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RESUME :
Nous donnons une borne superieure sur le temps de diffusion d’un graphe en fonction de sa connectivité, puis une nouvelle
condition suffisante pour qu’un graphe ait un temps de diffusion minimal.
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ABSTRACT:
First we give an upper bound on the broadcast time of a graph, then a new sufficient condition to have a minimal broadcast

graph.
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Broadcast time and connectivity

Nicolas Lichiardopol®

13S, ESS, 930, Route des Colles, BP 145, 06903 Sophia Antipolis.

Abstract

First, we give an upper bound of the broadcast time of a graph, then a new
sufficient condition to have a broadcast graph.
This condition will yield numerous broadcast graphs.

1. Introduction, basic results

In this paper we deal with the classical problem of broadcasting.
We recall that the protocol is the following :

At step 0 some node x of a connected graph G knows a message. At step i, any node
having aready received this message, may send it to one of its neighbours with the
condition that all calls must use independent edges.

Then the broadcast time b(x) of x is the minimum number of steps necessary to
complete broadcasting from x.
The broadcast time b(G)of G isthe greatest of numbers b(x), where x travels the set

V(G) of verticesof G.

Let v be the order of G. We know that for every x1 V(G) we have b(x)3 dog, v()
and so dog, V() isalower bound of the broadcast time of G.

A broadcast graph isagraph G such that b(G) = dog, v{).
We know that the complete graph is a broadcast graph and that they are broadcast
graphs with fewer edges (minimum broadcast graphs).
However we don't know a general characterization of broadcast graphs.
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In this paper we obtain a sufficient condition for a graph to be a broadcast graph.This
will follow from a new upper bound of the broadcast time of a graph which involves
the connectivity of the graph.

Clearly, in agraph G, if we dispose of r +1 subsets Ay,..., A of V(G), with
A ={d, A =V(G), Al A, forany i1{0,...,r-1}, and such that for each
i1 {0,....,r-1} there are exactly |A,|-|A| independent edges betweenA
and A,;\ A, we can define abroadcasting from x using r steps.

We will also need of the following known result :

Proposition 1. Let G be a k-connected graph and let A be a subset of V(G), with
| A|£|V(G)\A|. Then:

a) If | A|® k, thereexist k independent edges between Aand V\ A.

b) If | A|<k, thereexist | A| independent edges between Aand V\ A.

For aproof see[2].

2. An upper bouund for the broadcast time.

Proposition 1. Let G be a connected graph and let k be its connectivity. Then :
éy - 2[I092 k]+1 U

b(G) £ [log, k] +1+ &—=— .
e kg

Ay [Iogzv]+1‘

Proof. Let us put avyk:[logzk]+1+ %3

é a

Consider at first the case k = 1.
As G is connected, for a proper no empty subset of V(G), there exists a vertex in
V(G)\A having a neighbour in A. This implies that from any xI V(G) we can
construct a broadcasting scheme using v - 1 steps. Consequently b(G) £v-1andas
the right hand member of the above inequality is v - 1, the proof is given.

Now, let us supposethat k 3 2. Let x be avertex of G.
There exists an integer m such that 2™ £ k < 2™ and then we have m= [Iog2 k].

For every i1 {0,...,m- 1} we have 2' <k and 2' £k- 2' hence 2' £v- 2'. Then

by Proposition 1.1 for any set A having 2' vertices, there exists 2' independent edges
between A and V(G)\ A.

Then, it is easy to see that we can construct m+1 vertex sets Ay,..., A,, such that
A ={x, AT .1 A, |A]=2" forevery i1 {0,...,m- 1}, and such that for each



i1 {0,...,m- 1} there are exactly |A.,|-|A|=2" independent edges between A
and A\ AL

Now, let us suppose at first that 2™ 3 v- 2™,
Since 2™ £k, we have v- 2™ £k and then by Proposition 1.1, there is v- 2™
independent edgesbetween A, and V(G)\ A,,.
So, we have a broadcasting from x using m+ 1 steps. Therefore for any vertex x of G
we have b(x) £ m+ 1 and consequently b(G) £ m+1.

. v- 2mi év- 2™y
It easy to verify that - 1< £0 and consequently éTg:O. We get
é a

a,, =m+1 and so the assertion holds.

