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RESUME :

En 1996, J-C Bermond, T. Kodate et S. Perennes ont conjecturé que I’ensemble des points fixes de I’une des rotation compléte
de la grille torique n’est pas séparateur. lls ont aussi conjecturé que I’ensemble des points fixes de toute rotation complete d’un
graphe de Cayley n’est pas séparateur. Dans ce papier, nous prouvons la premiére conjecture et donnons un contre-exemple pour
la seconde.

MOTS CLES :
Graphe de Cayley, rotation complete, points fixes, ensemble séparateur

ABSTRACT:

In 1996, J-C bermond, T. Kodate, N. Marlin and S. Perennes conjectured that the set of fixed points of some complete rotation
of the toroidal mesh is not separating. They also conjectured that the set of fixed points of any complete rotation of any Cayley
digraph is not separating. In this paper, we prove the first conjecture and disprove the second one.

KEY WORDS :
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Concer ning two conjectureson the set of
fixed points of a completerotation of a
Cayley digraph

Nicolas Lichiardopol®
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Abstract

In 1996, J.C Bermond, T. Kodate, N. Marlin and S. Perennes conjectured that the set
F, of fixed points of some complete rotation o of the toroidal mesh T.M (p)k is not
separating (that is F,, does not disconnect T.M (p)*).

They aso conjectured that the set F,, of fixed points of any complete rotation « of

any Cayley digraph is not separating.
In this paper, we prove the first conjecture and disprove the second one.

Keywords: Cayley digraph, complete rotation, fixed points, separating set.

I ntroduction

In [1] J.C Bermond, T. Kodate, S. Perennes consider a gossiping problem. They
prove that for any Cayley digraph G with a complete rotation «, the minimum
gossiping time of G is optimal if the set F,, of fixed points of « is not separating
and independent.

J.C Bermond, T. Kodate, S. Perennes and N. Marlin then proposed the following
conjectures :
Conjecture 1: The set F, of fixed points of some complete rotation ¢ of the toroidal

mesh T.M (p)* is not separating.
Conjecture 2: The set F,, of fixed points of any complete rotation « of a Cayley
digraph is not separating.

In this paper, we prove Conjecture 1 and as F,, isan independent set, thisimplies

that the minimum gossiping time of the toroidal mesh is optimal. We aso invalidate
Conjecture 2.

! E-mail address: lichiar@club-internet.fr
2 This work was done while the author was at Inria Sophia Antipolis.



The invalidating example for Conjecture 2, shows that even when the gossiping
time of a rotational Cayley digraph is optimal, the set of fixed points may be

Separating.

2. Definitions and notation

Definition 2.1. Let /~ beagroup, and S be a generating set of /~ such that :
- eldsS, e beingtheidentityin/ .

- sOS-stOs
The associated Cayley digraph Cay(/' ,S) is the digraph whose vertices are the
elementsof /~ and whose arcs are the couples (x, sx) for xO/ and sOS.

With this definition, Cay(/",S) is a connected symmetric digraph (in fact a
strongly connected digraph). Therefore we may also consider it as a connected
regular undirected graph, where each vertex has degree d =|§.

If S={sy,....84.4, then for t0Z we consider s =s,, where r is the unique
element of {0,...,d -3 suchthat t =r(mod.d).

We now recall the definition of atoroidal mesh :

Definition 2.2. For pON, p=3 and kON", thetoroidal mesh T.M(p)* isthe
Cayley digraph Cay(Z'E,, S) ,where S={'sy,..., Sy} With:
% =(0,...,0),...,5.,=(0,...,0,1) and s,,; =-5 for 0<i<k-1.

The toroidal mesh T.M (p)*is a regular digraph of degree 2k with p* vertices,

Its diameter is k[g} and its vertex-connectivity is 2k.

Definition 2.3. Let G =Cay(/,S) bea Cayley digraphwith |§=d.
A complete rotation of G isan automorphism « of /~ such that for some ordering
Sps---»Sg—1 Of theelementsof S, we have:

w(s)= s, forevery t0Z2.

