of vectors in FE . A typical exemple is the
template containing the n binary unit vectors multiplied by some large constant k, together with a number of shorter vectors (of
L1-norm less than k) in the first orthant.
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Abstract

Broadcasting is a method of communication in a digraph, in which
one vertex broadcasts a message to all other vertices, by means of calls
(along the edges of the digraph) that involve each vertex in at most
one call at any one time. We consider broadcasting in the general
grid digraph, with edges determined by an n-dimensional `template'
of vectors. Some 20 years ago, Stout conjectured that the maximum
number of vertices that can be informed in t time units is always a
degree n polynomial in t. This has so far only been proved for n = 1.
We prove Stout's conjecture in the case when the template F contains
a set FE of linearly independent vectors such that each other vector of
F is a convex combination of vectors in FE . A typical example is the
template containing the n binary unit vectors multiplied by some large
constant k, together with a number of shorter vectors (of L1-norm less
than k) in the �rst orthant.
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1 Introduction

We view a digraph G as a model of an interconnection network, with vertices
corresponding to the members of the network, and edges corresponding to
the communication links. Broadcasting in the digraph G is a communication
scheme in which one vertex called the originator disseminates a message to all
other vertices by means of calls. Each call takes a unit of time, and a vertex
can only call its out-neighbours. Shouting is a method of broadcasting in
which a vertex can call all its out-neighbours in one time interval. Whispering
only allows one call for each vertex in each time interval. (These terms are
due to Q. Stout [12].) Let !G(t), respectively �G(t), denote the maximum
number of vertices of G that can be informed in t time intervals by whispering,
respectively shouting. (We shall omit the subscript when the digraph G is
understood from context.) Clearly, �G(t) is simply the number of vertices of
G that can be reached from the originator by a directed path of length at
most t.

For a general survey about broadcasting problems we refer the interested
reader to [6], and for more details about the interconnection network model
and the relevance of whispering and shouting to processor-bound and link-
bound networks we refer to [3].

We denote by R the set of all real numbers, by Z the set of all integers,
and by N the set of all non-negative integers.

Let F be a �xed �nite set of vectors in Zn, called the template. The
grid with template F is the digraph G(F ) with the vertex set f

P
f2F cf � f :

cf 2 Ng and edges uv such that v = u + f , for some f 2 F . The edge
uv with v = u + f is said to be of type f . We shall write G(f0; f1; : : :) for
G(ff0; f1; : : :g). We shall also write !F and �F for the functions !G(F ) and
�G(F ) respectively. Note that G(F ) contains the origin, and a directed path
from the origin to every other vertex. Suppose F 0 � F and v 2 V (G(F ));
then v + G(F 0) is the subgraph of G(F ) induced by all vertices of the form
v + w;w 2 G(F 0). (We call v +G(F 0) a shift of G(F 0).)

Broadcasting in grids was �rst studied by Farley and Hedetniemi [2], in
the special case when the template F consists of the 2n integer unit vectors
(1; 0; 0; : : : ; 0); (�1; 0; 0; : : : ; 0); : : : ; (0; 0; 0; : : : ; 1); (0; 0; 0; : : : ;�1). While shout-
ing in such a simple grid is trivial, whispering is not, and [2] conjectured the
exact value of !F (t). This conjecture was veri�ed for n = 2 by C.S. Ko [9, 10]
and G.W. Peck [11]; however for n > 2 it was shown false, by both these
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authors. Ko computed the exact value of !F (t) for n = 3, Peck computed
the two highest order terms of !F (t) for general n. (The exact form of !F (t)
for general n is still not known.)

For all the templates F for which !F (t) was computed exactly, it turned
out to be a polynomial in t, and Q. Stout [12] conjectured that !F (t) is always
(for any template F ) a polynomial in t, for su�ciently large t. (The degree
of the polynomial is the dimension of the space spanned by the template.)
This has still not been proved, even for the above special template of unit
vectors. However, it has been veri�ed for general F when n = 1 [7].

We shall prove Stout's conjecture in the special case when the template
F contains a subset FE of linearly independent vectors such that each f 2
FN = F � FE is a convex combination of FE, i.e., f =

P
e2FE

re � e, where
each re is a non-negative real number and

P
e2FE

re < 1. (In other words,
each f 2 FN is in the convex hull of FN [ f0ng.) We shall call the vectors
e 2 FE extreme, and the vectors f 2 FN non-extreme. A particularly simple
situation when this assumption applies is when the template contains the
n vectors (k; 0; 0; : : : ; 0), (0; k; 0; : : : ; 0); : : : ; (0; 0; 0; : : : ; k), for some positive
integer k, together with any number of non-negative vectors with L1-norm
less than k.

F={(5,0), (0,4)
(1,2), (2,2), (3,1)}

Figure 1: A typical template

Stout also conjectured that �F (t) is always (for any template F ) a poly-
nomial in t, for su�ciently large t. This was proved by Klarner [8]. When
n = 2, the exact form of this polynomial was determined in [4, 5]. For n > 2,
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[5] determined the highest order term of the polynomial �F (t). (Previous
to [5], S. Djelloul [1] obtained these results for the special case where F

consists of vectors with exactly one non-zero coordinate.) Stout has given
an asymptotic estimate of the di�erence �F (t) � !F (t): it turns out to be
�F (t) � !F (t) = O(tn�1). It follows that if F spans Rn, then the highest
order term of �F (t) is also the highest order term of !F (t). (Thus asymp-
totically grids can disseminate information just as quickly by whispering as
by shouting.) Our proof of Stout's conjecture (in the special case detailed
above) amounts to calculating the di�erence �F (t) � !F (t) more precisely.
We prove the conjecture by verifying that this di�erence is a polynomial of
degree at most n� 1.