Let us consider thecase 2™ <v- 2™,
Since 2™ £k, by Proposition 1.1, there is 2™ independent edges linking A, to
V(G)\An. Let A¢,, be the set of end points of al these edges and let us put
A1 = AnU Ay

Then |V(G)\ Ap |=v- 2™

Letusput s=a = 2m+13.

e k g
For avertex set Awith |43 k, Proposition 1.1 saysthat if |V(G)\A|3 k there exists
k independent edges between A and V(G)\A, and if |V(G)\A|<k there
exists|V(G)\ A| independent edges between Aand V/(G)\A.
This implies that we can construct S Sets Ap,evey A With, Ao Tl AL,
Anas =V(G) and such that for m+1£i £m+s they are | A,,\ A | independent
edgesbetween A and A, \A.
So we have constructed a, |, +1 vertex sets Ay ,..., A1+ defining a broadcasting
from x usng a,, steps. So for any vertex x of G we have b(x)£a,, and
consequently b(G) £ a .
Thus, the assertion is proved. o

Remark. Thisresult implies D(G)£ a,, where D(G) isthe diameter of G.

We will give two examples of graphs for which our upper bound is better that other
known bounds.

Let D(G) be the maximum degree of G. It was shown that (D(G)-l) D(G)+1is
an upper bound for b(G) (see[5]).



For integers r® 3 and k3 2 it is easy to prove that there exists a graph G, | of
order rk and of connectivity k.

‘ érk - 2[|ogzk]+1u
Itisclear that [Iogzk]+1+ér#gﬁlogz K+1+r.
é a

It is clear also that (D(G, )- IYD(G, , )+13 2(k- 1)+1. Easily we see that for
k3r+2 wehave log, k+1+r <2(k- 1)+1.

This implies a,, < (D(G, ) - 1)D(G, , )+1 and consequently, for the graphs
G,  with k3 r+2, a,, isabetter upper bound than (D(G, ,)- 1)D(G, , )+1.

The second example suggered by C. Peyrat concern the undirected de Brujin's
graphs UB(d,D).

It was shown that b(UB(d,D)) £

W (Bermond & Peyrat's theorem).

It was also proved that for D 3 2 wehave k(UB(d,D))=2d- 2.

Then, by Proposition 2.1, we get b(UB(3,2)) £4, b(UB(5,2)) £6, b(UB(6,2)) £ 6,
and b(UB(7,2))£7 and by Bermond & Peyrat's theorem we have b(UB(3,2)) £6,
b(UB(52)) £9, b(UB(6,2))£ 105 and b(UB(7,2)) £ 12.

So, for al these graphs, our upper bound is better than the other, and it is even reached
for UB(3,2) and UB(6,2).

In fact, one can prove that for al the graphs UB(d,2), our upper bound is better that
the one of Bermond and Peyrat., but generally it is not the best (see 4)

3. A aufficient condition to have a broadcast graph
Forintegers n and r with n3 4 and 1£r £n- 1, weconsider :

én - 2[Iog2r]+1 U
an,y = ['092 r]+ l+te———
é r a

To prove the main theorem we need several results.

én - [Iogzr]+1 U
Lemmal. If n£ ollogor k1 we have e#@: 0.
é a

Proof. We have log, r @ [log,r], hence r 2 2[°%'] As n>r, wehave n> ollogar]

foaer] g foge ] n- 2loserl -

Then n+r>2" 2% thatis n+r >21°%2"1* hence — = >-1 and since
r

n- 2[Iogzr]+1

—— £ 0, thereault follows. o}

r



Let y ,:{1...,n-1}® N bethefonction defined by y ,(r)=a,,. Then:
Lemma?2. For each n3 4, y  isadecreasng fonction.
Proof. For r1 {1,...,n- 2}, two cases are possible :

Casel: [log,(r +1)] =[log,r].
Then we have :

én 2[Iogzr]+1u én 2[Iogzr]+1u

r)=[logzr]+1+e—u and y (r +1)= [logzr]+1+e—u-
é r U é r+1 G

It n- 2°2 50 easily wededuce y (r +1) £y . ().

llogyr J+1 en 2[|092"]+1u
If n-2 £ 0, by Lemma 3.1 we have &——0=0 and consequently we

é r a
havey ,(r +1)=y ,(r).

Case2: [log,(r +1)]=[log,r]+1.
Then, there exists aninteger s>0 suchthat r +1=2°% Weget :

én- 2°U én-17 én- 25U énu
rj=s+ea j=s- 1+ +1)=s+1+¢ =s-1+
Yn() gﬂﬂ 825 H Yn( ) ez—u 8 H

n n-
As n > 2°, we have 2—S< Pt

11 and thisimplies y ,(r +1) £y, (r).

In both caseswe have y ,(r +1)£y ,(r) and so the assertion holds. a

Considering the complete graph K ,, by Proposition 2.1 we have b(K )£y ,(n- 1),
that is dog, n{Ey ,(n- 1). Consequently for 1£r £n- 1 we have dog, nJ£y ,(r).