A Cayley digraph with acomplete rotation is called arotational Cayley digraph.
The toroidal mesh is arotational Cayley digraph. Indeed, the mapping UZZ'E, - Z'E,
defined by :

(%0, 1) = (= X1 %011 Xkc2)

is acomplete rotation of the Cayley digraph T.M (p)* with o(s;)= s, for t0.Z.



Remark : If & isacomplete rotation of a Cayley digraph G = Cay(/", S) with

S =d, wehave w'(s) =5 for I,t0Z. Wedsohave w"(x)=x for each vertex
xar.

Definition 2.4. Let G =Cay(/",S) bea Cayley digraph with | =d andlet « be

a complete rotation of G.
An dement x[O/ is said to be a fixed point of «, if xZe and if there exists

i0{1,....d-3} suchthat «'(x)=x.

We note F,, the set of fixed pointsof « and F), = F,,U{g .
Itisobviousthat foralt, 0<t<d-1, s isnotafixed point.
ForxOF,, let i =Min{j ON"; @/ (x) =} . Clearly, i <d and i|d.
For iON" wenote W,,, ={x0/;a (x) = x}.

Clearly, W,,; isasubgroupof I , W, 4 =Fand F,,= [JW,,;.
i|d,i<d

We can also verify that if xOW,, ;, then for every | 1Z we have ' (x)OW,,; .
We now determine the sets W, ; in the particular case of the toroidal mesh :

Proposition 2.5. For the toroidal mesh T.M (p) :Cay(Zg,S) with its complete
rotation o, andfor i| 2k, i<2k:
a) Ifi isnotadivisor of k (then 2|i) we have :

Wg',i :{(U,—U,...,U,—U,U); U DZ%}
i
and therefore W, ;| = p2.

b) If i|k andif p iseven, wehave:

W, :{(U""’U); v D{O’g}i}

and therefore W, ;| =2' and 2x=0 for xOW,, ;.
o) If i|k andif p isodd, then W, ; ={d andso W, ;|=1.

Proof. a) Wehave i =2j, 2k =1x2j.
Note that | isnot even, as otherwise we have 2j| k and hence i |k, which is false
by hypothesis.

Therefore, | isodd and we have k = (2m+1)|—2 with m=1(because i < 2k).



Consider now avertex xOW,; ;.
i
Wehave x = (Uy,...,Upmq) Wwhere U, 0Z3 for 1<r <2m+1,
Since o' (x)=x, wehave:
(U1.Uz, . Uamia) = (“Uzm, ~Uomer, Ur o Upmea)

Hence:
Ul :UB"'”UZm—l :U2m+1, and a|SO Ul :_U2m and U2 :_U2m+1.
ThISImp|IeS Ul :U3 :...:U2m+1 :_Uzm and also U2 :...:U2m.

i
Then putting U; =U , weobtain x=(U,-U,...,U,-U,U ) withU 0Z3.
Conversely, it is clear that every element x of this form isin W, ;, and so the
assertion is proved.

b) Asi|k, wenote k = ji with jON",

Let xOW, ;. We notex=(U;,...,U;), with U, OZ| for 1<r<j. Thenwe
have o' (x)=(~U, Uy,....U ).

As o' (x)=x,weget U, =...=U, and U, =-U,.Then putting U, =U we obtain

|
x=(U,...,U), with U=-U whichmeans U D{O,g} .

Conversely, it is clear that a vertex x of the above form isin W, ;. Consequently

W, | :{(u,...,u); u D{O,g}i}.

Obviously W, ;| =2" and 2x=0 for x(OW,, ; and so the assertion is proved.

¢) Obvious,as U =-U in Z!, implies U =0.

3. Proof of Conjecturel.

For p=3 and k=1, let us consider the toroidal mesh T.M (p)" :Cay(Zr‘j,S)

with its completerotation o.Wenote /~ = ZI':‘,.

We must provethat theset F, of fixed pointsof o isnot separating.

