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RÉSUMÉ :
En 1996, J-C Bermond, T. Kodate et S. Perennes ont conjecturé que l’ensemble des points fixes de l’une des rotation complète

de la grille torique n’est pas séparateur. Ils ont aussi conjecturé que l’ensemble des points fixes de toute rotation complete d’un
graphe de Cayley n’est pas séparateur. Dans ce papier, nous prouvons la première conjecture et donnons un contre-exemple pour
la seconde.

MOTS CLÉS :
Graphe de Cayley, rotation complete, points fixes, ensemble séparateur

ABSTRACT:
In 1996, J-C bermond, T. Kodate, N. Marlin and S. Perennes conjectured that the set of fixed points of some complete rotation

of the toroidal mesh is not separating. They also conjectured that the set of fixed points of any complete rotation of any Cayley
digraph is not separating. In this paper, we prove the first conjecture and disprove the second one.

KEY WORDS :
Cayley digraph, complete rotation, fixed points, separating set
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Abstract 
 
In 1996, J.C Bermond, T. Kodate, N. Marlin and S. Perennes conjectured that the set 

σF of fixed points of some complete rotation σ of the toroidal mesh ( )kpMT .  is not 

separating (that is σF  does not disconnect ( )kpMT . ). 
They also conjectured that the set ωF  of fixed points of any complete rotation ω  of 
any Cayley digraph is not separating. 
In this paper, we prove the first conjecture and disprove the second one. 
                                  
Keywords :  Cayley digraph, complete rotation, fixed points, separating set.  
 
 
Introduction 
 
    In [1] J.C Bermond, T. Kodate, S. Perennes consider a gossiping problem. They  
prove that for any Cayley digraph G with a complete rotation ,ω  the minimum 
gossiping time of G is optimal if the set ωF  of fixed points of ω  is not separating 
and independent. 
J.C Bermond, T. Kodate, S. Perennes and N. Marlin then proposed the following 
conjectures :  
Conjecture 1: The set σF of fixed points of some complete rotation σ  of the toroidal 

mesh ( )kpM.T  is not separating. 
Conjecture  2 : The set ωF  of fixed points of any complete rotation ω  of a Cayley 
digraph is not separating. 
    In this paper, we prove Conjecture 1 and as σF  is an independent set, this implies 
that the minimum gossiping time of the toroidal mesh is optimal. We also invalidate 
Conjecture 2. 
     
                                                           
1  E-mail address : lichiar@club-internet.fr 
2 This work was done while the author was at Inria Sophia Antipolis. 
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    The invalidating example for Conjecture 2, shows that even when the gossiping 
time of a rotational Cayley digraph is optimal, the set of fixed points may be  
separating. 
 
 
2.   Definitions and notation 
 
Definition  2.1.  Let Γ  be a group, and S  be a generating set of Γ  such that : 
- ,Se ∉  e  being the identity in Γ . 

- .1 SsSs ∈⇔∈ −   
The associated Cayley digraph ( )S,Cay  Γ  is the digraph whose vertices are the 
elements of Γ  and  whose arcs are the couples ( )sxx  ,  for Γ∈x  and .Ss ∈  
 
    With this definition, ( )S,Cay  Γ  is a connected symmetric digraph (in fact a 
strongly connected digraph). Therefore we may also consider it as a connected 
regular undirected graph, where each vertex has degree Sd = . 
 
If { } ,s, . . . , 1-d0sS =  then for Ζ∈t  we consider rt ss = , where r  is the unique 
element of { }1d,0 −, . . .   such that ( )drt  .mod≡ . 
 
    We now recall the definition of a toroidal mesh : 
 
Definition 2.2.   For  3p  , ≥Ν∈p   and  ,∗Ν∈k  the toroidal mesh ( )kpMT .  is the 

Cayley digraph ( )SCay k
p  ,Ζ  , where { }120 , −= ks  ,. . . s S  with : 

( ) ( )1 ,0 , . . . ,0 , . . . ,0 , . . . ,0 ,1 10 == −kss   and  iik ss −=+  for  .10 −≤≤ ki  
 
    The toroidal mesh ( )kpMT . is a regular digraph of degree k2  with kp  vertices. 

Its diameter is 





2
pk  and its vertex-connectivity is .2k      

 
Definition  2.3.   Let  ( )S,CayG  Γ=   be a Cayley digraph with  .dS =  
A complete rotation of G  is an automorphism ω  of Γ  such that for some ordering  

10  , . . . , −dss   of the elements of ,S  we have : 
( ) 1+= tt ssω   for every  .t Ζ∈  

 
    A Cayley digraph with a complete rotation is called  a rotational Cayley digraph. 
The toroidal mesh is a rotational Cayley digraph. Indeed, the mapping k

p
k
p Ζ→Ζ : σ   

defined by :   
( ) ( )2-k0110  x, . . . , , , . . . , xxxx kk −− −=σ  

is a complete rotation of the Cayley digraph ( )kpMT .  with  ( ) 1+= tt ssσ  for Ζ∈t . 
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Remark :  If ω  is a complete rotation of a Cayley digraph ( )S,CayG  Γ=  with 

dS = , we have ( ) ltt
l ss +=ω  for Ζ∈tl, . We also have  ( ) xxd =ω  for each vertex 

.x Γ∈  
     
Definition  2.4.   Let ( )S,CayG  Γ=  be a Cayley digraph with  dS =  and let ω  be 
a complete rotation of  .G  
An element Γ∈x  is said to be a fixed point of ω , if ex ≠  and if there exists 

{ }1,1 −∈ d  ,. . .  i  such that  ( ) xxi =ω . 
 
