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RESUME :

Nous étudions le probléme de la multi-diffusion en temps constant. Nous donnons des bornes inférieures sur le temps
minimum de multi -diffusion. Nous introduisons les notions de multi arborescence et de multi arborescence compact. Nous
donnons deux conjectures et certains résultats partiels

MOTS CLES :
temps mimimum de multi diffusion, multi arborescence, graphes de Cayley

ABSTRACT:

In this paper, we study the multi scattering in constant time. More precisely, we give lower bound on the minimum multiscat-
tering time of a graph. We introduce the notion of multi arborescence and compact multi arborescence. We give two conjectures
and some partial results.
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Multi-scattering in constant time

Nicolas Lichiardopol
E.SSI, Nice Sophia-Antipolis, France

Abstract

In following, we will study the multi-scattering in constant time, a communication problem not
much known. More precisely, we will give unpublished results on the minimum multi-scattering time
of a graph. The new notions of multi-arborescence and compact multi-arborescence will be very
useful. Two conjectures with several partial resultswill be given.

Keywords: Minimum multi-scattering time; multi-arborescences; scheme of a multi-scattering
process, Cayley graphs

1. Introduction, basic notions and notation

We consider networks where initially each node has a distinct message. A global communication
(gossiping) in such a network is the spreading process of the information of each node to all other
nodes. Of course, anatural goal isto gossip asfast as possible.

According to physical constraints, several models are possible :
If anode x can simultaneously send a message to y and receive an other message from 'y, the model
issaid to be full -duplex. Conversely, if alink can be used in one direction only, the model is said to be
half-duplex.

When any node x can communicate simultaneously with at most k neighbours the model is said
to be k-port and when x can send mesages simultaneously to al its neighbours, the model is said to
be D-port.

If each node can send simultaneously at most p messages to a same neighbour, we will have a
model p k-port
The combination of these conditionsyields alot of gossiping models.
Asfar astime of transmission is concerned, two principal models are considered :
- In the constant time model, the transmission of a message frome a node to one of its neighbours
« costs » one step, whatever the length of the message.
- Inthelinear time model, the transmission time of a message depends linearly on the length of the

message.

In this paper, we consider a not much known variant of the full-duplex 1 D-port model called multi-
scattering in [4] or total exchangein [2] or al to all personalised communication in [5] We will use
thefirst designation and the study will be made in constant time.

As usual the network is modelized by a connected graph.

In the second section, we define more precisely our multi-scattering model by describing its protocol.
We define the essential notion of minimum multi-scattering time (M.M.S.T) and we recall some
known results (in particular two lower bounds of the M.M.ST of agraph).

" E-mail address: lichiar@club-internet.fr



In section 3 we give anew lower bound which is sometimes the most accurate one.

In section 4 we give the exact value of the M.M.S.T of a graph of minimal degree 1. We also give
two upper boundsin the general case.

In section 5 we introduce two new notions that we call multi-arborescence and compact multi-
arborescence.

In section 6 we show how to use the notions defined in section 5 to represent a multi-scattering
process.

In section 7 we give two conjectures for new upper bounds of the M.M.ST of a graph. We prove
these conjecturesin some particular cases, for instance for Cayley graphs.

We consider only connected graphs (unless otherly stated).
For agraph G we note V(G) and E(G) the vertex set and the edge set of G. We note v(G):|V(GX
and €(G)=|E(G).
Wenote degg (x) the degree of averticex and d(G) istheminimal degree of G.
The distance between two vertices x et yof G isnoted dg (x,y). For xI V(G) and Wi V(G) we
note: d(xW)=min(d(x,y), yT W).
We note D(G) the diameter of G.
We note k(G) (resp.l (G)) the vertex connectivity of G (resp. edge connectivity).

Wewill omit the subsccript G when it is clear from the context.
When it is possible we keep the same notations for a digraph.

If G isan undirected graph, G isthe symetric digraph obtained by replacing each edge xy by the
couples (x,y) and (y,x).

For a digraph G, the underlying graph is the undirected graph G{ obtained from G by removing all
orientations.

If T isanarborescenceof root x, the heightof T is h(T ):max(dT (x,y), yl V(T ))
Forevery il {0,...,h(T )}, thelevel L; (T )is theset of vertices y suchthat dy (x,y)=i.
Forevery il {1,...,h(T )}, therank R (T ) isthesetof arcs (y,z) of T suchthat yi L,_,(T).

If Gisagroupand if S is agenerating subset of G no containing the identity 1 and such that :
xI sp x11's, the Cayley graph G =Cay(G,S) is the undirected graph defined by : V(G)=G
and E(G):{{x,y}; x 1yi S}.

G isaconnected regular graph of degree d =|S| and it is known that we have: k(G)3 §2(d3+ 1

o iy g

(see.. ).
For aninteger n3 2, considering the additive group ZY, the hypercube H (n) is the Cayley graph

Cay(Zg, S) where S={(1,0,...,0),...,(0,...,0,1)}. Clearly H(n) is aregular graph of degree n,

having 2" vertices.

2. Multi-scattering, description, known results
By muilti-scattering, we mean the global communication model whose protocol isthe following :

G is aconnected graph. Initially each vertexof G knows a message distinct from all other messeges.
At each step a vertex X may transmet to each of its neighbours, either its original message or a
message previously received. We specify that x may send the same message to several neighbours or
send distinct messages.



The goal of the processisthat each node receive all the messages.
Any way of realizing such adissemination is called a multi-scattering process (M.SP).
The realization time t(M) of a M.SP M is the number of steps necessary to fully inform all the

vertices.
The minimum multi-scattering time (M.M.ST) of a graph G isthe smallest of the t(M), where M is

any M.SP on G.
Asin paper ... ,wenote gf*(l,G) the M.M.S.T of agraph G.
Thefirst obvious result isthat for the complete graph K, we have: gf*(l,Kn):l.

Indeed during the first step each vertex being linked to all other vertices can receive all the messages
and so after thisfirst step all the vertices are fully informed.

We will sometimes restrict our attention to protocol respecting additional rules :

Rule R;: Each vertex must receive exactly once each message.

Rule R,: |If initially or after a given step, a neighbour x of a vertex y, knows some messages

unknown by vy, then at the following step, either all these messages are sent to y by other neighbours
of yor xsendsone of these messagesto .