By Proposition 2.5 if k =1 andif p isodd, we have F, ={@ andF, =0 and so
F, isnot separating (F, is also not separating because the vertex-connectivity of a

cycle is 2) and if k=1and p is even, we have F, ={0,§}, F, :{g} and

againF, is not separating ( but no F;).
Thus, for k=1, Conjecture 1 istrue, and so we consider the case k = 2.



Severd intermediate results are necessary. We start with:

Proposition 3.1. Let i, ] beelements of NE
W, =W, ={x—y; XOW,;, yOW, , } isasubgroup of /-, invariant by o .

Proof. Since W, ; and W, ; are subgroups of the abelian group /~ and since they
areinvariant by o thisresult isobvious. a

Proposition 3.2. If x isan element of F,, for every t0{0,...,2k-13 we have
x+s OF;.

Proof. Proposition 3.2 isobviousfor x =0. Let ussuppose x # 0.
Since xOF;, there exists i, aproper divisor of 2k such that x OW,, ; .

Let us suppose that there exists t, 0{0,..., 2k ~} suchthat x+s_ O F.Then there
existsaninteger j verifying j| 2k, j <2k suchthat x+s_ OW, ;.
Five cases may occur

Casel. p isodd.
Since x# 0 and x+ s, # 0 (otherwise we havex[JF;),x and X+s, are non null

fixed points and by Proposition 2.5, i and j are not divisors of k.
Sincewe have x+s UOW, ; and xOW,; ;, wededuce s, OW, j ~W,; ;.

Since s =o' ® (Sto)' and since W, ; —W, ; is invariant by o, then for every

t0{0,...,2k -3, wehave s, OW, , -W,; and SOW, , -W, .

Thisimplies W, ; =W, ; = Z}5 and therefore W, _Wa,i‘ = p~.

i i
But U,j‘ = p2, [\Nai‘ = p? and as the mapping @:W,, ; xW,; ; - W, ; =W, ;
defined by ¢{u,v)=u-v issurjective, we have [vv(,,j —Wai‘s ’Wa,j xWa,i‘ that is
i

pk<p? 2,
Furthermore, as i and | are proper divisorsof 2k, both distinct from k, we have:
i<k and j<Kk, hencelz+%<k andthen p2 2 < p*.

By transitivity ,we obtain p" < pk, acontradiction.
Case2. piseven, i and | arenotdivisorsof k.
The same proof as that of Case 1 applies.

Case3. piseven, i|k, j|k.



By Proposition 2.5.b, we have 2x=0, 2(x+s[0):0, hence 2s, =0 which

means 2=0in Z, impossible(as p>2).

Case4. piseven, i isadivisor of k and | isnot.
Then 2x =0 and x+ s  UW, ; implies 2(x+sto)DWa,j that is 2s, W, ;.
Since j isnot adivisor of k, by Proposition 2.5.a we have:

1
2s,=(U,-U,...,U,~UU) withUOZ2, and since U # 0 (because 2s, #0),

Zsto contains at least three nonzero co-ordinates, which is a contradiction as
2s,, contains exactly one nonzero co-ordinate.

Case5. p iseven, i isnotadivisor of k and j| k.
Same as Case 4 by exchanging therolesof x and X +s, .

In all cases, we obtain a contradiction. Consequently for every t D{O, .2k —]} , we
can state x+s OF,. a

This proposition meansthat F,, isun independent set of T..M(p)~.

For positive integersi and j, recall that i O j denotes the lowest common multiple of
i and j.

The next two propositions concern the case p # 4.

Proposition 3.3. We suppose herethat p # 4.

Let t and t' betwo distinct elementsof {0, ...,2k -} and let x T

If there are integers i and |, proper divisors of 2k such that x+s, OW, ; and
X+s OW, j, then i0]j=2k.