    We note ωF  the set of fixed points of ω  and { }eFF Uωω =′ . 
It is obvious that for all t, ts,1dt0    −≤≤  is not a fixed point. 
For ωFx ′∈  let ( ){ }xxjMini j =Ν∈= ∗ ω ; . Clearly, di <  and  di   . 

For  ∗Ν∈i   we note ( ){ }.   xx;xW i
i, =∈= ωΓω  

Clearly, iW  ,ω  is a subgroup of Γ  , Γ=dW  ,ω and .
 ,  

 ,U
didi

iWF
<

=′ ωω  

We can also verify that if , , iWx ω∈  then for every Ζ∈l   we have ( ) i
l Wx  ,ωω ∈ . 

We now determine the sets iW  ,ω  in the particular case of the toroidal mesh : 
  
Proposition  2.5.  For the toroidal mesh  ( ) ( )S,CaypM.T k

p
k  Ζ=   with its complete 

rotation  σσσσ ,  and for  :k2i,k2i <     

a) If i  is not a divisor of k ( then  i  2 )  we have : 

      ( )












∈−−= 2
i

pi, ZU;U,U,U,U,UW         , . . .   σ  

 and therefore  .2
 ,

i

i pW =ω  

b) If  ki     and if p  is even, we have : 

( )


















∈=

i

i, ,0U;U,UW
2
p       , . . .  σ  

and therefore i
iW 2 , =σ  and  02 =x   for . , iWx σ∈  

c) If  ki    and if p  is odd, then  { }0 , =iWσ  and so  1 , =iWσ . 
 
Proof.   a)  We have  .j2lk2,j2i ×==    
Note that  l  is not even, as otherwise we have kj   2  and hence ki   , which is false 
by hypothesis. 

Therefore, l  is odd and we have ( )
2

12 imk +=   with  1≥m (because  )2ki < .     
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Consider now a vertex iWx  ,σ∈ .  

We have ( )121  , . . . , += mUUx  where 2
i

prU Ζ∈  for .121 +≤≤ mr   

Since  ( ) xxi =σ ,  we have : 
( ) ( )12112212m21  , . . . ,  , ,U, . . . , , −++ −−= mmm UUUUUU  
Hence : 

,UU,UU 1m21m231 +− ==  , . . .  and also mUU 21 −=  and .UU 1m22 +−=  
This implies : ===  . . . 31 UU mm UU 212 −=+  and also mUU 22 . . . == .  

Then putting UU =1 , we obtain ( )  , , , . . . , , UUUUUx −−=  with 2
i

pU Ζ∈ . 
Conversely, it is clear that every element x  of this form is in iW  ,σ , and so the 
assertion is proved.     
b)  As ,   ki  we note jik =  with .∗Ν∈j  

Let  iWx  ,σ∈ . We note ( )jUUx  , . . . ,1= ,  with  i
prU Ζ∈  for  jr ≤≤1 . Then we 

have  ( ) ( )11  , . . . ,  , −−= jj
i UUUxσ  .  

As ( ) xxi =σ , we get  .  and  . . . 11 jj UUUU −=== Then putting ,UU1 =  we obtain 

( )UUx  , . . . ,= , with  .
2

 ,0  means  which 
ipUUU






∈−=  

Conversely, it is clear that a vertex x  of the above form is in iW  ,σ . Consequently 

( )


















∈=

i

i, ,0U;U,UW
2
p      , . . .  σ .  

Obviously i
iW 2 , =σ  and 02 =x   for i,Wx  σ∈  and so the assertion is proved. 

c) Obvious, as   UU −=  in  i
pΖ  implies  .0=U                            

 
 
3. Proof of Conjecture 1. 
 
    For 1  and  3 ≥≥ kp , let us consider the toroidal mesh ( ) ( )S,CaypM.T k

p
k  Ζ=  

with its complete rotation  σ . We note .k
pΖΓ =  

We must prove that  the set σF  of  fixed points of  σ  is not separating.                         
By Proposition  2.5  if  p1k  if and  =  is odd, we have { }0F =′σ  and ∅=σF  and so 

σF  is not separating ( σF ′  is also not separating because the vertex-connectivity of a 

cycle is 2 ) and if     and  p1k = is even, we have ,
2
p,0F






=′  σ







=

2
pFσ  and 

again σF  is  not separating ( but no ).σF ′  
Thus, for  1=k  , Conjecture 1 is true, and so we consider the case .2≥k   
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Several intermediate results are necessary. We start with: 
 
Proposition  3.1.  Let  ji,  be elements of  .∗Ν   

{ }   , ;  , , , , jiji WyWxyxWW σσσσ ∈∈−=−   is a subgroup of ,Γ  invariant by σ . 
 