We can state that for a M.S.P on G respecting rule R, the total number of transmissions of messages
is v(v— 1).

Indeed, each vertex receive exactly v- 1 messages and since they arev verticesthe result is obvious.
It's also obvious that for a M.SP respecting rule R, , each vertex x sends at the first step its original

message to all its neighbours.
We can state also that for any graph G, there existsa M.SP M respecting rule R, such that

t(M)=df. (1,G).

In ...Bermond J.C, Perennes S. and Kodate T. give the following results :

Proposition 2.1 For any graph G, we have:
3 (?V(G)' 1@

o (6)° & gray @

Proposition 2.2 For any graph G, we have :
of (1,G)3 D(G).

The proofs of these propositions are easy.
Thus, for agraph G of minimal degree 1, proposition 2.1yields: df. (1,G)3 v-1
The above propositions yields two lower bounds that we call lower bound 1 and lower bound 2.

In the same paper the authors also prove that lower bound 1 is achieved for a hypercube H (n) anda
star-graph S(k).

Supposing that some conjecture is true, they prove that lower bound 1 is also achieved for atoroidal
mesh T™M (p)I< . Recently this conjecture has been proved by the author (see ...) and so their assertion
isvalid.

We finish this section by noting that for a graph G, if G; is a spanning subgraph of G we have:

o+ (L.G)£ gf*(l,Gl). Knowing that un arc of (?1 isasoanarcof G,a M.SP on (?1 isasoa
M.SP on Gand then theresult is obvious.



3. Lower bounds

We begin with ageneral result and its corollaries :

Proposition 3.1. Let (V1 ,V2) be a partition of V(G) and let n be the number of edges between
V; and V,. Let V¢, be the set of vertices of V; having neighboursin V, and let V4£,be the set of
vertices of V, having neighboursinV,.Then:

gf*(l,G)3 nnx?'g%'ymax)dv Vérd(xV§B) eI\/2|H+rnaxx|v Vlmd(xvlﬂ)
a

Proof. Consider a multi-scattering process reqiring  gf« (1,G) steps. The |V1| original messages of
V;, must reach the vertices of V, by using the n edges linking the vertices of V; and V,.Since at

Qvau

each step, at most n messages of V; can cross the n edges, at least e—u steps are necessary and

evi|u

some message Ir, reach V,, at the step eu.
CR
Thismessage m isin fact received by verticesof V4 and since the others vertices of V., must receive

m, atleast max,jyg v, d(x,Vﬁ) additional steps are necessary and consequently :

of« (1,G) gv—l|ﬂ+ maXxy vg-v, d(X Vf;)

en
Similarly we obtain : gf*(l,G) glv—2|u+ maXyi vg v, d(x V1¢) and the result follows. a

A

en

eMu which is easer to use but lesstight.
é a

It's easy to deduce gf (1 G)3

Remark that by taking each timeV; equals to asingle vertex, we obtain propositions 2.1 and 2.2 as
corollaries.

Another consequenceis :

Corollary 3.2. For every graph G,we have:
évu

of« (1,G)3 Sl

Proof. Thereisasubset A of E, having | edges, suchthat G- A isnot connected.
It is known that G- Aadmits two connected compounents V; and V,. Of course, (Vl ,V2) isa

partition of V and the number of edges betweenV; and V,isexactly | (theedgesof A).

(|V1| V2| Ju

é
announced result. o

We have seen that gf«(1, G)3 G and since max(|\/ | V2| )3 >+ We deduce the
g

The lower bound of this corollary, will be called : lower bound 3.



We will now compare lower bounds 1, 2 and 3
In ..., F. Harary proves that for any given integgers k,I and d verifyingl£ k£I1 £d, there exist

graphs G such that: k(G)=k, | (G)=1 andd(G)=d.

In particular there exist graphs G such that2 (G)<d(G), and in this case, lower bound 3 is better
than lower bound 1. There are also graphs G such thatd(G) <2l (G) and then lower bound 1 is
better than lower bound 3.

. é v(G) u : 3
There exist graphs G, such that D(G)< & )Y The hypercubes H(n) with n3 7are such

examples. In this case lower bound 3 is better than bound 2.

_ . év(G)u _
On the other hand, there exist graphs G verifying 1< D(G). The hypercubes H(n) with
2 @)Y
n £ 5are such examples and then lower bound 2 is better than lower bound 3.

We give now an example where bound 3 is better that both bounds 1 and 2 :
Let G, bethe graph of order 2n, n3 4 obtained by adding a single edge between two copies of the
complete graph K,,.
We have d(G,)=n- 1, D(G,)=3and I (G,)=1 Then: S’(G”)' W3, EV(G”) fi=n and that
ed(Gn) a &2 (Gn)g
prove that lower bound 3 isthe best one. Infact, by proposition 3.1 we have dfs (1, Gn) 3 n+1. But
it's easy to describe a multiscattering process using exactly n+1 steps and then we can state
of (LG,)=n+1.

Consider thegraph G, of fig. 1

Xq X4

©)] O

Fig. 1 Graph G,

We can easily verify that %ﬂ> D(Gl) and thereforein this case, lower bound 1 is
é 1) a

T
better than lower bound 2. In fact we have ¢f« (1,Gl): ?7524.

For most of the classical networks lower bound 1 is reached.

Let's consider also the graph G, of fig. 2.

It is easy to see that D(Gz): 4 and S"(de(;)')lﬁz 3 and consequently lower bound 2 is better that
é 2/ 0

lower bound 1.



X1 X5
@)
XZQ/ %6
X4 X3 X7

Fig. 2 Graph G,

Let’s consider now the graph G5 with 10 vertices of fig. 3.

X7 X10

Q O
Xg
@)
X6 Xg
(@) @) (@)
X2 X3 X4

O O
X1 X5
Fig.3 Graph Gy
év(Gz)- 1u . :
Here we have D(G3) =4, ém 3 =3 and again bound 2 is sharper that bound 1.
é 3/ 1

We will seelater that for G, , the lower bound 2 is not reached, while for G5 thislower
bound is reached.