Proof. Letusnote m=ij.Sincei|2k and j| 2k, we deduce m| 2k.
Let us suppose m<2k. Since x+s OW, ;, X+s OW,,

have:
X+s OW,  and x+s, OW, ., andthat implies s, —s, OW,, ,

Thisisimpossible if m isnot adivisor of k, because an element x#0 of W,,  is
of theform: x=(U,-U,...,U,-U, U) with U#0 ,and so it contains at |east
three nonzero co-ordinates, while s, — s, contains at most two nonzero co-ordinates.
If misadivisorof k, by Proposition 2.5 we have 2(s, —s,)=0 and that implies
4=0in Z,, whichisimpossible because p#2 and p # 4.

Consequently, m=2k and i0j=2k. a

i, ijmand j|m, we



For xO/7, wenote A, ={t0{0,...,2k-13 ; x+s OF2} andfor tOA,, i is
the smallest of theinteger j >0 suchthat x+s LW, ;. Of course i; is a proper
divisor of 2k.

For nON", ¢(n) isthe Euler'stotient of n. Itisknownthat n= Y ¢(d) (see[3])
dn

Now we can state :

Proposition 3.4. We suppose again that p # 4.
If x and yaredistinct elementsof I, then thereexists t, 1{0,...,2k -3 such

that :
x+s UF; and y+s_ UF,.

Proof. By Proposition 3.3, for t,t'0A, t#t, we have i, Ui, =2k and that
implies i; ziy. If |A|22 wehavealso i; >1 for every tOA,.

Let ussuppose |A,|=kK.

Since k = 2, |A| = 2 and then 2k hasat least k proper divisors distinct from1.

It is easy to verify that for k 0{2,3 thisisimpossible. And if k > 4, we have :
2k = Y ¢(d), whichimplies 2k = ¢(2k)+ > 4(i,).
t0A,

d| 2k
Since #(n)=2, for n>3, we obtain 2k > 2+ ¢(2)+ 2(k - 1), thatis 2k > 2k +1,
whichisfase.
Conseguently, |AX|<k and we have aso ‘Ay‘<k, hence ‘AXUAV‘<2k and so

AUA, 0{0....,2k-1}.
Then, there exists t, 0{0,...,2k~3 suchthat t, DA UA,, that is x+s_ OF,
and y+s, UF;. a

Both following results concern a particular case :

Proposition 3.5. We suppose herethat p=4.Let xO/ and t,0{0,...,2k 3.
If x+s, OW,  then we have x~s_OW,,  and for every t0{0....,2k -3} such
that k doesnot divide t —ty, wehave x+s, OF,.

Proof. We can write x-s_  =X+s, —2s, and if we have x+s UOW, | then,
since 2s, UW, ,, wededuce x-s  OW, .

Let us suppose that for some t0{0,..., 2k -3 such that k does not divide t —t,
we have x+ s, OF,. Then there exists j|2k, j <2k suchthat x+s OW, ;.



It j|k we have 2(x+s_)=2(x+s)=0, hence 2(s, -5)=0 . Since t#t, and
tztg+kin Z, ,wededuce 2=0 in Z,, acontradiction.

If j isnotadivisor of k, since2(x+s[0):0, we deduce :

2s, —s)=2x+s,)-2(x+s)=-2(x+s)=2(x+s) .since x+s, OW, ; we
have 2(st0 —st)DWJ’ J

Now, this is impossible, because 2(3[0 —s[) has exactly two nonzero co-ordinates,
while anonzero element of W, ; has at least three nonzero co-ordinates.

So x+ s, OF, isno possible and consequently the result is proved. a

We continue with :

Proposition 3.6. We suppose again p=4. Let xOI and let t, 0{0,...,2k-1.
If x+s, OF,\W,,, wehave |A|<Kk.

Proof. Forevery tOA, wehave x+s, OF;\W,

Indeed, if for an element tJ A,, we have x+s; OOW, ,, then by Proposition 3.5
either x+ S, DWWy Or x+s [ F, and both cases are excluded (by hypothesis).
Then, for t,t'0A,, t#t', wehave x+s OW, ; , x+s¢ OW, ;..