Proof.  Since iW  ,σ  and jW  ,σ  are subgroups of the abelian group Γ and since they 
are invariant by σ  this result is obvious.                                                                 ¤                                       
 
Proposition  3.2.  If x  is an element of σF ′ , for every  { }1k2,0t −∈  , . . .   we have  

σFsx t ′∉+ . 
 
Proof.  Proposition 3.2 is obvious for .0x =  Let us suppose  .0≠x  
Since σFx ′∈ , there exists ,i  a proper divisor of i,Wxk2  such that   σ∈ . 
Let us suppose that there exists { }1k2,0t0 −∈  , . . .  such that .

0 σFsx t ′∈+ Then there 

exists an integer  j  verifying k2j,k2j <     such that . ,0 jt Wsx σ∈+   
    Five cases may occur : 
 
Case 1.  p  is odd. 
Since 0  and  0

0
≠+≠ tsxx (otherwise we have )σFx ′∉ ,

0
  and  tsxx +  are non null 

fixed points and by Proposition  2.5, ji  and   are not divisors of .k  
Since we have ijt WxWsx  , ,   and  

0 σσ ∈∈+ , we deduce ijt WWs  , ,0 σσ −∈ . 

Since  ( )
0

0
t

tt
t ss −= σ , and since ij WW  , , σσ −  is invariant by ,σ  then  for every 

{ }12 , . . . ,0 −∈ kt , we have iijt WWSWWs  ,j , , ,   and  σσσσ −⊆−∈ . 

 This implies k
pi,j, WW Ζσσ =−    and therefore . , ,

k
ij pWW =− σσ  

 But 2
i

i,
2
j

j, pWpW ==     , σσ  and as the mapping ijij WWWW  , , , , : σσσσφ −→×  

defined by ( ) vuvu −= ,φ  is surjective, we have ijij WWWW  , , , , σσσσ ×≤−  that is  

.pp 2
j

2
i

k +
≤  

Furthermore, as ji   and   are proper divisors of ,2k  both distinct from  ,k  we have : 

 ki <  and  k
2
j

2
i,kj <+<   hence   and then   k2

j
2
i

pp <
+

. 

    By transitivity ,we obtain  kk pp < , a contradiction. 
Case 2.   p  is even,  ji   and   are not divisors of  .k  
The same proof as that of Case 1 applies. 
 
Case 3.   p  is even, .    ,  kjki  
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    By Proposition 2.5.b, we have  ( ) 0sx2,0x2
0t =+=    , hence 0s2

0t =  which 

means  ,02 pΖin    =  impossible (as )2p > . 
 
Case 4.  p  is even, i  is a divisor of k  and j  is not. 
Then 0x2 =  and jt Wsx  ,0 σ∈+  implies ( ) j,t Wsx2

0  σ∈+  that is .Ws2 j,t0  σ∈  
Since j  is not a divisor of ,k  by Proposition  2.5.a  we have : 

( ) 2
j

pt UU,U,U,U,Us2
0

Ζ∈−−=   with     , . . .  , and since  0≠U (because  )0s2
0t ≠ , 

0ts2  contains at least three nonzero co-ordinates, which is a contradiction as 

0ts2 contains exactly one nonzero co-ordinate. 
 
Case 5.  p  is even, i  is not a divisor of .kjk     and   
Same as Case 4 by exchanging the roles of .sxx

0t+ and   
 
In all cases, we obtain a contradiction. Consequently for every { }12 , . . . ,0 −∈ kt , we 
can state  .σFsx t ′∉+                                                                                                   ¤  
 
This proposition means that  σF ′  is un independent set of  ( ) ... kpMT  
 
For positive integers i and j, recall that  ji ∨ denotes the lowest common multiple of  
i  and  j. 
The next two propositions concern the case .4p ≠   
 
Proposition  3.3.  We suppose here that .4p ≠   
Let tt ′  and   be two distinct elements of { }12,0 −k  ,. . .   and let .Γ∈x  
If there are integers ji   and  , proper divisors of k2  such that and   , it Wsx σ∈+  

jt Wsx  ,σ∈+ ′ ,  then   .k2ji =∨  
 
Proof.  Let us note jim ∨= . Since k2jk2i     and    , we deduce .k2m     

Let us suppose  .k2m <  Since jtit WsxWsx  , ,   , σσ ∈+∈+ ′ , mjmi     and    , we 
have : 

,WsxWsx m,tm,t     and  σσ ∈+∈+ ′  and that implies .Wss m,tt  σ∈− ′   
 This is impossible if m  is not a divisor of ,k because an element m,W0x    of  σ≠  is 
of  the form :  ( )UUUUUx   , , , . . . , , −−=   with  0≠U  , and so it contains at least 
three nonzero co-ordinates, while tt ss ′−  contains at most two nonzero co-ordinates. 
If km   ofdivisor  a is  , by Proposition  2.5 we have ( ) 0ss2 tt =− ′  and that implies  