We call �(F ) = f
P

f2F cf � f : cf 2 Zg the lattice of F . We also write
�(f0; f1; : : :) for �(ff0; f1; : : :g). Two vectors of Zn with di�erence in �(F )
are called congruent modulo �(F ). Note that �(F ) strictly contains all ver-
tices of G(F ).

In a digraph G with originator o, we denote by dG(v) the length of a
shortest directed path from o to v. If G is understood from the context we
omit the subscript G. In G(F ), the grid with template F , the originator
is the origin 0n, and we write dF (v) for dG(F )(v). Note that dF (v) is the
minimum value of

P
f2F cf , with all cf 2 N , such that v =

P
f2F cf � f . We

write v �=
P

f2F cf � f to signify that v =
P

f2F cf � f and dF (v) =
P

f2F cf .

LEMMA 1 For each non-extreme vector f there exists an integer kf such
that any shortest path starting from the origin 0n has at most kf edges of
type f . In other words, if v �=

P
f2F cf � f , then for each f 2 FN , we have

cf � kf .

Proof: Recall that each non-extreme vector can be written as f =P
e2FE

re � e, where each re is a non-negative real number and
P

e2FE
re < 1.

Since the vectors e are in Zn, the coe�cients re may be chosen to be rational
numbers, and thus there exists a positive integer k and positive integers ce,
e 2 FE, such that k � f =

P
e2FE

ce � e and k <
P

e2FE
ce. We let kf be the

smallest integer k for which this is possible. It follows that a shortest path
from 0n can never use kf (or more) edges of type f . 2

It is clear from these de�nitions that any whispering scheme requires at
least d(v) units of time to inform v. A scheme that informs v after d(v) + i

units of time is said to have delay i at v; also the call that informed v at
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time d(v) + i (and the edge on which it happened) is said to have delay i.
The delay of a whispering scheme is a maximum delay of any vertex under
the scheme, except possibly for a �nite set of vertices v. Speci�cally, we say
that a scheme has delay i if almost all vertices (all except for �nitely many)
have delay at most i.

Consider a whispering scheme in an arbitrary digraph G. The originator
only made one call with delay 0, and the vertex so informed also only made
one call with delay 0, and so on. Thus the edges with delay 0 form a path
starting at the originator. We call this path the delay-0 path. A vertex
lying on the delay-0 path possibly informed another one of its neighbours
(in addition to the neighbour it informed with delay 0) by a call with delay
1. This neighbour may have, in turn, immediately made a call to one of its
neighbours, who in turn immediately informed another vertex, and so on.
These calls will all have delay 1, and form a delay-1 path. Any vertex on
the delay-0 path can begin a delay-1 path. We can always organize the calls
so that these paths (of delay 1) are disjoint from one another; thus we can
select paths of delays 0 and 1 which form a tree. Delay-i paths, with i > 1,
are de�ned analogously { any vertex on the tree formed by the delay-j paths
with j < i can begin a delay-i path.

We now derive an upper bound on !F (t), the number of vertices that can
be informed in G(F ) in time t. Crucial for this estimation is the observation

that at most

 
t

j

!
vertices can be informed along paths of length t� j; 0 �

j � t. Indeed, for each set S of j time periods from 1; 2; : : : ; t, at most one
vertex can be informed by a path of length t� j on which a call is made for
all time periods except those in S. Let now s be a �xed non-negative integer,
and consider all t � s. There are �F (t� s) vertices v with dF (v) � t� s, and
the vertices with dF (v) > t� s can only be informed along paths of length at

least t� s+ 1; thus there can be at most
P

j�s�1

 
t

j

!
such vertices. Thus

we conclude:

LEMMA 2 For any s; 0 � s � t,

!F (t) � �F (t� s) +
X

0�j�s�1

 
t

j

!
:

2
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Moreover, we also see from the proof that any scheme that informs all

vertices v with dF (v) � t � s and exactly

 
t

j

!
vertices with dF (v) =

t� j; 0 � j < s is optimal.

2 Basic Schemes

We assume from now on that F � Zn consists of vectors f0; f1; : : : ; fp�1,
where FE = ff0; f1; : : : ; fm�1g are linearly independent, and FN = ffm; fm+1,
: : : ; fp�1g are convex combinations of vectors from FE. (Note that m � n.)

We shall �rst explain how to broadcast in G(FE). This solves the problem
(and proves Stout's conjecture) in the case when FN = ;, i.e., when all vectors
of F are linearly independent.

Since the vectors are linearly independent, each vertex v of G(FE) has
unique coordinates (c0; c1; : : : ; cm�1) with v =

P
i ci � fi. The following will

be our basic `backbone' whispering scheme: The delay-0 path starts at
the origin o = 0n (whose coordinates are (0; 0; : : : ; 0)), and makes only
calls on edges of type f0. For any i; 0 < i < m, each vertex with coor-
dinates (c0; c1; : : : ; ci�1; 0; 0; : : : ; 0) begins a delay-i path which makes only
calls on edges of type fi. Let us now look at this whispering scheme from
the perspective of an arbitrary vertex v; assume that v has coordinates
(c0; c1; : : : ; ci; 0; 0; : : : ; 0) with ci > 0. It receives its information, with delay
i, along an edge of type fi, from the vertex with coordinates (c0; c1; : : : ; ci �
1; 0; : : : ; 0). It begins whispering as soon as it is informed, and makes the
calls to its neighbours on edges of the types fi; fi+1; : : : ; fm�1, in that order.
Clearly, in this scheme each vertex is informed with delay at most m � 1.
Thus all vertices v with dFE (v) � t � m + 1 are informed within time t.
Let us now consider vertices v with dFE (v) = t � j where 0 � j � m � 2.