Let usremark that i; and iy are proper divisors of 2k but not divisors of k (otherwise
X+s OW,  or x+s¢ OW, ).

Letusnote m=i, i, .

It is clear that mis not a divisor of k. We have x+s OW,, ,, and x+s, OW, ,
hence s —s. OW, .. Again arguing on the number of nonzero co-ordinates, it is

easy to conclude that for m< 2k, thisis not possible.
Consequently, m=2k and i; Ui, =2k. Then, as in the proof of Proposition 3.4

we obtain |A,| <k. o

Hereis now a synthesis of three previous results:

Proposition 3.7. If p#4, k=2 andif x,y aredistinct elementsof /, there
exists t, 0{0,...,2k -} suchthat x+s OF, and y+s OF,.
Thisresult also holdsfor p=4 and k> 2.

Proof. For p#4, k=2, theresult isalready proved.
For p=4 and k > 2, thetwo previous propositionsimply that, for x(OI", we have

either |A,|<k or |A|=2 and therefore |A,|<k.



The remaining part may be proved as in the final part of the proof of Proposition
3.4. o}

We can state that this proposition is false for p=4 and k =2. For example if
we take x=(1,2) and y=(2,1) we can very easly verify that there exists no
§,suchthat x+s UF; and y+s OF;.

Before proving Conjecture 1, we give adightly stronger result :

Theorem 3.8. For p=3 and k=2, F, isnota separating set of the toroidal
mesh T.M(p)~.

Proof. For p=4 and k=2, we have F, ={(0,0),(0,2),(2,0),(2,2)} and it is
easy to verify that this set is not separating.

Consequently we now consider (p,k) # (4,2).

We only have to prove that the digraph T.M (p)k - F, is strongly connected. As
G :T.M(p)k is a symmetric digraph, we only have to prove that for distinct
elements x,y of I'/F,, there exists adirected path from in G-F, x to y, that
is, a path using no vertex of F.

We prove it by induction on the distance m:dG(x, y) between x and y (so
m< D(G)).

For m=1,itisobvious.

For m=2, if x and y are verticesof TI'/F, suchthat dg(x,y)=2, then there

exists adirected path C = (x, X+s ,Xts +s, = y) of G.
If x+s OF;, C isadirected pathin G - F, and then the assertion is proved for

m=2.
Suppose now that x+s, OF,. By Proposition 3.7, there exists t0{0,..., 2k -3

suchthat x+s UF; and y+s OF, andsince x+s, OF;, by Proposition 3.2,
wehave x+s +s OF,.

Therefore C; :(x,x+s[,x+stl S, XtSs ts s, = y+s[,y) is a directed path
in G-F, and the assertion isproved for m= 2.

Let us suppose that the assertion istrueupto m-1, 3<ms< D(G) and let us prove
it for m.
So, if dg(x,y)=m, there exists adirected path :

C= (x,x+s[1,x+s[1 S, X+S tS, FS,, .., XS F S = y) of length m.
If x+s, OF,, since dg(x+s,,y)=m-1, by induction hypothesis, there exists a
directed path from x+s, to y in G- F. If this path uses x, then we can extract
from it adirected path of G —F/ linking x to y.
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And if this directed path does not use the vertex x, assembling it with the arc
(x,x+stl), we again obtain adirected path of G- F, linking x to y.
If x+s, OF;, by Proposition 3.2wehave x+s +s, UF;.
Since dG(x,x+s[1 +stz):2 and dG(x+stl +s[2,y): m-2, then, by induction
hypothesis, there exists a directed path C; from x to x+s; +s;, and a directed
path C, from x+s,_+s, to y, bothin G-F;.
Assembling these paths (while possibly eliminating some vertices), we obtain a
directed path in G-F, linking x to y and the assertion is still verified. Being
verified for m, the assertion holds for every ms< D(G), and consequently the
theorem is proved. a

We now prove Conjecture 1 :

Theorem 39. For p=3 and k=1 theset F, of fixed points of the complete

rotation o does not disconnect the toroidal mesh T.M (p)¥.