  ,in    pΖ04 = which is impossible because  .4p2p ≠≠   and   
Consequently,  k2m =   and  k2ji =∨ .                                                                    ¤                                   
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    For  Γ∈x ,  we note { }{ }σFsx1k2,0tA tx ′∈+−∈=    ;   , . . .   and for ,xAt ∈  ti  is 
the smallest of  the integer 0>j  such that jt Wsx  ,σ∈+ . Of course ti  is a proper 
divisor of  .k2   
 
For ∗∈ Nn ,  ( )nϕ  is the Euler’s totient of  n. It is known that   ( )∑=

nd
dn

  
ϕ  (see [3])   

Now we can state :  
 
Proposition  3.4.  We suppose again that .4p ≠  
If  x  and  y are distinct elements of  Γ , then  there exists  { }12 , . . . ,00 −∈ kt  such 
that : 

σFsx t ′∉+
0

  and  .
0 σFsy t ′∉+  

 
Proof. By Proposition 3.3, ,  , ,for  ttAtt x ′≠∈′  we have k2ii tt =∨ ′  and that  
implies  tt ii ′≠ .  If 2Ax ≥  we have also  1>ti  for every  .xAt ∈  

Let us suppose  kAx ≥ .  

Since 2A,2k x ≥≥    and then k2  has at least k  proper divisors distinct from .1  
It is easy to verify that for { }3,2k  ∈  this is impossible. And if 4k ≥ , we have : 

( )∑=
k2d

dk2
  

ϕ ,  which implies ( ) ( )∑
∈

+≥
xAt

tik2k2 ϕϕ .  

Since ( ) 3n2n ≥≥ for    , ϕ , we obtain ( ) ( ) ,1k2k21k222k2 +≥−++≥   isthat  ,ϕ  
which is false. 
Consequently, kAx <  and we have also ,kAy <  hence k2AA yx <U  and so  

{ } .1k2,0AA yx   , . . . −⊂U  
Then, there exists  { }1k2,0t0 −∈  , . . .  such that  yx AAt U∉0 , that is σFsx t ′∉+

0
 

and .
0 σFsy t ′∉+                                                                                                          ¤ 

 
Both following results concern a particular case : 
 
Proposition  3.5.  We suppose here that 4p = . Let  Γ∈x  and  { } .1k2,0t0 −∈  , . . .   
If kt Wsx  ,0 σ∈+  then we have kt Wsx  ,0 σ∈−  and for every { }1k2,0t −∈  , . . .   such 

that   k does not divide  0tt − , we have  .σFsx t ′∉+  
 
Proof. We can write 

000 ttt s2sxsx −+=−  and if we have kt Wsx  ,0 σ∈+  then, 

since  .WsxWs2 k,tk,t 00     deduce   we, σσ ∈−∈  

    Let us suppose that for some { }1k2,0t −∈  , . . .  such that k does not divide 0tt −  
we have .σFsx t ′∈+  Then there exists k2j,k2j <     such that . , jt Wsx σ∈+  
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If kj    we have ( ) ( ) ,0sx2sx2 tt0 =+=+  hence ( ) 0ss2 tt0 =−  . Since 0tt ≠  and  

ktt +≠ 0  in  k2Ζ , we deduce  4in    Ζ02 = , a contradiction. 
If j  is not a divisor of ( ) ,0sx2,k

0t =+ since   we deduce : 

( ) ( ) ( ) ( ) ( )tttttt sx2sx2sx2sx2ss2
00

+=+−=+−+=−  . since jt Wsx  ,σ∈+  we 

have ( ) .2  ,0 jtt Wss σ∈−   

Now, this is impossible, because ( )tt ss2
0

−   has exactly two nonzero co-ordinates, 

while a nonzero element of jW  ,σ  has at least three nonzero co-ordinates. 
So σFsx t ′∈+  is no possible and consequently the result is proved.                         ¤ 
   
 
    We continue with : 
 
Proposition 3.6.  We suppose again .4p =  Let  Γ∈x and let { } .  , . . .   1k2,0t0 −∈  
If  σFsx

0t
′∈+ \ ,W k, σ  we have  .kAx <  

 
Proof.   For every  have   wexAt ∈ σFsx t ′∈+ \ k,W  σ  
Indeed, if for an element xAt ∈ , we have kt Wsx  ,σ∈+ , then by Proposition 3.5 
either kt Wsx  ,0 σ∈+  or σFsx t ′∉+

0
 and both cases are excluded (by hypothesis). 

Then, for  '  , , ttAtt x ≠∈′ , we have  .  ,  , , tt itit WsxWsx
′

∈+∈+ ′ σσ  

Let us remark that ti and ti ′ are proper divisors of k2  but not divisors of k (otherwise 
)or    , , ktkt WsxWsx σσ ∈+∈+ ′ . 