We claim that within time t the scheme informs precisely

 
t

j

!
such ver-

tices. Indeed, let S consist of the j time periods s1 < s2 < : : : < sj from
1; 2; : : : ; t. The path of length t � j on which the information is passed
during all times other than those in S informs the vertex with coordinates
(s1 � 1; s2 � s1 � 1; s3 � s2 � 1; : : : ; sj � sj�1 � 1; t � sj; 0; 0; : : : ; 0). Thus
di�erent sets S result in informing di�erent vertices v with dFE (v) = t� j.
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delay 0

delay 1

delay 2
5

5

5

5

5

4 4 5

5

3

3

2

4

54

5

3

4

5

4

Figure 2: The backbone scheme of three independent vectors in Z3

Thus, according to Lemma 2 (with s = m� 1) and the remark following
it, we have an optimal scheme, i.e.,

!FE (t) = �FE (t�m+ 1) +
X

0�j�m�2

 
t

j

!
:

Since �FE (t) is a degree m polynomial (for large t) according to [8], the same
is true of !FE (t).

If FN is not empty, we shall begin by whispering in G(FE) as explained
above, and then proceed to inform the remaining vertices of G(F ) along a
tree-like scheme using vectors of FN . This is similar in principle to what is
done in [7] for n = 1. In fact, our `one-orthant' case can best be viewed as
a generalization of the `one-directional' case of [7] - this is the case of n = 1
with all f 2 F positive. (However, applying our techniques to n = 1 o�ers a
simpli�cation of the schemes from [7].)

Before proceeding with our proof, we give a few motivating examples.
First, we shall take a template F with exactly one extreme vector. We

may assume that n = 1, i.e., that F consists of one-dimensional vectors.
Thus let F = f5; 3; 2g, i.e., f0 = 5; f1 = 3; f2 = 2.
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0

0

3

542

6

G(f0)
 T

T

F = f5; 3; 2g

Figure 3: A one-dimensional example

Figure 3 shows the grid G(f0) in which we have attached at each vertex a
copy of a particular tree T . The resulting graph, which we shall call G(f0)
T
(cf. below), is a subgraph of the grid G(F ), in which the distances from the
origin (to all other vertices) are the same as in G(F ). Moreover, in this
example the subgraph is spanning, i.e., contains all vertices of G(F ). (Note
that 1 is not a vertex of G(F ).)

delay 1

delay 0

Figure 4: A whispering scheme

In Figure 4 we show a whispering scheme for G(f0; f1; f2) using the edges
of G(f0)
T . The delay-0 path consists of all edges of G(f0) and is indicated
by the solid lines. The delay-1 paths are depicted by interrupted lines. They
consist of certain paths taken out from the tree T , followed by repeating
edges of type f0. (All the paths shown are continued by edges of type f0.)
The delay-1 paths are organized in such a way that all su�ciently large
vertices i are covered by the tree of delay-0 and delay-1 paths. On the other
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hand, there is a �nite number of vertices of G(F ) which are not informed
by this scheme - namely 2; 4; 7 and 9. Nevertheless, these vertices are easily
informed by ad hoc paths when t is large enough; for instance, the origin 0
is only needed to make calls at times 1 and 2, and so is free to inform 2 at
time 3, which can call 4 at time 4, and so on.

In what follows we shall explain how to construct a suitable tree T , and
how to organize the broadcast in G(FE)
T . Unfortunately there are several
complications not present in the case of just one extreme vector. We �rst give
an example with two extreme vectors, which illustrates some (but not all) of
the di�culties. We then give the general proofs, although we do emphasize
the case of two extreme vectors, as the notation in the most general case
tends to obstruct the ideas.

We �rst formally de�ne the digraph G(FE) 
 T . Assume that T is a
subtree of G(FN) containing the origin. If T contains at most one vertex
from each congruence class modulo �(FE), then we say that T is consistent
(with respect to FE). A consistent tree is complete if it contains exactly
one vertex from each congruence class. Given a consistent tree T we de�ne
G(FE)
T to be the subgraph of G(F ) induced by vertices of the form v+u,
where v 2 V (G(FE)) and u 2 V (T ). (Whenever G(FE)
 T is mentioned, T
is assumed to be consistent with respect to FE.) Since T is consistent with
respect to FE, v + u = v0 + u0, with v; v0 2 V (G(FE)) and u; u0 2 V (T ),
is only possible when u = u0 and v = v0. Thus each vertex of G(FE) 
 T

can be uniquely written as u+
P

0�i�m�1 ci � fi, i.e., has unique `coordinates'
(u; c0; c1; : : : ; cm�1); u 2 V (T ); ci 2 N . Note that G(FE)
T contains G(FE).
In fact, G(FE)
T can best be visualized as a cartesian product of G(FE) with
T ; in particular, it contains a copy of T `planted' at each vertex v of G(FE)
(this is the tree induced by the vertices with coordinates (v; c0; c1; : : : ; cm�1)
with �xed c0; c1; : : : ; cm�1). We say that G(FE) 
 T is isometric in G(F )
if the distances from the origin are the same in both these graphs (for all
vertices of G(FE)
 T ). Sometimes we just say that T is isometric, meaning
G(FE)
 T is isometric in G(F ).