Proof. Thecase k =1 has already been seen. So, we consider k > 2.
Let x, y, bedistinct elementsof / \F,.

If x#0and y#0, x and y arein /\F, and by Theorem 3.9., there exists a
directed path of G- F, linking x to y. This path is also a path of G- F,, hence
x and y arelinkedin G-F,.

If x=0, 50/ \F, and yO/ \F, arelinked by a path in G-F, and then,
assembling with the arc (0,s,), we obtain a directed path in G-F, linking
X to .

Similar reasoning holdsif y =0.

So, we can alwayslink x to y in G- F, and consequently the theorem is proved.

4. Invalidation of Conjecture 2.

We start with some results from number theory.

For pON, p=2and aON", we note Val ,(a) the greatest integer m such that
p"| a.
We note a b the greatest common divisor of a and b.

Lemma 4.1. Let a and bbeinteger with alb=1.
If 3|a-b, then Val,(a® +ab+b?)=1.
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Proof. From a” +ab+b? = (a—-b)* +3ab and the conditions of Lemma4.1, it is
easy to prove that while 3 divides a® +ab+b?, 3% doesnot. o

Lemma 4.2. For any k(ON we have Vaj3(22x3k —1) =k +1.

Proof. Wehave 229" —1= [ZMK - 1)(24x3k +229 4 1]

Using Lemma 4.1 with a = 22 and b =1, it is easy to prove the assertion by
induction on k. o

Proposition 4.3 For n=>1:
a) 22" -1=0in Z,,.

b) 2" +1=01in Z,,..
c) For every | verifying 1<l <2x3"* 2' =120 in Zp

Proof. a) By Lemma 4.2, we have Val3(22X3n_l —1] =n.

Thisimplies 3"|22%"" ~1andso 22" -1=0in Z ,.

b) Wehave 22" —1= (23”‘1 - 1)[23”‘1 " 1]

As 2=-1(Mod.3) we get 2° =(-1)°" (Mod.3) that is 2% =(-1)(Mod.3)
andthen 23" —1=(-2)(Mod.3).

Consequently , 3 does not divide 2% —1.

(23n_1 - 1)(23n_1 + 1) , we deduce 3"

As by Proposition 4.3.a, 3" 2" 41 andso

3n—1 _ .
22 +1=0in an'

c) Let d bethesmallest of theintegers m>0 suchthat 3"| 2™ - 1.

Since 2=-1(Mod.3), we obtain 2% =(-1)* (Mod.3) and 2% -1=0(Mod.3)
impliesthat d iseven.
As usually we note Z,En the multiplicative group of nonzero elements of Z3n . We

know that ‘ ZSH - ¢(3n) — oy gl

As distheorder of 2 in Z'E” by Cauchy’s theorem we have d | 2x 3" and then we

get d =2x3* where k<n-1.
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since 3"|22% -1 and Val3(22X3k —1) =k+1, we deduce n<k+1. Hence

k=n-1 andthen k =n-1. Consequently d =2x3",
Consequently, for 1<1<2x3"! we have2' =1#0 in Z 4 and so the assertion is
proved. o

We now consider the additive group /7, = an for n=> 3.
For each a1Z wenote a theclassof a in Z; and a theclassof a in Z,.

Itisclear that 6, :a > a define asurjective morphism from an into Z5.

We definetheelements s, 0/,,0<i<2x3"?-1by s = 2%,
For 0<i<2x3"2-1, 0<j<2x3"?-1 with i<j we have:
0<3(j-i)<2x3"t -1,
By Proposition 4.3, we have 2% # 1in Z,, that is 2% # 281
Consequently , the elements s, ;, 0<i <2x3"? -1 areal digtinct.
Since s, =1 isagenerator of the group /7, S, :{sn,i ;0<i<2x3M? —1} isa
generating set of /7.
Using Proposition 4.3.b, for 0<i <3" 2 -1 wehave:

L =29 4237 =8 (2 +1)=o0.