Let us note  tt iim ′∨= . 
It is clear that m is not a divisor of k . We have m,t Wsx σ∈+  and ,Wsx m,t σ∈+ ′   
hence . m,tt Wss σ∈− ′  Again arguing on the number of nonzero co-ordinates, it is 
easy to conclude that for k2m < , this is not possible. 
Consequently,  .k2iik2m tt =∨= ′  and   Then, as in the proof of Proposition  3.4 
we obtain  .kAx <                                                                                                       ¤ 
                                                                                                           
    Here is now a synthesis of three previous results : 
 
Proposition  3.7.   If  2k,4p ≥≠    and if  yx,  are distinct  elements of  ,Γ  there 
exists { }1k2,0t0 −∈  , . . .   such that  σσ FsyFsx tt ′∉+′∉+

00
  and  . 

This result also holds for 4p =   and  .2k >  
 
Proof.  For  ,2k,4p ≥≠    the result is already proved. 
For ,2k4p >=   and   the two  previous propositions imply that, for Γ∈x ,  we have 
either  kAx <  or  2Ax =  and therefore  kAx < . 
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The remaining part may be proved as in the final part of the proof of Proposition  
3.4.                                                                                                                                ¤  
 
    We can state that this proposition is false for .2k4p ==   and   For example if  
we take ( ) ( )1 ,2  and  2 ,1 == yx  we can very easily verify that there exists no 

0ts such that   .  and  
00 σσ FsyFsx tt ′∉+′∉+  

 
    Before proving Conjecture 1, we give a slightly stronger result : 
 
Theorem 3.8.   For  3p ≥  and  ,2k ≥  σF ′   is not a separating set of the toroidal 

mesh  ( ) .. kpMT    
 
Proof.  For 2k4p ==   and  , we have ( ) ( ) ( ) ( ){ }            2,2,0,2,2,0,0,0F =′σ  and it is 
easy to verify that this set is not separating. 
Consequently we now consider ( ) ( )2,4k,p   ≠ . 

We only have to prove that the digraph ( ) σFpMT k ′−.  is strongly connected. As 

( )kpMTG .=  is a symmetric digraph, we only have to prove that for distinct 
elements ,F  of   , σ′Γyx  there exists  a directed path from  in σFG ′−  yx     to , that 
is, a path using no vertex of .σF ′  
We prove it by induction on the distance ( )yxdm G ,=  between x and y (so  

( )GDm ≤ ). 
For  1m = , it is obvious. 
For 2m = ,  if yx   and   are vertices of  σF ′Γ  such that  ( ) 2,xdG =y , then  there 
exists a directed path ( )yssxsxxC ttt =+++=

211
 , ,  of .G  

If  CFsx t   ,
1 σ′∉+  is a directed path in  σFG ′−  and then the assertion is proved for  

.2m =  
Suppose now that .

1 σFsx t ′∈+  By Proposition 3.7, there exists { }1k2,0t −∈  , . . .  

such that  σFsx t ′∉+  and σFsy t ′∉+  and since  ,
1 σFsx t ′∈+  by Proposition  3.2,  

we have  .
1 σFssx tt ′∉++    

Therefore ( )ysysssxssxsxxC ttttttt  , , , ,
2111 +=++++++=  is a directed path 

in  σFG ′−  and the assertion is proved for  .2m =  
Let us suppose that the assertion is true up to ( )GDm31m ≤≤−   ,  and let us prove 
it for .m  
So, if  ( ) ,my,xdG =  there exists a directed path :  

( )ysxsssxssxsxxC ttttttt =+++++++++=
l1321211 ts . . .  , . . . , , , ,  of length  .m  

If ( ) ,1my,sxd,Fsx
11 tGt −=+′∉+    since  σ  by induction hypothesis, there exists a 

directed path from  
1tsx +  y  to  in σFG ′− . If this path uses ,x  then we can extract 

from it a directed path of  σFG ′−  linking .  to yx   
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    And if this directed path does not use the vertex x , assembling it with the arc 
( )

1
 , tsxx + ,  we again obtain a directed  path  of  σFG ′−  linking .  to yx  

If  ,
1 σFsx t ′∈+  by Proposition 3.2 we have  .

21 σFssx tt ′∉++   

Since ( ) ( ) ,2my,ssxd2ssx,xd
2121 ttGttG −=++=++    and    then, by induction 

hypothesis, there exists a directed path 
21

    to  from  1 tt ssxxC ++  and a directed 

path ,yssxC
21 tt2     to  from  ++  both in σFG ′− .  

Assembling these paths (while possibly eliminating some vertices), we obtain a 
directed path in  σFG ′−  linking  yx    to  and the assertion is still verified.  Being 
verified for ,m  the assertion holds for every  ( ) , GDm ≤  and consequently the 
theorem is proved.                                                                                                        ¤ 
  
    We now prove Conjecture 1 : 
 
Theorem  3.9.   For  3p ≥  and  1k ≥  the set σF  of fixed points of the complete 

rotation σ  does not disconnect the toroidal mesh ( ) .. kpMT   
 
Proof.  The case 1k =   has already been seen. So,  we consider .2k ≥  
Let yx  , ,  be distinct elements of  Γ \ σF . 
If  yx,0y0x   and      and  ≠≠  are in Γ \ σF ′  and by Theorem 3.9., there exists a 
directed path of  σFG ′−  linking yx     to . This path is also a path of ,σFG −  hence 

.in   linked are    and  σFGyx −  
 If 0x = , ∈0s Γ \ σF ′  and ∈y Γ \ σF ′  are linked by a path in  σFG −  and then, 
assembling with the arc ( ) ,  ,0 0s  we obtain a directed path in σFG −  linking 

.    to yx  
Similar reasoning holds if  .0=y  
So, we can always link yx    to  in σFG −  and consequently the theorem is proved. 
 