If we are lucky enough to �nd an isometric tree T that is consistent with
respect to FE and covers all vertices of G(F ) (or at least leaves uncovered
only a �nite number of them), we can attempt to broadcast in G(FE)
T as
in the one-dimensional example (see the next Theorem). However, most of
the time we shall have to be satis�ed with a tree T which leaves uncovered
in�nitely many vertices of G(F ).
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(0,0)

(6,3)=(2,3)

(6,4)=(2,0)

(4,2)=(0,2)

(4,3)

=

(0,3)

(2,2)

(0,1)

(2,1)

T

(Labels

modulo

(2; 1); (0; 1)g

�(f0; f1))

F = f(4; 0); (0; 4)

Figure 5: A tree that fails

In Figure 5, f0 = (4; 0); f1 = (0; 4); f2 = (2; 1); f3 = (0; 1), where m = 2,
i.e., f0; f1 are extreme, f2; f3 non-extreme. This digraph G(F ) has eight
congruence classes modulo �(f0; f1), and the tree T shown in the �gure
is isometric, consistent (and complete), with respect to ff0; f1g. Yet the
�gure shows that the graph G(f0; f1)
 T does not cover any of the vertices
(0; 4� + 2); (0; 4� + 3); (2; 4� + 3); (2; 4� + 4); � � 0, of G(F ).
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(0,0) (0,0)

T1T

Figure 6: Tree T and T1 planted in the appropriate places

In Figure 6 we suggest a remedy: A new, larger, isometric tree T1 is given,
this time consistent only with respect to ff1g, and planted instead of T at
all vertices of G(f1). The resulting digraph, shown in Figure 6, covers all
vertices of G(F ).

In Theorem 5 we explain how to �nd the right trees and plant them at the
right places. For the remainder of this section we concentrate on broadcasting
in the resulting graph.

First we show an example of a whispering scheme for two extreme vectors.
To focus on the essence of the problem we shall take a simpler example

than the one given above. In the example in Figure 7 we have the template
with extreme vectors f0 = (2; 0); f1 = (0; 2) and non-extreme vectors f2 =
(1; 0); f3 = (0; 1), and a consistent and isometric tree T . (In this example
we do not have the complication discussed in Figures 5 and 6 - indeed, this
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time G(f0; f1)
 T does cover all vertices.) We may try to broadcast in each
shift (�; 0) + G(f1); � � 0, using the one-dimensional strategy illustrated in
Figure 4; this results in a broadcast shown in Figure 7:

T
F

delay 0

delay 1

delay 2

(0,0) (1,0)

(0,1) (1,1)

(0,2)

(0,1)

(1,0)

(0,0) (2,0)

Figure 7: A broadcast that fails
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This time, in�nitely many vertices of G(f0; f1)
 T were left uninformed.
(They are marked by empty circles.) Figure 8 suggests a way to inform such
vertices. By `shifting' the scheme in G(f1) four steps upward (in other words,
to (0; 4) + G(f1)), we were able to leave enough room to start horizontal
broadcasts in G(f0) and (0; 2) +G(f0), which inform all the missed vertices.

Figure 8: A scheme that informs almost all vertices
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This kind of these whispering scheme can be constructed for any G(F 0)

T 0, where F 0 is a linearly independent set of vectors, and T 0 is consistent
with respect to F 0. (The example in Figure 8 takes once F 0 = ff0; f1g with
tree T 0 = T , and once F 0 = ff1g with tree T 0 = T1. More general situations
are discussed after the proof.)

THEOREM 3 Let F 0 � FE and let T 0 be a subtree of G(F ) consistent with
respect to F 0. Let k be a positive integer such that each vertex of G(F 0) has
been informed with delay k � 1, and is free to broadcast with delay k.

Then almost all vertices of G(F 0) 
 T 0 can be informed with delay k.

Note that the standard backbone scheme in G(FE) does inform each ver-
tex of G(FE) with delay at most m � 1 and leaves it informed and free to
broadcast with delay m. Thus we can apply the theorem with F 0 = FE,
T 0 = T , and k = m, assuring that in G(FE)
T there is a whispering scheme
of delaym. However, just as in Figure 8, we will need `shifted' schemes which
may have some other delays, and also we will have situations where some of
the vertices of G(F 0) have been informed in some other ways. The proof
below does not depend on the particular way G(F 00) has been informed, as
long as the hypotheses of the Theorem are ful�lled.

Proof. We number the vertices of T 0 in reverse breadth �rst order, i.e.,
u0; u1; : : : ; ur = 0n so that dF (u0) � dF (u1) � : : : ; dF (ur) = 0. Let Ps be the
path in T 0 from 0n to us, for s = 0; 1; : : : ; r.

We will proceed by induction on m = jF 0j. Assume �rst that m = 1
(cf. Figure 3): Thus F 0 = ff0g, and the vertices of G(F 0), assumed to have
been informed with delay k � 1, have the form i � f0; i 2 N . The vertices of
G(F 0) 
 T 0 have coordinates (us; i), where s = 0; 1; : : : ; r, and i 2 N . We
claim that almost all of them can be informed with delay k. Each vertex
i � f0 with 0 � i � r � 1 (this is the vertex with coordinates (ur; i)) will
begin a delay-k path which begins with edges of types found on the path
Pi, and then repeatedly takes edges of type f0 (cf. Figure 3). Because of
the consistency of T 0 and the special numbering of the vertices of T 0 (and
hence of the paths Pi), these delay-k paths are disjoint. It follows that all
vertices with coordinates (us; i); s = 0; 1; : : : ; r, i � r, are reached with delay
k or less. This scheme misses only �nitely many vertices, and we have a
whispering scheme of delay k.
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We note for future reference that by limiting the delay-k paths to those
starting only at i � f0; i 2 I for some set I � f0; 1; 2; : : : ; r � 1g, we will
inform exactly the vertices with coordinates (ui; j); i 2 I; j 2 N (vertices
corresponding to ui; i 2 I, in all of the trees planted inG(f0)), except possibly
for a �nite set of vertices.