Therefore s . ..., =-s,; and consequently sOS, - -sOS;.

C+
Shii Sn,i+3n

Clearly, 00S,. Therefore for n>3 we can define the Cayley digraph
G, =Cay(/.S,).

For i 0{0,..., 2x3"2 - 1} we have2® = ~1(Mod 9) whence2® =(-1)' (Mod 9).
Consequently, s, ; isof theform 9k +(~1) and moreover 6,(s,;)=(~1)'.
The 2x3"2 elements of S, are of the form 9k +1 and since they are 2x3"2
elements of this type, we conclude that S, is exactly the set of elements of the form

9k +1

For t0Z wenote s, =s,, wherer isthe unique element of {O,...,2><3”'2 —1}

n,r
t

suchthat t=r (Mod.2><3”‘2). Itiseasy to provethat s, = (27)

Let w,:/, — I, be the mapping defined by w,(x)=23x. Clearly w, isa

t+1)

group automorphism and for t 01Z , wehave: w,(s,)= 2823 = 3+ = Shte1-
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Consequently, w, isacompleterotation of /.
It is easy to prove that if i is a positive integer, then for every element x[I/, we

have |, (x) = 2% x.
Now, we characterise the fixed points of w, :

Proposition 4.4. The set of fixed pointsof w, is:
Fo ={X; 0<x<3"-1, 3| x.

Proof. Let &, beanelementof F, .

There exists i 0 1,..., 2x3"2 -1} such that «J,(a) = a, that is, 2% a =a.

This means that 3" a(23i —1). As iD{l,...,2><3”‘2 —1} we get the inequality
0<3i<2x3"1 -1, Then, by Proposition 4.3.c, we have Val3(23i —1)< n which
implies 3| a.

Sowehave F, O {K; 0<x<3"-1, 3] x}.

Conversely, let @ be an element of {K; 0<x<3"-1, 3] x}.

Wehave a =30 with 1<b<3™ -1 and w?®" (a)=22%""a=3x22¢"p.

By Proposition 4.2.a, we have 3| 22" —1 which implies 3" | 3x22%" “b-3b

and therefore3x22<" b =30 that is w*® (a)=a. Since 2x3"% <2x3"2, 3
isafixed point and therefore { X; 0<x<3"-1, 3| x} OF, -
Both inclusions imply our assertion . o

With this proposition, it is clear that ‘th‘ =3"1
ltisalsoclear that F,, ={x#0; 6,(x)=0}.

Lemma 4.5 Let Uand v, bedistinct elementsof /7 \F, .

Let (U, UtSy g,y Uty o tS, :\7), be a directed path from U to v
using no vertex of F;, . Then:

a) 6, (s, )=6,(@) and 8, (s, )=-6,()

b) If m>2, for 1<i <m-1 wehave Gn(snytm): —ﬁn(sn,ti )

c) For 1<i<m, wehave 6?n(U+smtl +...+5S ):(—1)i9n(U)

. n,t

Proof. a) Since UOF, wehave 6,(@)0{-1,1 andas Hn(sn,tl)D{—I, 1, we
haveeither 8,(s,,, )=-6,(u) or 8,(s, )=6,(@).



14

Thefirst equality implies @ (u +s, )= 0, whichisfalse by hypothesis.
Consequently, we have 8, (s, ., )= 6, (T).
Similarly, we prove 8, (s, )=-6,().

b) If m=2,itisobvious.
If m=3,for 2<i<m-1 by Lemma4.5.awe have:
B, (Sni,, )= 6nlU+5,, +...+s,, ) hence

8, (snytH1 ) =6, (u + sn,tl totS )+ 8, (Sn,ti )= 26, (sn,ti )

Thisyields &, (Sn,ti+1): -0, (Sn,ti ) and this equality isalso truefor i =1.