4. M.M.S.T of agraph of minimal degree 1, upper bounds.
We start with two lemmas :

Lemma 4.1. Let G, beatreeand M be a multiscattering processusing T steps.
Let y beavertex of G and let x be a neighbour of y. Suppose that at the end of a step t,x knowsa

message IT.
Then, at the end of step t, either yknows m, or x istheonly neighbour of y knowing Ir.

Proof. Supposethat at the end of step t, y doesn’'t know the message i, but that aneighbour x;
of y, distinct of x knows this mesage.

Let w , betheoriginator of m.Duringthe M.SP, mfollows two paths starting fromw, one path ending
at x,the other path at x; and none using y.But as xy and X, y are edges of G, assembling them with
both paths, we obtain a cycle, which isimpossiblein atree.



Consequently, if ydoesn't know m, x is the only neighbour of yknowing mand the result is
proved. o

We need also :

Lemma 4.2. Let M,be a moltiscattering process on atree G, using T steps and respecting rule
R

For some edge xy of G, if y receives a message fromx at step t, where 2£t£ T ,theny hasalso a
message fromx at step t- 1.

Proof. The assertion isobviousfor t = 2.

Supposethat the assertionistrueuptostept- 1, 3£t £ T and let’sstudy for t.

Suppose then, that thevertex y receives amessage a from x at step t. Then, X hasreceived a ata
stept; £1- 1.

If t; <t-1,x hasa attheendof stept- 2, ydoesn't hasa at the end of the same step, then by the

previous lemma, x is the only neighbour of y, knowinga at the end of step t- 2 But as this M.SP
works according to rule, x sends a message to y at step t- 1, and consequently the assertion is

verified for t.
If t; =t- 1, x hasreceived a fromaneighbour z! y,at thestep t- 1. By induction hypothesis x

has received amessage b from z at the step t- 2. Let w, be the originator of b. It is clear that
w?ty.
Suppose at first , that y receives b from aneighbour distinct of x. Theitinerary of b from w to y

and theitinerary from w to x assembled with the edge xy, will give two distincts paths from w to
y,whichisimpossiblein atree.

Therefore y receives b from x and consequently, at the end of the step t- 2, x knows the message
b but noy. Then, as previously, at the step t - 1, y receives amessage from x (not necessaarily b ).

The assertion is again verifyed for t and consequently the assertion is true for every t verifying
2ELET. o

Animmediate consequenceis :

Corollary 4.3. If xyisan edge of G and if y receives a message from x at the step t 3 2, y receives
amessage from x at each of the previous steps.

Proof. Induction from the previous lemma. o

We can now state :

Proposition 4.4. If G isatreewehave: of. (l,G):v- L

Proof. Let M, bea M.SP using gf*(l,G) steps. During the step gf*(l,G), avertex x sends a
message to one of its neighbours .

By the previous corollary, y has received a message from X, at each of the previous steps, and
therefore, y has received at least gf« (1,G) messages of x. As, obviously, y must receive exactly

v- 1 messageswe have: gf. (1,G)£v- 1
On the other hand , since d =1, by proposition 2.1, we have: df. (1,G)3 v- 1land so, the result
follows. a

We can give now an upper bound of the M.M.S.T of any graph :



Proposition 4.5. For every connected graph we have :  gf« (1,G)£ v(G)- 1.

Proof. We know that any connected graph G admits a spanning tree H, and since df. (1,H): v- 1,

thereisa M.SP using v- 1 steps. This M.S.P on H, is also a M.S.P on G and consequently we
have: gf.(1,G)£V(G)- 1. o

Proposition 4.4, may be generalised asit follows :
Proposition 4.6. For every graph G of minimal degree 1, we have: gdf. (1,G) =v-1

Proof. Thisisanimmediate consequence of propositions 4.5 and 2.1 o

M being a multi-scattering process on a graph G, for a vertex x and for t verifying
O£t £t(M), Mt(x) will be the set of messages known by x after the step t. Now we can give anew

upper bound :

Proposition 4.7. For every graph G, we have:
év(v- 1)- 2eu

f«(1,G)£ 7+ 1.
Proof. Let M,beaM.S.Pusing T = gf*(l,G) steps and respecting rule R, .

Suppose at first, that at each step, there are at least k transmissions of messages. Since at the first step
there are 2etransmissions and since the total number of transmissions is v(v - l), we deduce:

2e+(T - )k £ v(v- 1), which will imply the result.
Suppose now that there is a step which requiresless k transmissions. Let t, be the first of these steps.
Let m be the number of transmissions during step t and let | be the number of vertices receiving
messages during this step.
Then we have: t3 2 and 1EI£m£E£k- 1 Let A, be the set of vertices receiving messages during
the step t.
First, we state that for x,yl V - A, we have: Mt_l(x): M t_1(y).
Indeed, since |4 =I<k, G- A isaconnected graph and so, there is a path (20 = X,...,Zj = y)
containing only vericesof V/A.
For O£i£ j-1,sincethevertice z,, doesn't receive message at step t, we have then:
M. 1(Zi )i M. 1(zi +1) (otherwise, by rule R,, 7,4, would receive at |east a message).
With the same reasoning we obtain : M, ;(z.,,)1 M,.;(z ) and from both inclusions, we deduce :
M, 1(z)=M, 1(z.,) andthisfor il {0,..., j- 1}, whichimplyies M, ;(x)=M,_4(y).

We state now, that for every x1 V/A, we have M _ 1(x) =V.
Indeed, for every vertex yi V/A, wehave yI M,_;(y), hence yI M, ;(x) and consequently :
V/AT M_(x).
Every z1 A, hasat least d - | +1 neighbours contained in V/A and since d-|+13 2, thereisa
neighbour yi V/A of z;since t3 2, wehave z1 M, ;(y), hence zT M,_;(x) and consequently
wehave: Al M, ;(x).
Bothinclusionsimply : Mt_l(x):v.

Suppose that there isavertex zof A lacking at least d - | +1 messagesat theend of stept- 1.
As zhasat least d-|+1 neighbours belonging to V/A and as at the end of the step t - 1 all these

neighbours had all messages, during the stept, the vertex z will receive at least d - | +1 messages .
But as each other elements of A receives at least a message during step t, we have at least
d-1+1+1-1=d transmissionsand since d > m,thisisimpossible.