 
4. Invalidation of Conjecture 2. 
 

We start with some results from number theory. 
 

For ,  and  2  , ∗∈≥Ν∈ Napp  we note ( )aVal p  the greatest integer m  such that  

.  apm  
 
We note ba ∧  the greatest common divisor of  a  and  b. 
 
Lemma  4.1.   Let banda     be integer  with .1=∧ ba  
 If     ,ba3 − then  ( ) .1babaVal 22

3 =++  
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Proof.  From ( ) ab3bababa 222 +−=++  and the conditions of Lemma 4.1, it is 
easy to prove that while 3 divides  ,baba 22 ++  23  does not.                               ¤              
 

Lemma  4.2.    For any Ν∈k  we have  .1k12Val
k32

3 +=




 −×  

 

Proof.  We have  




 ++




 −=− ×××× +

1221212
kkk1k 32343232  

Using Lemma 4.1 with ,1b2a
k32 == ×   and   it is easy to prove the assertion by 

induction on .k                                                                                                          ¤                      
 
Proposition  4.3    For  1n ≥  : 
a) .012 n

1n

3
32 Ζin    =−

−×  

b)  in    .012 n
1n

3
3 Ζ=+

−
. 

c)   For every l  verifying ,32l1 1n−×<≤  n3
l 012 Ζin    ≠− . 

 
Proof.   a)  By Lemma  4.2, we have  .n12Val

1n32
3 =





 −

−×  

This implies  123
1n32n −

−×  and so .012 n
1n

3
32 Ζin    =−

−×  

b)  We have 




 +




 −=−

−−−× 121212
1n1n1n 3332  

As ( )3.Mod12   −≡  we get ( ) ( )3.Mod12
1n3  

1-n3−≡
−

 that is ( )( )3.Mod12
1n3  −≡

−
 

and then ( )( )3.Mod212
1n3  −≡−

−
. 

Consequently , 3 does not divide 12
1n3 −

−
.  

As by Proposition 4.3.a , 




 +




 −

−−
12123

1n1n 33n   , we deduce 123
1n3n +

−
   and so 

 in    .012 n
1n

3
3 Ζ=+

−
 

c) Let  d  be the smallest  of the integers  .123m mn −>    such that   0   

Since ( )3 . Mod12 −≡ , we obtain ( ) ( )3.Mod12 dd   −≡  and ( )3  .Mod012d ≡−  
implies that  d  is even. 
As  usually we note ∗

n3
Z  the multiplicative group of nonzero elements of  .Z n3

 We 

know that ( ) 1nn 323 −∗ ×== ϕn3
 Z  

As  d is the order of  2  in ∗
n3

Z  by Cauchy’s theorem we have 1n32d −×  and then we 

get  .1nk32d k −≤×=    where  
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     Since 1k12Val123
kk 32

3
32n +=





 −− ××   and    , we deduce 1kn +≤ . Hence 

1nk −≥  and then 1nk −= . Consequently .32d 1n−×=  
Consequently, for 1n32l1 −×<≤  we have 012l ≠−  in n3Ζ  and so the assertion is 
proved.                                                                                                                         ¤                                    
     
    We now consider the additive group n3n ΖΓ =  for .3n ≥  

For each Ζ∈a  we note â  the class of .aaa n33 ΖΖ in     of class   the  and  in     
It is clear that  aan ˆ: aθ  define a surjective morphism from  n3

Ζ  into  .3Ζ  
     
    We  define the elements 132i0,s 2n

ni,n −×≤≤∈ −   Γ  by  .2s i3
i,n =  

For ,132i0 2n −×≤≤ −  132j0 2n −×≤≤ −  with ji <  we have : 
( ) .132ij30 1n −×<−< −   

By Proposition 4.3, we have 12 i3j3 ≠−  in n3Ζ  that is .22 j3i3 ≠   

Consequently , the elements 132i0,s 2n
i,n −×≤≤ −    are all distinct. 

Since 1s 0,n =  is a generator of the group nΓ , { }132i0sS 2n
i,nn −×≤≤= −  ;    is a 

generating set of nΓ . 

Using Proposition 4.3.b, for 13i0 2n −≤≤ −  we have : 
( ) .012222ss

1n2n
2n

3i33i3i3
3i,ni,n =





 +=+=+

−−
−

+
+    

Therefore i,n3i,n
ss 2n   

−=−+
 and consequently  .SsSs nn ∈−⇔∈   

Clearly, .S0 n∉  Therefore for 3n ≥  we can define the Cayley digraph 
( ).   nnn S,CayG Γ=  

 
    For { }132,0i 2n −×∈ − ., . .   we have ( )9Mod123   −≡  whence ( ) ( )9Mod12 ii3   −≡ .  