We also note that we can apply schemes to shifts of their original domain:
A whispering scheme on G(F 0) is applied to its shift v +G(F 0) by changing
each call from a to b into a call from v + a to v + b. We shall say that we
have shifted the scheme on G0 by the vector v.

Before giving the general inductive step, we explain the idea for m = 2
(cf. Figure 8): thus let F 0 = ff0; f1g. The vertices of G(F 0) 
 T 0 consist of
the union of the vertices of [i � f0 +G(f1)]
 T 0; i 2 N . They are assumed to
have been informed with delay at most k � 1. We proceed as follows: For
each i > r we shift the scheme from G(f1)
 T 0 by the vector i � f0. For each
0 � i � r we shift the same scheme by the vector i � f0 + (r + 1) � f1. The
shifted scheme in [i � f0 +G(f1)]
 T 0 informs all its vertices except possibly
some of the vertices of the copies of T 0 planted at i � f0 + j � f1 with j � r.
To take care of this in�nite set of vertices, we shall shift, for each 0 � j � r,
the scheme from G(f0)
T 0 by the vector j �f1, but limiting it to inform only
those vertices i �f0+j �f1+u; i 2 N;u 2 V (T 0), for which (r+1) �f0+j �f1+u

has not been informed by the scheme in [(r + 1) � f0 + G(f1)] 
 T 0. These
calls are disjoint from other delay-k calls, and they assure that, except for
pairs i; j with i � r and j � 2r + 1, the copy of T 0 planted at i � f0 + j � f1
has all its vertices reached with delay k or less.

We now prove by induction on m that there exists a constant rm and
a whispering scheme on G(F 0) 
 T 0 which reaches with delay at most k all
vertices with coordinates (u; i0; i1; : : : ; im�1), where u 2 V (T 0) and ij > rm
for at least one j, and that the scheme can be restricted to inform only those
vertices with coordinates (ui; i0; i1; : : : ; im�1) with i 2 I, for any subset I of
f0; 1; : : : ; r�1g. We have just shown that this is so for m = 1, with r1 = r�1
(and for m = 2, with r2 = 2r + 1).

Assuming the assertion for m � 1, we de�ne the whispering as follows:
For each i0 > r1 we shift the scheme from G(f1; : : : ; fm�1)
T 0 by the vector
i0 � f0. For each 0 � i0 � r1 we shift the same scheme by i0 � f0 + (rm�1 +
1) � f1. For any 0 � i0 � r1; 0 � i1 � rm�1, we shift the scheme from
G(f2; : : : ; fm�1)
T 0 by the vector i0 �f0+ i1 �f1+(rm�1+1) �f2. We continue
this way, shifting for each j � m � 1, and 0 � i0 � r1; 0 � i1 � rm�1; 0 �
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i2 � rm�1; : : : ; 0 � ij�1 � rm�1, the scheme from G(fj ; : : : ; fm�1)
T 0 by the
vector i0 �f0+ : : :+ ij�1 �fj�1+(rm�1+1) �fj. At this point consider the copy
of the tree T 0 planted at a vertex

P
0�j�m�1 ij � fj. If for some j � 1 we have

ij � rm�1, then all vertices of the tree are reached with delay at most k. On
the other hand, if all ij � rm�1, except for i0, the tree may contain vertices
not informed with delay k, even if i0 is very large. Therefore we shall shift
the scheme from G(f0)
 T 0 by each

P
1�j�m�1 ij � fj with all ij � rm�1, but

limiting it to inform only those vertices i0 � f0 +
P

1�j�m�1 ij � fj + u; i0 2 N ,
for which (r1 + 1) � f0 +

P
1�j�m�1 ij � fj + u has not been informed by the

scheme in [(r1 + 1) � f0 + G(f1; : : : fm�1)]
 T 0. These calls assure that each
vertex with coordinates (u; i0; i1; : : : ; im�1); u 2 V (T 0), is reached with delay
k or less, unless i0 � r1 and all ij � 2rm�1 + 1.

Because of the way we have informed the vertices, by shifting lower di-
mensional schemes, it is still the case that, for any set I � f0; 1; : : : ; r�1g, we
can restrict the scheme to inform only the vertices corresponding to ui; i 2 I,
in all of the copies of T 0 planted in G(F 0).

This completes the induction (with rm = 2rm�1 + 1), and the proof of
Theorem 3. 2

It is easy to see that this technique actually applies in the cartesian prod-
uct of the graph G(F 0) (with F 0 linearly independent) and any connected
digraph H; all vertices can be informed with delay at most m = jF 0j.

3 Whispering in G(F )

In the previous section we have shown how to broadcast in G(FE)
 T , if T
is consistent with respect to FE. Suppose we could �nd a tree T consistent
with respect to FE, such that G(FE)
 T is isometric in G(F ), and contains
almost all vertices of G(F ). Then Theorem 3 would produce a whispering
scheme of delay m = jFEj in G(F ) (which would be optimal).

Unfortunately we cannot always �nd such a tree T ; however, we shall
still be able to use the whispering schemes from Theorem 3 on subgraphs of
G(F ) so that almost all vertices are informed with delay at most n.