For n3 4 thereexist uniqueintegers m and a with m3 1 and 1£a£ 2™ such
that n=2"+a. Then, wedefine q(n) asfollows:
éa+1y

- qln)=2™2+5—=, if 1£ag2™"
a(n) &5 4
g(n)=a if 2™t <af 2™,
Itiseasy toseethat 1£q(n)£ n- 1 and we can state :

Proposition 3. For q(n)£r £n- 1, wehave a,, = dog, n(
For 1£r <q(n), we have a, , > dog, Ny



Proof. We need only to provethat a, .., = 0g, n(j ad a, .1 > é0d, N(
Wecanput n=2"+a with m3 1 and 1£ ag2™. Severalscasesmusi be studied :

+
Casel: 1£a£2™'- 2. Then, dog,ny=m+1land q(n)=2™2 gazlé
It is easy to prove that 2™2 <q(n)<2™*. Then [log,q(n)]=m- 2, hence
é u é u
e m m1 U e m-1 u
<2 -2 < 2" +a
a,q(n) =M- 1+6 Uthatis a,q()=m-1+§& - a
' §2 ea+1uu em2  eat lad
& &2 & & 2 HY
. 2™l +a
Itiseasy to provethat 1< IS £2, andthen a, 4(,) = d0g, N
L€
2m
g2
Elsewhere, we have q(n)- 1=2"2+ §a-_1§ and then
é u é u
€om 4 q- pm1 U € omisg U
an,q(n)—l =m- 1+€ 2 \L,J:m' 1+€ \L,’I
&m-2 , €a- 1ug &m-2 , €a- 1ug
& & 2 Hd & & 2 HYy
. 2™l +a .
It is easy to prove that ———————>2, hence a,q(),>m+1 that is
2m.2+ea_ 1[:' '
g2 H
anq(n) -1 > d0g, Ny
Case2: a=2"'- 1. Then, dog,nj=m+1 and q(n)= 2"‘2+§a;1§:2m'1. We
get :
é2m+2m1 1- 2m
ang(n) =M+ ¢ — 0= =m+1=4og, nu.
é 2 a
Elsewhere we have :
é2m +2™1_ 1. 2™y é 1
a 1 =m- 1+a 1=m-1+2+———-=m+2 and then
an(n)l g 2m—1_ 1 H 82 2m—1_ 1H
clearly we have a, ()., > dog, n(.

sa+ 1 :
¢ l5|=2ml.We

g2 H

Case 3;: a=2""1 Then, dog, ny=m+1 and q() 2™+

get :



é2m+2m 1 2m
8ng(n) =M+ &

g=m+1=dog, n.

& 2m a
Elsewhere we have:
a =m- 1+§2m+2m-1-2m-lg=m-1+é 27 gandasé 27 1 3 we
get a,, >éog2nl_

Case4:2™! <a<2™ Then, dog,n(=m+1 and q(n):a.Weget:

é2m+a-2Mu
Ang(n) =M+ &——(= m+1=dog, n(.
e a a
é m+ m 7
Elsewhere, we have a, ()1 =m+ euu m+ ¢au and since — 2 >1
' a 1 ga- 1Y a-1

wededuce @, ).1 > 409, n(.

Case5:a=2". Then, dog,nj=m+1and q(n)=a=2". Weget:

2m+1
ang() =M+1+g ez—u =m+1=4og, nu.
é a

ezm+l 2m
Elsewhere, we have a, (,)1 = M+ & & m g U7 =m+2 andso a,,(,., > dog, n(.

é u
So, we have aways a, () = 809, nij and a, ,(,).1 > @0g, n( and consequently the
assertion is proved. a

Now we can give the main result:
Theorem 4. Agraph G of order v such that k(G) 2 q(v) isa broadcast graph.

Proof. By Proposition 2.1, we have b(G)£ a, (). By Proposition 3.3, we have
a, (c) = 800, vl and since b(G)3 dog, v, the result follows. o

Below we give atable of valuesof q(v) for 4£ V£ 20.




It is clear that smaller alv) is, the more interesting values of q(v) are. It is easy to
v

prove that the best values of q(v) are obtained when v =2"+2, with m3 2. Then

_évu

" &
Finaly, we finishby :

vy

v)=2"?%+1 and so a connectivity 3
a(v) &l

yields a broadcast graph.

Conjecture 5. For any couple (v,k) with v3 3 and 1£k£v-1 thereexistsa
graph G, , of order v and of connectivity k, suchthat b(G,, )=a,.

This conjecture is true for the couples (v,k) with k3 q(v).
Itis easy to prove that this conjecture is also true for the couples (v,1) (then G, ; will
be a chain) and for the couples (v,2) (then G, , will be acycle).
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