Consequently,  i,ns   is of the form ( )i1k9 −+  and moreover ( ) ( ) .1s i
i,nn −=θ  

The  2n32 −×  elements of nS  are of the form 1k9 ±  and since they are 2n32 −×  
elements of this type, we conclude that nS  is exactly the set of elements of the form 

1k9 ±  
 
    For Zt ∈  we note r,nt,n ss   =  where r is the unique element of { }1,0 −× 2-n32 , . . .   

such that ( )2n32.Modrt −×≡   . It is easy to prove that  ( ) .2s 3
t,n

 t

 =  
 
    Let ,: nnn ΓΓω →  be the mapping defined by  ( ) .x2x 3

n =ω  Clearly nω  is a 

group automorphism  and for Zt ∈  , we have : ( ) ( ) .s222s 1t,n
1t3t33

t,nn +
+ ===   ω  
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Consequently, nω  is a complete rotation of .nΓ   
It is easy to prove that if i is a positive integer, then for every element nx Γ∈  we 

have ( ) .x2x i3i
n =ω  

 
    Now, we characterise the fixed points of nω  : 
 
Proposition  4.4.  The set of  fixed points of  nω  is : 
                         { }.       ;  x3,13x0xF n

n
−≤<=ω  

 
Proof.    Let a , be an element of .

n
Fω   

There exists { }132,1i 2n −×∈ − , . . .   such that ( ) aai
n =ω , that is, aa2 i3 = .  

This means that ( )12a3 i3n −  . As { }132,1i 2n −×∈ − , . . .   we get the inequality 

.132i30 1n −×<< −  Then, by Proposition 4.3.c, we have ( ) n12Val i3
3 <−  which 

implies a3   .  

So we have  ⊆
n

Fω  { }.       ;  x3,13x0x n −≤<   

Conversely, let  a  be an element of { }.       ;  x3,13x0x n −≤<  

We have b3a = with 13b1 1n −≤≤ −  and  ( ) .b23a2a
2n2n3n 323232 −−− ××× ×==ω  

By Proposition 4.2.a, we have 123
2n321n −

−×−    which implies b3b23
2n32n −×

−×3   

and therefore b3b23
2n32 =×

−×  that is ( ) .aa
3n32 =

−×ω  Since ,3232 2n3n −− ×<×  a  
is a fixed point and therefore { } .Fx3,13x0x

n
n

ω⊆−≤<       ;   
Both inclusions imply our assertion .                                                                           ¤ 
 
    With this proposition, it is clear that .3F 1n

n
−=′ω  

It is also clear that  ( ){ }.     0̂x;0xF nn
=≠= θω  

  
Lemma  4.5   Let u and ,v  be distinct elements of nΓ \ .F

nω′  

Let ( ) ,vssu,su,u
m11 t,nt,nt,n   . . .   , . . .       =++++  be a directed path from u  to v  

using no vertex of .F
nω′  Then : 

a) ( ) ( )us nt,nn 1
θθ =  and  ( ) ( )vs nt,nn m

θθ −=  

b) If ,2m ≥  for 1mi1 −≤≤  we have ( ) ( )
i1i t,nnt,nn ss   θθ −=

+
  

c) For ,mi1 ≤≤  we have ( ) ( ) ( )u1ssu n
i

t,nt,nn i1
θθ −=+++    . . .   

 
Proof.   a)  Since  

n
Fu ω′∉  we have ( ) { }1,1un    −∈θ  and as ( ) { }1,1s

1t,nn     −∈θ , we 

have either  ( ) ( )us nt,nn 1
θθ −=  or ( ) ( )us nt,nn 1

θθ = . 
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The first equality implies ( ) 0̂su
1t,nn =+  θ , which is false by hypothesis.  

Consequently, we have ( ) ( )us nt,nn 1
θθ = . 

Similarly, we prove ( ) ( )vs nt,nn m
θθ −= . 

b) If 2m = , it is obvious. 
If ,3m ≥  for 1mi2 −≤≤  by Lemma 4.5.a we have: 

( ) ( )
( ) ( ) ( ) ( ).  . . . 

 hence    . . . 

     

   

ii1i11i

i11i

t,nnt,nnt,nt,nnt,nn

t,nt,nnt,nn

s2sssus

ssus

θθθθ
θθ

=++++=

+++=

−+

+  

 
This yields ( ) ( )

i1i t,nnt,nn ss   θθ −=
+

 and this equality is also true for .1i =  
c) If  1m =  it is obvious.  
If  ,2m ≥  for mi2 ≤≤  we have : 

( ) ( ) ( )
( ) ( )  . . .  . . . 

: hence   . . .   . . . 

   

     

1i1i1

i1i1i1

t,nt,nnt,nt,nn

t,nnt,nt,nnt,nt,nn

ssu2ssu

sssussu

−

−

+++=+++

++++=+++

θθ
θθθ

 

 
This yields ( ) ( )  . . .   . . .     1i1i1 tnt,nnt,nt,nn ssussu

−
+++−=+++ θθ . 