Our �rst observation is that there is a consistent tree T for which G(FE)

T contains all those vertices of G(F ) which can be written as

P
f2F xf � f

so that all the coe�cients xe of the extreme vectors e 2 FE are su�ciently
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large:

LEMMA 4 There exists a tree T consistent with respect to FE, such that
G(FE)
T is isometric in G(F ) and contains all vertices of

P
e2FE

J �e+G(F ),
for some constant J .

Note that by the conclusion of the lemma we see that T is also complete.

Proof. By Lemma 2, there exist constants kf ; f 2 FN , such that each
shortest path from the origin has at most kf edges of type f . Let C be
a congruence class modulo �(FE), and let v be an element of C in G(F ).
Consider the in�nite sequence v + j �

P
f2FE

f , for j 2 N , of elements of C
in G(F ). For each v + j �

P
f2FE

f , choose one shortest path (in G(F )) from
0n, and consider the numbers xf of edges of each type f; f 2 FN . Since each
xf � kf , in�nitely many v+

P
f2FE

j � f will have exactly the same numbers
xf ; f 2 FN . We moreover assume that the choice of v 2 C and all the choices
of xf were made in such a way that

P
f2FN

xf is as small as possible.
Let PC be a path starting at the origin which has xf edges of type f , for

each f 2 FN . There exists a subscript jC such that all vertices v+
P

f2FE
jf �f

with all jf � jC admit a shortest path from the origin which consists of PC
followed by a non-negative number of edges of types f with f 2 FE. Indeed
let jC be the �rst subscript such that v +

P
f2FE

jC � f has a shortest path
consisting of PC and non-negative numbers jf of edges of type f; f 2 FE. For
any v+

P
f2FE

jf � f with all jf � jC there exists a j0 � jf ; f 2 FE for which
v+

P
f2FE

j0 �f also has a shortest path consisting of PC and j0f � jf edges of
type f; f 2 FE. Since a restriction of a shortest path must also be a shortest
path, it follows that v+

P
f2FE

jf �f also has a shortest path consisting of PC
and non-negative numbers of edges of types f; f 2 FE. Suppose we found
a path PC and the corresponding value j = jC for each congruence class C
modulo �(FE). Let J be the maximum of the values jC , and let T be a tree
obtained from the union of the PC in which the distances from the origin
are the same as on the paths PC . (It is enough to recursively de�ne T by
starting with one PC and then adding for each next PC only that part which
goes up to the �rst common vertex with the already constructed tree.) We
now conclude that G(FE)
T contains all vertices of G(F ) +

P
f2FE

J � f . 2

Thus G(FE) 
 T covers all vertices of G(F ) which can be written asP
f2F xf � f , where xf � J for all f from FE. Note that when jFEj = 1,
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this scheme leaves uninformed only �nitely many vertices of G(F ), and thus
represents a scheme of delay 1. In particular, when n = 1 we must have
jFEj = 1, and so we have a new, and simpler, proof of the one-directional
result from [7]. For general FE, we could have in�nitely many uncovered
vertices, cf. Figure 5. To deal with this situation, we shall partition the
vertices ofG(F ) into subgraphs which are shifts of other subgraphs G(F 0)
T 0

with suitably consistent trees T 0, which together cover almost all vertices of
G(F ).

We shall �rst explain how this works in the case of two extreme vectors.

THEOREM 5 There exists a constant K, such that for each j = 0; 1; : : : ;K�
1, there exist trees T 0

j ; T
1
j (consistent with respect to ff0g; ff1g respectively),

and constants K0
j ;K

1
j , such that the digraphs

� G0;1 = [K � f0 +K � f1 +G(f0; f1)]
 T ,

� G0
j = [K0

j � f0 + j � f1 +G(f0)]
 T 0
j , for j = 0; 1; � � � ;K � 1, and

� G1
j = [j � f0 +K1

j � f1 +G(f1)]
 T 1
j , for j = 0; 1; � � � ;K � 1,

1. are pairwise vertex-disjoint,

2. each is isometric in G(F ),

3. and their union U contains almost all the vertices of G.

The vertices of G0;1 are all those vertices of G(F ) which can be written
as x0 �f0+x1 �f1+v where v is in T and both x0 � K and x1 � K. Similarly,
the vertices of G0

j are all those vertices of G(F ) which can be written as
x0 � f0 + j � f1 + v, where v is in T 0

j and x0 � K0
j , etc.

Proof. We denote by V the (�nite) set of all vectors
P

f2FN
xf � f with

each xf � kf . Note that it follows from Lemma 2 that every vertex v of
G(F ) satis�es v �= w +

P
f2FE

xf � f for some w 2 V .
For any two vectors v; v0 2 V which are congruent modulo �(f0; f1), we

consider the unique integers l;m such that v � v0 = l � f0 +m � f1. Let I be
the maximum of all jlj and jmj over all such pairs of vectors v; v0. Since V is
�nite, I is well de�ned. This de�nition assures the following fact:
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LEMMA 6 If v 2 G(F ) is not in G(FE)
T then v �= w+
P

f2FE
xf � f for

some w 2 V , where at least one of the coe�cients xf is strictly smaller than
I + J .

Proof: Indeed, we know that v �= w +
P

f2FE
xf � f for some w 2 V .

There exists a vertex u in the tree T congruent to w modulo �(FE), i.e.,
w = u+

P
f2FE

yf � f with all jyf j � I. Thus

v = u+
X
f2FE

(xf + yf) � f:

According to Lemma 4, one of the coe�cients xf + yf is smaller than J , and
hence at least one of the coe�cients xf must be strictly smaller than I + J .
2

We shall now proceed to de�ne the trees T i
j and the constants K i

j . The
vertices of all the trees T i

j will be from V , and their edges will be of type
from FN .