Consequently at the end of step t- 1, each y of A lacks at most d - | messages. As y has at least
d- | +1neighboursin V/A, y receives al the missing messages during the step t. Therefore
T =tandthen:

2e+(T - 2)k£v(v- 1)- m, hence T £v(v-—i)-2e

+1+1- % ,and since 0<1- %< 1, we obtain
the announced result. o

In the following, we call upper bound 1 the bound of proposition 4.6 and upper bound 2 that of
proposition 4.7.

For a graph G with k3 %§+ 1, we have gv(v_#ﬁ+l< v- 1, which means that upper bound 2

is better than upper bound 1, butif k £ %E— 1, upper bound 1 is better than upper bound 2.

Let's also note that for a complete graph and even for others graphs having a great size, the upper
bound 2 isreached.

5. Multi-arborescences, compact multi-ar bor escences

In order to visualize multiscattering processes, let usintroduce a new notion :

Definition 5.1. A multi-arborescence (M.A) isatriplet W=(V,T,q) where V isa finite set called
vertex set of W, T isan arborescence and q is a surjective map from V(T) to V. Theroot of W is
q(r) wherer istheroot of

It'sobviousthat if g isaonetoonemap, we have aclassical arborescence.

For instance, the set V :{xl, X9, X3, x4},the arborescence T of fig. 4, the surjective map g defined

by : a(Ay)=x1, a(Ay)=a(As)=a(Ag)=x2. a(As)=a(A; )= x5 and q(A;) =q(As) = x, define a
M.A W of root x; .

Ao As Ay
Al g e g
Ay

Fig. 4 Arborescence T

In order to simplifynotation and drawing, in the following we represent such a multi-arborescence W
asinfig. 5, that is, we will directly replace every vertex ul V(T) by q(u).

We will now intrduce some notations and definitions for a multi-arborescence W = (V,T q )
Every arc (u,v) of T, yields an arc of W. Ifq(u):q(v) the corresponding arc is said to be trivial

otherwise non trivial.
The height h(W) of W will bethe height of T.

For every i1 {0,...,h(W)} thelevel L (W) of W will beq(Li (T). Remark that i1 j doesn’timply



10

L (W)NL; (w)=£.

Similarly therank R, (W) of W will be the set of arcs (q (u),q (v)) with (u,v)T R (T) Once again
it j doesn't imply R (W)ﬂRj(W)=/E We will note R{W) the subset of non trivial arcs of
R (W). At last we will note R(W) the set of all arcsof W and R¢W) will be the set of non trivial
arcsof W.

Xo Xy X3
X1 X3 X2 X2
X4

Fig. 5 Multi-arborescence W

For any multi-arborescence W = (V T ,q), we note U (W) the undirected graph with vertex set V
and such that there is an edge between x and y iff either (x,y) or (y,x) isanon trivial arc of W.
Notethat U (W) isaconnected graph but not necessarly atree. For that we give :

Definition 5.2. A compact multi-arborescence is a multi-arborescenceW = (V T ,q) such that for

every x1 V, theelementsof g~ 1(x) formadirected pathin T (possibly reduced at a single vertex).

A compact multi-arborescence will be often abbreviated by C.M.A. We can state:

Proposition 5.3. If W= (V,T ,q) isa compact multi-arborescence, then U (W) isatree.

Proof.  Suppose that U (W) is not atree. Then there is acycle (zl,...,zl 24 = 21) in U(W) and
consequently there is a sequence: s=uf, u,, ug, ...,u;, uf, u,, of vetices of T such that
u T q %(z) for each integer i verifying 2£i £1+1, ugl q 2(z ) for 1£i £1 and such that uf;
isanedgeof Tdfor 1£i £1.

Since W isa CM.A, u,utl q (z) for 2£i £1 and u,,,ugl g *(z;), thereisin T¢ a path

between u; and ug (for each il {2,...,I}) and a path between uj4; and u$ . Inserting all these

pathsin the sequence s, we aobtain acyclein T ¢ whichisimpossibleas T Cisatree.
Consequently U (W) isatree. a

A spanning multi-arborescence of a graph G, is a multi-arborescence with the same vertex set as G

and whose non trivial arcs are arcs of G . It's easy to see that in any connected graph G, for any
x1 V(G), thereisaspanning C.M.A of G rooted at x.

If G isagraph, f an automorphism of G and W a multi-arborescence such that U(W) isa
subgraph of G, we define the multi-arborescence (W) with V(f(W)) = f(V(w)), h(f(wW))=h(w)
and R (f(W))={ (f(a), f(b)); (a,b)T R, (W)} for 1£i £ h(W). It's clear that if W isrooted at X,
f (W) isrooted at f(x) and thatif W isa CM.A, f(W)will beaC.M.A. It ‘s clear also that if W
isaspanning multi-arborescence, f (W) is also a spanning multi-arborescence.



6. Scheme of a multiscattering process. Examples

We will now see how to use multi-arborescences to describe multi-scattering processes.
LetM bea M.SPonagraphG. For each x of V(G) we define a multi-arborescence W, rooted at x,

in the following way :
- The height of W, isthe number T, of steps necessary to spread the original message m, of x.

Theverticesof W, arethose of G.

For 1£i £T,, thenontrivial arcsof W, of rank i arethearcs (u,v) of G such that u transmit the

- message m, to v at stepi.
The trivial arcs of W, of rank i are the couples (u,u) such that u sends m, at astep i £i
and sendsit againat astep i, 3 i+1.

Obviously for every xI1 V(G) W, is aspanning M.A of G. Itis also obvious that for each given
il {1..,T(M)}, al the Ro{w, ), xI V(G) aredigjcints.

We will call scheme of the multi-scatering process M, the family of theM.A W, , x1 V(G). It's easy
to see that the maximum height of the W,, x1 V(G) gives us the time t(M) of M. It' clear that if
M respectstherule R; thisschemeisformedby C.M.A..

Conversely, for a graph G, the construction of afamily W,, x1 V(G) of spanning M.A of G rooted
at x such that for each i verifying 1£i £ maxq () hWy ), the sets Rw, ), xT V(G) are disjoints,
yields the scheme of a multi-scattering process M. It's clear also that if all the W, are C.M.A, the

M.SP Mrespectstherule R; .