¢ If m=1itisobvious.
If m=2, for 2<i <m wehave:

6 [U+s, +... s, J=6,U+s, +...¥ 5, )+6,s. ) hence:

0, (U +Sy Tt Sy, )= 26?n(U +Syy Tt Shy,

Thisyields 8, ([T +s,,, +...+ Sy, )= =00 +Sy +--+ Sy, ) -
Now, the assertion can easily be proved by induction oni. a

Corollary 4.6 Let Uand V bedistinct elementsof /,\F;, . Then:
a) If 6,(;)=-6,(v), any directed path of even length from Tto V, contains at
least one vertex of Fj,

b) If 6,(T)=6,(V), any directed path of odd length from Tto V, contains at least
one vertex of F,

Nt 1t

Proof. a) Let C=(U u+s
even length linking U tov. Suppose that C does not contain any vertex of F;,

Then by Lemma4.5.c we have 6, (V) = (- 1)*"6, (t), that is 6, (v) = 8, (), whichis
false by hypothesis. Consequently, C contains at |east one element of F;, and sothe

JU+s,, +...+s,, :v)beadirectedpathof

assertion is proved.
b) The proof issimilar. o

We finish with:

Proposition 4.7 Let V, beavertex of G, with v=4(Mod.9) or v=5(Mod.9).
Any directed path from 0 to V contains at least one vertex of Fa,

Proof. First, suppose that v=4(Mod.9). Then we have v=9r +4 wherer is an
integer.
Suppose on the opposite, that there exists a directed path :
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C:(G,s

ity roer Sngy Foee S, =\7) from O to V using no vertex of F,,

We know that the elements of S, are of the form 9k +1 and 50(5 ,\7) can not be an
acof G,.
Consequently , m>2 and so C, = (Sn,tl""'sn,tl oS, :\7) is a directed path

of length m—1 using no vertex of F, (because 0 isnot avertex of C,).

For 1<i<m onecanwrite s, =9k +(~1)' and then we have:

V=9(K; ...+ k) + (-1 +...(-1)™.
Two cases are possible :

N

Casel: 6 ( ntl) 1.

Thenwehave s, =9k, +1.Since 8,(v)=1=4,(s,,, ), by Corollary 4.6.b, m-1
iseven and so mis odd.
By Proposition 4.5.b, we have 8 ( S, tz) ( )= 1 and thens, , =9k, +1.

N

Furthermore, for i =2 WehaveH(s ) 1 fllsevenande( ):—1 if iis

odd.
That means: s, =9k; +1ifiisevenand s, =9k; —1 if i isodd.

As mis odd, we deduce: (-1)* +...+(-1)'m =1 and then v=9(k, ... +k,,)+1, a
contradiction with v =9r +4.

N

Case2: 6,(s,, )=1

Then s, =9, —1. Since 8,(V)=1=-6,(s,, ), by Corollary 4.6.a, m-1 is odd
and so miseven.
By Proposition 4.5.b, we have &, (sn’t2 ) =6, (sn,tl): -1 andso s, =9k, - 1.

N

Furthermore, for i >2 we have 8, (s, )=1 if i is odd and 6,(s,, )=-1 if i is

even.
That means s, =9k; +1ifiisodd, and s, =9k —1 if i iseven.

As mis odd, we get: (1) +...+(-1)m =-1 and then v=9(k, ...+k,)-2, a

contradiction with v =9r +4.
In both cases we have a contradiction, consequently any directed path from 0 to v
contains at least one vertex of F,,

Suppose now that v =-4(Mod.9).

Let C=(0,,, ..., V,, =) be adirected path from 0 to V..

Then C'=(0, -v,, ..., -V, = V) is a directed path from 0 to -v and since
-v=4(Mod.9), there exists an integer i 0{1,..., m-3 suchthat -v, OF,,
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This implies v; U F,, and consequently the directed path C contains at least one
vertex of F,, . a

We have proved that for n=3 the set F, of fixed points of the complete

rotation w,,, disconnects the Cayley digraph G, = Cay(Z3n Sn) and so Conjecture 2
isinvalidated.

Moreover, we can prove that the minimum gossiping time of G, is optimal, while
the set F,, of fixed pointsof ), is separating.
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