Initially, we take all trees T i
j equal to T , and all constants K i

j equal to
K = I + 2J . Note that these choices satisfy the conditions 1,2 but not
necessarily 3. (However, all but �nitely many vertices of G(FE) 
 T are in
U .) We shall show that as long as 3 is not satis�ed, one of the trees T i

j can be
enlarged while maintaining the conditions 1,2. (Since V is �nite, this process
will terminate, proving the Theorem.) Our enlargement technique consists
of repeatedly applying the following claim:

CLAIM. If 3 is not satis�ed, then there exists a tree T i
j , a vertex u in

T i
j , and a vertex w 2 V adjacent to u by an edge of type f 2 FN such that

� almost all vertices v �= w + j � f1�i + � � fi are missing from U , and

� for each such �, we have v �= j � f1�i + � � fi + u+ f .

Since only �nitely many vertices w+ j � f1�i + � � fi are in U , all vertices
w + j � f1�i + � � fi from a certain value of � on, are not in U . We increase
the current constant K i

j (if necessary) to be greater than this �, and enlarge
the current T i

j to include the vertex w (and the edge uw). It is now easy to
see that 1 still holds. It is also clear that our second condition of the Claim
implies that 2 still holds.
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Proof of the Claim: Since there are in�nitely many vertices v of G(F )
missing from U (and hence from G(FE)
T ), we can use Lemma 6 to express
each of them as v �= w+ j � f1�i + � � fi, with i = 0; 1 and j < I + J . In fact,
since V is �nite and since j � I + J , we can assume that they all take the
same w and the same i; j. Thus there are �nitely many triples w; i; j such
that all vertices v �= w+ j � f1�i + � � fi, with � su�ciently large, are missing
from U . We now add an extremality condition to assure that w is properly
adjacent to some u in T i

j .
For each triple w; i; j we �nd a `connector' vertex u as follows: if w �=P

f2FN
wf � f , we let u �=

P
f2FN

uf � f to be a vertex in the tree T 0
j which

maximizes dF (u) while each uf � wf . (Such a u must exist, as the origin 0n

is in T 0
j ; ties can be broken arbitrarily.)

We now claim that for at least one triple w; i; j, the corresponding con-
nector vertex u satis�es w �= u + f , with f 2 FN which, together with
v �= w+ j � f1�i + � � fi, proves the Claim. This is accomplished by choosing
a triple w; i; j for which the di�erence dF (w)� dF (u) is as small as possible.
If we can show that this di�erence is equal to one, then, since each uf � wf ,
we shall have w �= u+ f .

If this di�erence were greater than one, then for some e 2 FN we have
ue < we and u + e 2 V; u + e 6= w. Thus there is an r 2 V such that
w �= u+ e+ r. Consider now vertices z = u + e + j � f1�i + � � fi. We have
z �= u+ e+ j � f1�i + � � fi. By the choice of w; i; j, we know that almost all
these vertices z are in U . Otherwise, the triple (u + e); i; j, with the same
connector u, would be better than w; i; j. Since there are in�nitely many z
and only �nitely many of the subgraphs forming U , we know that in�nitely
many z (and hence all z with large enough �) belong to the same subgraph
(G0;1; Gb

a). We begin by showing that this subgraph is Gi
j0 , where i is de�ned

above, and j0 is some integer j0 � I + 2J . Clearly, it cannot be any G1�i
j0 .

Furthermore, if it were G0;1, then some z = t+ z0 �f0+ z1 �f1 with both z0; z1
greater than or equal to K would satisfy z = u + e + j � f1�i + � � fi, i.e.,
z0 � j + I < J + 2I = K, contradiction. Thus we may assume that there is
a vertex t in the tree T , such that for all su�ciently large �,

z �= t+ j 0 � f1�i + � � fi �= u+ e+ j � f1�i + � � fi:

>From v �= w + j � f1�i + � � fi and w �= u + e + r above, we conclude
v �= u+e+r+ j �f1�i+� �fi, which, together with the displayed fact, implies
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that v �= t+ r + j0 � f1�i + � � fi. Therefore, the triple (t+ r); i; j0 (with the
corresponding connector vertex t) is a better choice than w; i; j, contrary to
our choice. 2

The above arguments can be extended to the general case. One proceeds
by reverse induction, �lling in �rst `holes of higher dimensions'. What follows
is an outline of the general proof.

THEOREM 7 There exists a �nite set A, and for each a 2 A a vector oa,
a subset Fa of F 0, and a �nite tree Ta consistent with respect to Fa, such that
the digraphs [oa +G(Fa)]
 Ta; a 2 A

1. are pairwise vertex-disjoint,

2. each is isometric in G(F ), and

3. their union U contains almost all the vertices of G(F ).

Suppose Kk; k 2 N are constants. We denote by Ak the set of allm-tuples
a = (a0; a1; : : : ; am�1) with each ai � Kk. For each a 2 Ak, we denote by F k

a

the set of all vectors fi 2 FE such that ai = Kk.

LEMMA 8 For any k with 0 � k � m there exists a constant Kk, a vertex
oka in G(FE), and a tree T k

a , consistent with F
k
a , such that the digraphs Gk

a =
[oka +G(F k

a )]
 T k
a ,

1. are pairwise vertex-disjoint,

2. each is isometric in G(F ), and

3. their union U contains almost all those vertices v of GF , v �= w +P
f2FE

xf �f , w 2 V , which have at least k of the coe�cients xf greater
than Kk.