For agraph G, the construction of such a schema gives us an upper bound of the M.M.ST of G
and it is sometimes possible to prove that this upper bound isthe M.M.ST of the graph by using some
additional arguments.

For instance fig. 6 describe the scheme of amulti-scattering M in G, (seefig. 2) with t(M ): 5.

So we have gf*(l,G2)£5. Since D(Gz): 4, we have: gf*(l,G2)3 4.

For 1Ei £7 let'snote m; the original message of X; .

Wehave d(x3,%s)=d(x,,xg)=

Let's consider a minimal multi-scattering process M ¢ Messages my; and m, must reach Xg.
Either one of these messages follows a path of length > 4 and then gf. (1,62) >4, or both messages
follow paths of length 4. In this case, both paths use arc (x2 ,xl) and the vertex X, must transmit
m3 and m, to X;. As X, may transmit only one message to X, per step, again we will have
of« (1,62) >4. Conseguently gf. (1,G2)> 4 and df. (1, G2): 5 follows.

In Fig. 7, we give the scheme of a multiscattering process M inG5 (see fig. 2) with t(M ):4.
Since D(G3):4 isalower bound of gf.« (1,63) we deduce gf*(l,Gg):4.

Let’s consider now the cycle C, :(xo,xl,...,xn_l,xo) of length n and let’s put for jT N :
Xj =X where i istheremainder of thedivisionof j by i.
For i1 {0,...,n- 1}, wedefinethe CM.A W, of height gn—zlg

1, the arcs of W; of rank m will be the couples (i+m- 1,i+m) and

rooted at X; ,in thefollowing way :

For 1£mf )——

én
8 H

én- 10
) If nis an odd integer, the arcs of W, of rank s—— will be the couples

g2 Y

(i- m+1i-

11



=] o 4 )
|+en 10 1|+een 1uu dgl-e u+1|—e UQ andif n is even, theonly arc of rank
g2 0" &E2 g2 H €2
e~n—1u:£ will be the couple anrE_ 1, +29.
€2 H 2 2 2g
It is no difficult to prove that we have thus defined the scheme of a multiscattering process using

- 1o 10
exactly STH steps. Then, we can state gf« (l,Cn)£ §n2 H and using proposition 2.1, we deduce

X
X

&

x
=
x
i
x
i
x
N
&

X

&
=

én-1u_énu
of« (1,Cn): gTH: 'SEH
/ X3
X1 X5 X6
\ %,
/ X1 X5 Xg
X2 < %s \ X7
X4
X4 X7
/ X2 X2 X1 X7 X6
X4 X5
\Xs
/ & %2 &
X5 <X6 \X4
X7
/X5 Xl %2 s
\ X6

Fig. 6 Scheme of amultiscattering in G,
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Fig. 7 Scheme of a multiscatteringin Gy
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7. Two conjectures and partial results

From the known results on classical graphs and multiple computations, we state at first the
following conjecture :

Conjecture7.1 For any connected graph Gwe have: gf« (1,G) £ V(G)- d (G) .

Remark that this conjecture is compatible with lower bounds 1, 2 and 3. That is obvious for lower
bounds 1 and 2, let’s prove it for lower bound 3, that is, let's provethat for a graph G we have:

v(G)- d(G)? éV(G) 3 We will use the following lemma.

& G)d

Lemma 7.2 For agraph G verifying ds § wehave | =d.

8 H
Proof. Let A, Bbeapartitionof V with a£b where a=|A and b=|B|. Clearly 1£a£d.

Each xI A hasatleast d-a+1 neighboursin B and consequently there are at least a(d - a+1)
edges linking A and B. But since a(d - a+l)3 d for 1£a£d, there are at least d edges between A

and.B Thatmeans | 3 d andsince | £d theresult follows. o
Now we can prove the above inequdlity. If d £§ H- 1 wehave v-d3v- %§+1 SZH U and since
évu, éVv u
a—n° a—r, theresult follows.
&t &
If d3 éva it's easy to prove at firrst that v- d 3 — and that implies v- d 3 vy and by the
&4 2d 82 iy

previouslemma v-d 3 giu

&l

Obviously this conjecture is true for a graph of minimal degree one and for a complete graph (in both
cases we even have equality).

We now prove the conjecturein the particular case of Cayley graphs.
So, let G = Cay(G, S) beaCayley graph with |§ =d.
Forevery al G, let'snote t , : G ® G defined by ta(x):ax.
We can easily verify that for each al G, t 2 isagraph automorphism.

We will say that an arc (x,y) of G hassi S asgenerator if wehave y=xs.

Lemma 7.3 Let W; be a spanning M.A of G= Cay(G,S),rooted at 1, such that for every

il {1 , h(Wl)} the arcs of Riq(Wl) have distinct generators.
Thenwe have: gf. (1,G)£ h(Wl).

Proof Let'sconsider thefamily W, =ta(W1), al G.
Foreach al G, W, isaspanning multi-arborescence of G rooted at a and of height h(Wl).
Let's suppose that there exists i {1 h(Wl)} and distinct elements u and v of G such that

R ‘w,)NR‘(w,)* &
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That means that there exist arcs (xl, yl) and (x2 , yz) of Ric(Wl) such that :

(uxl,uyl) :(vxz,vyz) which implies : xily1 = xély2 :

That means that both arcs (x1 , Y1) and (x2 , yZ) have the same generator and then by definition of
W, wemust have X; =X, and Yy; =Y, butthenwededuce u=v, acontradiction.
Consequently for each i1 {1,...,h(W, )} thearcssets R{W,), al G aredisjoints.

Then the family W,, al G is the scheme of a multi-scattering process M and we have
t(M)= h(Wl) hence gf.(1,G)£ h(Wl). a

We continue by :

Lemma 7.4 Let G= Cay(G,S) be a cayley graph.

Thereisaspanning C.M.A W, of G, rooted at 1 and verifying :

M Rewi)={(Ls); sl s}

(i) Forevery il {1...,h(W,)} wehave: Rew;): &

(iii) Forevery il {1,...,h(W1)}, the arcs of Rﬂ(Wl) have distincts generators.

Proof. We first remark that there exist C.M.A verifying conditions (i), (ii) and (iii) and such that
U (W) isasubgraph of G.
Indeed, the compact multi-arborescence of height 1 whose arcs are the couples (1, s) with sT S is

such an example.
Let W; besucha C.M.A with asmany vertices as possible.