Now,  the assertion can easily be proved by induction on i.                                        ¤ 
                                      
Corollary  4.6  Let u and v  be distinct elements of nΓ \ .F

nω′  Then : 

a) If ( ) ( )vu nn θθ −= ,  any directed path of even length  from  u to ,v  contains at 
least one vertex of 

n
Fω′ . 

b)  If ( ) ( )vu nn θθ = , any directed path of odd length from u to ,v  contains at least 
one vertex of 

n
Fω′ . 

 
Proof.  a)  Let  ( )  . . .  , . . . , ,

211  , , , vssusuuC
mtntntn =++++= be a directed path of 

even length linking u  to v . Suppose that C does not  contain any vertex of 
n

Fω′ . 

Then by Lemma 4.5.c we have ( ) ( ) ( )u1v n
m2

n θθ −= , that is ( ) ( )uv nn θθ = , which is 
false by hypothesis. Consequently, C contains at least one element of 

n
Fω′  and so the 

assertion is proved.  
b) The proof is similar.                                                                                               ¤ 
  
 
    We finish with: 
 
Proposition  4.7   Let v , be a vertex of nG  with ( )9  .Mod4v ≡  or  ( )9  .Mod5v ≡ . 
Any directed path from 0  to v  contains at least one vertex of  .F

nω  
 
Proof.  First, suppose that ( )9  .Mod4v ≡ . Then we have 4r9v +=  where r is an 
integer. 
Suppose on the opposite, that there exists a directed path : 
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  ( )  . . .  , . . .     vss,s,0C
m11 t,nt,nt,n =++=  from 0  to v  using no vertex of .F

nω  

We know that the elements of nS  are of the form 1k9 ±  and so ( )v,0   can not be an 
arc of nG .  
Consequently , 2m ≥  and so ( )vss,sC

m11 t,nt,nt,n1 =++=     . . .  , . . .   is a directed path 

of length 1m −  using no vertex of  
n

Fω′ (because 0  is not a vertex of )1C . 

For mi1 ≤≤  one can write ( ) i
i

t
it,n 1k9s −+=  and then we have : 

( ) ( ) ( ) m1 tt
m1 11kk9v −+−++=  . . .  . . . . 

Two cases are possible : 
 
Case 1 :  ( ) 1̂s

1t,nn = θ .  

Then we have 1k9s 1t,n 1
+= . Since ( ) ( ),  1t,nnn s1v θθ ==  by Corollary 4.6.b, 1m −   

is even and so m is odd. 
By Proposition 4.5.b, we have ( ) ( ) 1̂ss

12 t,nnt,nn ==   θθ  and then 1k9s 2t,n 2
+= . 

Furthermore, for 2i ≥  we have ( ) 1̂s
it,nn = θ  if i is even and ( ) 1̂s

it,nn −= θ  if i is 
odd.  
That means : 1k9s it,n i

+=  if i is even and 1k9s it,n i
−=  if i is odd. 

As m is odd, we deduce : ( ) ( ) 111 m1 tt =−++−  . . .  and then ( ) 1kk9v m1 ++=  . . . , a 

contradiction with 4r9v += . 
 
Case 2 :  ( ) 1̂s

1t,nn = θ  

Then 1k9s 1t,n 1
−= . Since ( ) ( ),  1t,nnn s1v θθ −==  by Corollary 4.6.a, 1m −  is odd 

and so m is even. 
By Proposition 4.5.b, we have ( ) ( ) 1̂ss

12 t,nnt,nn −==   θθ  and so 1k9s 2t,n 2
−= . 

Furthermore, for 2i ≥  we have ( ) 1̂s
it,nn = θ  if i is odd and ( ) 1̂s

it,nn −= θ  if i is 
even.  
That means 1k9s it,n i

+=  if i is odd, and 1k9s it,n i
−=  if i is even. 

As m is odd, we get : ( ) ( ) 111 m1 tt −=−++−  . . .  and then ( ) 2kk9v m1 −+=  . . . , a 

contradiction with 4r9v += . 
In both cases we have a contradiction, consequently any directed  path from v0     to  
contains at least one vertex of .F

nω  
 
Suppose now that  ( )9  .Mod4v −≡ . 
Let ( )vv,v,0C m1 ==   , . . .     be a directed path from v0     to . 
Then ( )vv,v,0C m1 −=−−=′   , . . .     is a directed path from v0 −    to  and since 

( ),.Mod4v 9  ≡−  there exists an integer { }1m,1i −∈  , . . .  such that .Fv
ni ω∈−   
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This implies 
n

Fvi ω∈  and  consequently the directed path C contains at least one 

vertex of .F
nω                                                                                                               ¤ 

 
    We have proved that for 3n ≥  the set 

n
Fω of  fixed points of the complete 

rotation ,nω disconnects the Cayley digraph ( )n3n S,CayG n  Ζ=  and so Conjecture 2 
is invalidated. 
 
    Moreover, we can prove that the minimum gossiping time of nG  is optimal, while 
the set 

n
Fω of fixed points of nω  is separating. 
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