Clearly chosing k = 0 in the Lemma proves the Theorem.

Proof of the Lemma. We will prove the Lemma by reverse induction
on k. When k = m, we proceed as follows: Let T; I and J be in Lemma
4 and Lemma 6, and choose Km = I + J , oma =

P
0�i�m�1 ai � fi, and each

Tm
a = T .
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We now suppose the lemma is true for all k; d + 1 � k � m, and prove
it for k = d. We choose Kd = Kd+1 + I. For each a in Ad we let a0 be the
element of Ad+1 with a0i = Max(ai;Kd+1). We initially choose T d

a = T d+1
a0 ,

and oda =
P

0�i�m�1 ai �fi. These choices again satisfy 1,2, but not necessarily
3. To enforce 3, we shall, as in the case n = 2, enlarge the trees T d

a by adding
elements of V . Instead of increasing the constants K i

j , we will change the
vertices oda (to maintain the validity of the condition 1); these changes will
always consist of adding some vectors of F d

a to oda.

CLAIM. If 3 is not satis�ed, then there exists some a 2 Ad for which
F d
a has cardinality d, and there exists a vertex u in T d

a and a vertex w in V

adjacent to u by an edge of type f 2 FN , and there exists a constant c, such
that if all f 2 F d

a have �f � c, then v �= w +
P

f2F d
a
�f � f + oda 62 U .

Proof of the Claim: We shall show, as before, that if 3 fails, then there
exists a �xed F 0, subset of FE of cardinality d, a �xed w 2 V , and n � d

�xed constants xf < Kd, such that almost all vertices v �= w+
P

f2F 0 �f � f +P
f2FE�F

0 xf � f are missing from U . It follows from the induction hypothesis
that, in fact, all xf are smaller than Kd+1.

De�ne a = (a1; a2; : : : ; an) as follows: let ai = xfi if xfi < Kd, and let
ai = Kd if xfi � Kd. Note that F d

a = F 0, and that, for all �f su�ciently
large, we have v �= w+

P
f2F d

a
�f �f+oa. (We maintain oda =

P
0�i�m�1 ai �fi+P

f2F d
a
xf � f .) Once again we �nd, for each pair w; a, a connector vertex u:

if w �=
P

f2FN
wf �f , we let u �=

P
f2FN

uf �f be a vertex in the tree T d
a which

maximizes dF (u), while each uf � wf . It is again the case that for at least
one pair w; a, the connector vertex u satis�es w �= u+ f , with f 2 FN . This
fact, together with v �= w +

P
f2F d

a
�f � f + oda, proves the Claim. We choose

a pair w; a for which dF (w)� dF (u) is as small as possible. If this di�erence
were greater than one, then for some e 2 FN , we would have ue < we, and
u+ e 2 V , u+ e 6= w. Thus there is an r 2 V such that w �= u+ e+ r.

Consider again all vertices z �= u + e +
P

f2F d
a
�f � f + oda. Either there

exists a constant c such that each z with all �f � c belongs to U , or there
exists a constant c0 such that each z with all �f � c0 does not belong to U .
(Indeed either the missing vertices, or the present vertices form a space of
dimension d.)

In the �rst case, the pair (u + e); a, (with connector u) is better than
w; a. In the second case, each z with all �f large enough, belongs to the
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same subgraph Gd
b . We show that this subgraph is some Gd

b , with F d
b = F d

a .
We may assume that there is a vertex t in the tree T d

b , such that for all
su�ciently large �f , we have

z �= t+
X
f2F d

b

�f � f + odb
�= u+ e+

X
f2F d

a

�f � f + oda:

Clearly, F d
a is a subset of F d

b . Moreover F d
a = F d

b , by the de�nition of I, as
Kd+1 = Kd + I.

>From v �= w +
P

f2F d
a
�f � f + oda and w �= u + e + r, we conclude that

v �= u+e+r+
P

f2F d
a
�f �f+oda and v

�= t+r+
P

f2F d

b

�f �f+odb . Therefore, the

pair (t+ r); b (with connector t) is better than w; a, contrary to our choice.
2

It remains to tie everything together. Recall that FE consists of m lin-
early independent vectors and FN of any number of vectors which are convex
combinations of the vectors in FN . Theorem 7 constructs a set of shifts of
various subgraphs G(F 0)
T 0 with F 0 � FE and T 0 consistent with respect to
T 0, which collectively cover almost all vertices of G(F ). Theorem 3 explains
how we can whisper in each of them with delay at most m (using the back-
bone scheme in G(F 0)). Thus (cf. Figure 3) when t is large enough to allow
for informing the �nite number of uncovered vertices, we inform all vertices

of G(F ) of distance at most t � m from 0n, and exactly

 
t

j

!
vertices of

distance t� j, with 0 � j � m� 1. In view of our Lemma 2 we conclude:

THEOREM 9 For all su�cietly large t,

!F (t) = �F (t�m) +
X

0�j�m�1

 
t

j

!
:

2

COROLLARY 10 For all su�cietly large t, !F (t) is a polynomial of degree
m in t.

In closing, we remark that, at least in two dimensions, our techniques seem
well suited to solve cases where the extreme vectors (those not equal to a
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convex combination of other vectors) are not linearly independent, as long as
the vectors lie in the same halfspace (halfplane). On the other hand, it seems
that new tools will be needed to solve situations where the extreme vectors
do not lie in one halfspace. Even in the case of two-dimensional templates
consisting of just three vectors, not in the same halfplane, we don't have a
general technique to �nd !F (t), or prove that it is a polynomial in t.
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