Suppose that V(Wl)1 G.

Since G isaconnected graph, thereisavertex y1 G/V(W;) having aneighbour x1 V(W;).

Then let W{, bethe C.M.A obtained from W, by possibly adding copies of x to the copy of x
which isthe farest from the root 1, until level h(Wl) isreached and by creating a new rank by linking
thelast copy of x (copy of level h(Wl)) with y.

Thisnew C.M.A verifies conditions (i) (i) and (iii) and since (Wg)|=|v(Wy)+1 thisis
contradictory with the definition of W, .

Consequently, we have V(Wl) =G and the assertion is proved since the CM.A W, verifies all
requiredconditions. o

Now we can state :

Proposition 7.5 For aCayley graph G =Cay(G ,S) we have of. (1,G)£v(G)- d(G).

Proof. If d=v-1 thatisobviousasGiscomplete.
Suppose d<v- 1. Let W; beaspanning C.M.A of G rooted at 1 and verifying conditions (i),

(ii) and (iii) of the previous lemma. Then h(W1)3 2 and since |R,¢(W1)|3 1 for 2£i £ h(Wl),
|Ri(Wi)=d and [REW; ) =v- 1 and since the RAW;), 1£i £h(W,) are disjoint, we deduce:
h(W;)- 1£v- 1-d.

Therefore h(W; )£ v(G)- d(G) and the result follows by lemma 7.3. o

We will now prove that this conjecture is true for a graph G such that d 3 %§+2 (remark that

such agraph is always connected).
Several intermediate results are necessary and we start by :
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Lemma 7.6 LetGbeagraphwithd 3 va, 2. Let {B, A} be a partition of V with |A|£ |B|

&2
If |A{3 2, there exist at least v +1 edges between A and B.
évu

If |A{ =1, thereexist at least §H+ 2 edges between A and B.

Proof. Let’ snote: |A{ =a and |B|:b. It'seasy toseethat a£d- 1

With the same reasonning used for lemmma 7.2, we conclude that there are at least a(d - a+1)
edgesbetween A and B=V/A.

If a=1, theassertionisobvious.

For 2£a£d - lit'seasy to provethat: a(d - a+l)3 2(d - 1)3 v+1 and so the assertion is proved

also for |A{3 2. o
The essential result is :

Vi
o+ 2.
24

Let (V,, x1 V), be a family of subsets of V not all equal to V, such that for each x1 V,V,

contains x and all its neighbours.
Let W bethe non empty subset of V defined by : W :{XT Vi, V! V}.

Then there exists a family (ux, x1 W) of distincts edges of G such that for each xT W, u, joins
anelement of V, toanelementof V/V, .

Lemma 7.7 Let G beagraph withd 3

Proof. Wewill use Hall’ s theorem.
Foreach x1 W, let F bethe no empty set of edges between V, and VN, .

Foranoempty set Si W, let’s study the cardinality of G(S): U Fx.
XS

If for some element y of S we have [\//Vy|3 2, by the previous lemma we have |F 3 v+1and

since Fy 1 G(S) and |4 £v, wededuce: |G(S)?|d.
If for every x1 S wehave V| =1, foreach xI S, VN, isasingleton {a,}, which means

Vi =V/ay}-
If the a,, x1 S areall equal to an element a of V, eachvertex x1 S isnotaneighbour of a. That

|

implies: |4 £v- degg(a) and since v- degg(a)£ degg(a), we deduce: |d £degg(a), thatis

[G(s)° 19

If therearevertices y and z suchthat ay * a,, wehave: |FyUFZ|=|Fy|+|FZ|- |FyﬂFZ| and

since |Fy|3 %§+1, |FZ|3 %§+1 and |FyﬂFZ|£1 (because FyNF, =/ if yz isnotan edge
of Gand FyNF, ={yz} if yz isanedgeof G) we deduce: |FyUFZ|3 22_\2/§+1 which implies

|FyUFZ|3 v andsince FyUF, I G(S) and |§£ v,again wededuce: |G(S)?|9.
In conclusion, for every no empty set Si W, we have |G(Sl 3 H and then by Halls theorem there

isafamily (u,, xI W) of distinct edges with u, 1 F, for each xI W and so the result is
proved. a
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We continue by :

évu
Kz
There exists a family (Wx, x1 V) of spanning C.M.A of G such that :
(i) Foreach x1V, Ri(W,)={(x,y); xyT E(G}
(i) Foreach x1V such that h(WX)3 2, wehave |RG(WX)|:1 for every il {Zh(WX)}
(iii) For every integer i verifying 1£i £max(h(WX), x1 V), if y and zaredistinct vertices such
that Riﬂ(Wy) and RiG(WZ) are defined, we have: R,Q(Wy)ﬂ RiG(WX)=/E

Lemma 7.8 Let G beagraphwith: d(G) 2.

Proof. There are families L =(L,, xI V) of C.M.Asuchthat U(L,)=G for xI V, verifying
conditions (i), (ii) and (iii) and verifying also the condition :
(iv) For every y such that h(Ly)< max(h(LX), x1 V), we have V(L y)=V.
Indeed, the family L d:(LQ, x1 V) where L ¢ isthe C.M.A of root x and of height 1 with
Rl(LQ)={(x, y); xyl E(G)} is such an example.

For suchafamily L =(L,, x1 V) letsnote: h(L)=max(h(L,); xI V).Thereis yi V such
that h(L)=hLy).
Since |R4Ly] = degg(y)+h(L)- 1 andsince |R<Ly1£v- 1, we deduce :
h(L)Ev- degG(y) hence h(L)Ev- d.

Consequently, there is a family W:(WX, x1 V) verifying (i), (ii), (iii) and (iv) and such
that h(W) isthe greatest possible.

Let be W :{XT V; V(WX)1 V}. By definition of W (condition (iv)) wehave:

Wi {xT v; h(w,)=h(w}.

If W=£, each W, isaspanning C.M.A verifying (i), (ii) and (iii) and then the lemma is

proved.
Suppose W1 /A By lemma 7.6, there are distinct edges u, =a.b,, xI W with

a1 V(W) and b, T V/V(W,) for each x1 W. Of course the couples (a,,b,), xI W are

also distincts.
Keeping al the CM.A W, with xI W, and taking for each xT W the C.M.A W¢ obtained from

W, by adding the couple (ax ,bx) at rank h(WX)+1 = h(W)+ 1(see also the proof of lemma 7.4),
we obtain a new family W= (WQ, x1 V) of C.M.A verifying conditions (i), (ii), (iii) and (iv)
and such that h(Wq = h(W)+ 1. That is contradictory with the definition of h(W).

Consequently W = & and thelemmais proved. o

Now we can state :

évu
a—n+2we have:

g2t

Proposition 7.9 For every graph G verifying d 3

of+ (LLG)£ v- d.

Proof. Thereisafamily W =(WX , x1 V) defined asinlemma 7.8.
Clearly this family is the scheme of a multiscattering process M using h(W) steps and since
h(W)£ v- d, the result follows. a

For similar reasons, we give also a second conjecture :
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Conjecture 7.10 For every connected graph G, wehave: df« (1, G)£ = G a-
é u

We first remark that here also the conjecture is compatible with lower bounds 1, 2 and 3. This is
obvious for lower bounds 1 and 3 and it’s alittle more difficult for lower bound 2.
Proposition 4.5 shows that this conjecture is true for a graph with vertex connectivity equal to 1, It
isalso truefor acycle and for acomplete graph (in both cases we even have equality)
This conjecture is probabily more difficult to prove or disprove that conjecture 7.1, but it is also more
interesting. If true, this conjecture implies that for any graph G having identical connectivity and

_év-1u

minimal degree, we have df« (1,G)— STH (which would be astrong result).
é2d +20
We have seen that for a Cayley graph G =Cay(G,S) wehave k(G)? &3 and therefore G

is r-connected for any non zerointeger r verifying 3r £ d +3. We can state:

Proposition 7.11 Let G :Cay(G,S) be a Cayley graph with d 3 3.
¢ u

é a

~ + -

Then: of« (1,G)£§3,V—3\l,1- 2.
eed +3uu
&8 3 Hy

Proof. Let’snote r:eﬂg

g3 8

Thereare C.M.A W of root 1, satisfying:

i U (W) isasubgraph of G.

(i) Forevery il {1...,h(W)}, thearcsof R®W) have distincts generators.
év(w)+34

(i) h(w)£ &l 3

Indeed, the CM.A L of height 1with Rl(L)={(1,s); sl S} is such an example.
Let W; besucha C.M.A with as many vertices as possible.

If V(W1)=G, W, isaspanning C.M.A of G and the result follows by using lemma 7.3.

. Clearly wehave: 3r £d+3.

Let’'s now consider the case V(Wl) 1 G. Since G is connected, there exist arcsof G with starting
pointsin V(Wl) and ending pointsin G/V (Wl).

Let m be the maximum number of arcsof G havi ng distinct generators, starting points in V(Wl)
and distincts ending points in GV (W;). Let (x,%s), 1£i£m be m arcs realizing these
conditions.

By possibly extending the vertices x; of V(Wl) and adding the arcs (xi , xisi) at rank h(W1)+1,
weobtaina C.M.A Wg verifying (i) and (i) with h(wg)=h(W,)+1 and v(wg)=v(w,)+m.
If m3 r, condition (iii) isalso verified, whichis contradictory with the definition of v(Wl).
Consequently wehave m<r.

Suppose V(Wg) <v. Then GN (W)t /& and for any yT G/V(Wg) and any sT S/{s; ..., sy}, we
have ys 11 GV (Wl) (otherwise we obtain a contradiction with the definition of m).

Since m<r and G is r-connected, G- {xlsl,..., xmsm} is aconnected graph and consequently
the set W of elements of GV (W¢) having at least aneighbour in V(W) isnon empty.

It'sclear also that for arcs (x,xa) with xT V(W,) and xa1 W, wehave al {s;,..., s}



Let y, bean element of W. Let xT V(W,), beaneighbour of .

Suppose that there exists b1 {s;,...,s,,} suchthat yb 11 v(w,).

By adding to W, thearc (x,y) at rank h(W,)+1, and thearcs (y,ys'l), sl /sy, sm}U{b}
at rank h(W1)+2, we obtain a C.M.A of height h(Wl)+2, having v(W1)+d- m+ 2 vertices and
verifying conditions (i) and (ii). Since d- m+23 2r, condition (iii) is also verified, which is
contradictory with the definition of V(Wl).

Furthermore if m=1,by adding to W, thearc (x,y) at rank h(W;)+1, and the arcs (y,ys'l),
sl S/{sl,...,sm} at rank h(Wl)+2,We obtaina C.M.A of height h(W1)+2, having v(W1)+d
vertices, verifying (i), (ii) and since d?3 2r, condition (iii) will be also satisfyied, agan
contradictory.

Consequently for any ylI W and any si {s;,...,s,}, we have ys'11 V(W;) and moreover
m3 2

For each il {1m} by replacing the arc (Xi ,xig) by an arc (yg'l,y) with yT W and
repeating the previous reasonning, we deduce that x;s;5 X1 G/V(W;) for any sT Sfs;,..., s}
andthat x 55”11 V(W,) forany si {s,...,s,}.

Consider now the set X :WU{xlsl .xmsm} of elements of GN (Wl) having a neighbour at
leastin V/(W,).

Suppose that for some y; 1 X thereis z;1 X/{y;} suchthat z; i {yls'l; sl sy, sm}}.
Then by adding to the C.MA W, the arcs (ylsil,yl), (zlsél,zl) at rank h(W1)+1 and the arcs
(yl,yls'l), sl $/s;,....sm} atrank h(W;)+2, we obtaina CMA of height h(W,;)+2,
having v(W1)+d- m+ 2 vertices and verifying (i), (ii) and (iii), whichisacontradiction.
Consequently for every yl X, we have: X {y}U{ys'l; sl S/{sl,...,sm}}, which implies
that two distinct elementsof X are linked.

Let'sfix avertex y1 X etsuppposethat: X1t {y}U{ys'l; sl S/{sl,...,sm}}

It'sobvious that the set X disconnectsthegraph G, consequently we have: |F| 2 k which implies:
|{y}U{ys‘l; s S/{s,l,...,sm}}‘3 k+1.

By adding to W, thearc (ysil,y) at rank h(W,)+1 and the arcs (y,ys'l), sT S/{s; -\ S}
at rank h(Wl)+2, we obtain a CM.A Wt of height h(W1)+2, having at least v(W1)+k+1
verticesand verifying (i) and (ii). It'snodifficult to provethat k +13 2r and so, condition (iii) is
also verified, which is contradictory with the definition of h(Wl) .

Consequently : F :{y}U{ys'l; sl S/{sl,...,sm}}.

Let G; bethesubgraphof G generated by V(Wp) :V(Wl)UF.

Clearly for every xI1 V(Wf), wehave degg, (x)=degg(x), which implies V(Wg)=G and since

h(w, )£ EME 3, h(W@#)=h(w;)+2 and d- m+13 r, wededucewithout difficulty :
h(WfI)E EV:3§- 2. Theresult follows by lemma 7.3. a

This proposition doesn’t prove our conjecture, but it gives an interesting upper bound for a Cayley
graph.

We will prove now that conjecture 7.10 istrue for some Cayley graphs, more precisely :

19
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Proposition 7.12 Let G :Cay(G,S) be a Caley graph, with G anabeliangroupand d =3.

Then: gf*(l,G): gv_slg

Proof. It'sclear that either thethree elementsof S areof order 2 in G, or exactly one element of
Sisof order2in G .
In the first alternative, as G is either the complete graph K, , or the hypercube H(3), the result is

obvious.
Let’s consider the second alternative.

We can note S:{a,b, b'l} with a=a"tand b? b'1.|G| being even, we can write v =2n.
é2n- 1u L . ,
Let’ s note rZS—SH. We now dinstinguish two cases wether the family (a,b) isfreeor not.
Casel. Thefamily (a,b) isfree.
Necessarly b isof order n and wehave: G ={1,b,..., b"!aab,..,ab ”'1}.
2n-1
)

First, supposethat 3isadivisor of 2n- 1 (whichmeans r =

Let A, O£i£r bethesequence of vertex setsdefined by :

i iy

- A =fab"lbib 2 i/ for every odd integer i verifying 1£i£r- 2
f b
1- o

- A =iab"!b'ab 2y for every even integer i verifying 2£i£r- 1.
f b
} o

- A =jab"tblab 2y
f b

Let'sprovethat: | JA =G.
Ofifr

Let x beanelement of G and first, suppose that we have x=b with 0£ jEn- 1
For O£ jE£r, clearly ve haver xI Aj.
2(n- j)1+1
Suppose now r +1£ j£n- 1. Wehave b :b'(”'j) =b 2 . Wecaneasily provethat :
1£ 2(n- j)- 1£r- 2. Therefore Agfn- )1 iswell defined and clearly it contains x .

Suppose now that we have x =ab I with O£ JEn-1
If O£j£r-1, wehave xI Ajy.
r+1
For j=r, wehave x=ab ™) =ab 2 andtherefore x A
2n-2j
For r +1£ j £n- 1, we have x=ab 2 . It's easy to verify that: 2£ 2n- 2] £r. Therefore
Aon. 2 iswell defined and it contains Xx.

Inall caseswehave x1 |JA andconsequently |JA =G.
Ofifr Ofifr
Wenow definesequence E;, 1£i £r of couplesby:



- Elz{(l,a),(l,b),(l,b‘l)}.

I e 1 1*140
- Forany oddinteger i with 3£i£r-2, E =1 (b' 1,ab"1) (b' 1,b'),§b 2 p 2 :g,
{ ab

—_—

Note that each E; is aset of arcs of G having distinct generatorsand linking Ay U...UA;; to A.
Then we can easily construct a spanning multi-arborescence W; of G, rooted at 1 of height r such
that RUW,;)=E; for 1£i£r.

N

-1
By lemma 7.3 and by proposition 2.1, wededuce: gf« (1,G):8V3

E.\ c

Now, supposethat 3 isnotadivisor of 2n- 1.
Let B, 0£i£r bethesequence of vertex sets defined by :

- By ={1}.
i Mg
- B =tab"lpi b 2 ;, for every odd integer i verifying 1£i £r.
t b
i _ '_JIJ
- B :.{ab"l,b',ab 2y for every even integer verifying 2£i£r.
t b
Aspreviously, let’s prove that U B =G
OEIEr

Let x beanelement of G and first, suppose that we have x=bl with O£ JEn- 1

If O£ j£r, clearlywehave: xI Bj.

Suppose now r+1£ j£n-1. Wehave b’ =p-(i)=p 2 | Wecaneasly provethat:
1£2n- j)- 1Er. S0, By j).1 iswell defined and it contains x.

Suppose now that we have x =ab I with O£ JEn- 1

For O£ j£r-1, it'seasytoseethat xI Bjiq.

For r £ jEn- 1, it'salso easy to prove that B2(n- j) iswell defined and that it contains x.

Inall caseswehave x1 [ JB; and consequently | JB; =G.
OfiEr OLifr

With anal ogous considerations we deduce again : gf+ (1,G) = gv 3 1§.

Case2. (a,b) isnotafreefamily.

Then G is a cyclic group having b as generator and so, G :{1,b,..., b 2" 1}. Furthermore
a=b".

We keep the same sequence of sets B;, O£i £ previously defined.

21
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Let'sprovethat herealsowehave: | JB; =G.
OLiEr

For xI G, thereis j1 {0,...,2n- 1} suchthat x=b .
For Of£ j£r wehave xI Bj.
_2n—2j
Forr+1£j£n-1 wehavex=ab 2 . Wecaneasily provethat 2£2n- 2j £r. So Byy. p;

iswell defined and clearly X1 Ban. 2j.

For nf£jE£n+r-1 wehave x=abl ", It's easy to prove that Bj_p.1 iswell defined and then

clearly : X1 Bj. ns1-

2(2n-j)-141
For n+r£ j£2n-1 wehave x=D0 2 . We can prove that  By(on- j).1 is well defined
and then x1 BZ(Zn- j)-l'
Inall caseswehave xi [ JB; and consequently | JB; =G.
OEifr OEifr

VIR
Now, with anal ogous reasonnings, we deduce gf (1,G)=§V3 E
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