7 Y CENTRE NATIONAL
Universite DE LA RECHERCHE
N SCIENTIFIQUE

il'{" SOPHIA ANTIFOLIS
k

LABORATOIRE

13S

INFORMATIQUE, SIGNAUX ET SYSTEMES
DE SOPHIA ANTIPOLIS
UMR 6070

MODELING VERY OSCILLATING SIGNALS. APPLICATION
TO IMAGE PROCESSING.

Gilles Aubert, Jean-Francois Aujol
Projet ARIANA

Rapport de recherche
ISRN I13S/RR-2003-18-FR

Juillet 2003

LABORATOIRE 13S: Les Algorithmes / Euclide B — 2000 route des Lucioles — B.P. 121 —
06903 Sophia-Antipolis Cedex, France — Tél. (33) 492 942 701 — Télécopie : (33) 492 942 898
http://ww.i3s.unice.fr/13S/ FR



Modeling very oscillating signals.
Application to image processing.

Gilles AUBERT ! & Jean-Francois AujoL 2

I Laboratoire J.A.Dieudonné , UMR CNRS 6621
Université de Nice Sophia-Antipolis, Parc Valrose
06108 Nice Cedex 2 , France
email:{gaubert,aujol }@math.unice.fr

2 ARIANA, projet commun CNRS/INRIA/UNSA
INRIA Sophia Antipolis, 2004, route des Lucioles
BP93, 06902, Sophia Antipolis Cedex, France

April 2003

Abstract

This article is a companion paper of a previous work [5] where we have developed the
numerical analysis of a variational model first introduced by L. Rudin, S. Osher and E.
Fatemi [23]| and revisited by Y. Meyer [18] for removing the noise and capturing textures
in an image. The basic idea in this model is to decompose f into two components (u + v)
and then to search for (u,v) as a minimizer of an energy functional. The first component
u belongs to BV and contains geometrical informations while the second one v is sought in
a space G which contains signals with large oscillations, i.e. noise and textures. In [18] Y.
Meyer carried out his study in the whole R? and his approach is rather built on harmonic
analysis tools. We place ourselves in the case of a bounded set Q of R? which is the proper
setting for image processing and our approach is based upon functional analysis arguments.
We define in this context the space G, give some of its properties and then study in this
continuous setting the energy functional which allows us to recover the components u and
v.

Key-words: Sobolev spaces, functions with bounded variations, PDEs, oscillating pat-
terns, image decomposition, convex analysis, optimization, calculus of variations.
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1. Introduction
1.1 Rudin-Osher-Fatemi model

Denoising an image is one of the major goal of image processing [4]. There have been many
attempts to do this. One of the most effective method is the total variation minimization as
proposed in [23]. This model relies on the assumption that BV (), the space of functions with
bounded variation, is a good space to study images (even if it is known that such an assumption
is too restrictive [2]). In [23], the authors decompose an image f into a component u belonging
to BV () and a component v in L?(Q2). In this model v is supposed to be the noise. In such
an approach, they minimize:

inf u —|— v 1.1
(u,0)EBV (Q)xL2(Q)/f=u+v (/| ‘ H ’LQ ) ( )

where f | Du| stands for the total variation of u. In practice, they try to compute a numerical
solution of the Euler-Lagrange equation associated to (1.1). The mathematical study of (1.1)
has been done in [10].

In [18], Y. Meyer shows that the model in [23] does not reach its aim. In particular, if f is
the characteristic function of a bounded domain with a C°>°-boundary, then f is not preserved
by the Rudin-Osher-Fatemi model (contrary to what should be expected).

1.2 Meyer model

In [18], Y. Meyer suggests a new decomposition. He proposes the following model:

¢ D A 1.2
(uv)EBV(R2;IXIGR2)/f utv (/’ ul + HU”GW) (1.2)

where the Banach space G(R?) contains signals with large oscillations, and thus in particular
textures and noise. We give here the definition of G(R?).

Definition 1.1. G(R?) is the Banach space composed of distributions f which can be written

f=0101 + 0290 = div (g) (1.3)

with g; and g, in L°°(R?). The space G(R?) is endowed with the following norm:

[vllo@z) = inf {Ilglle<R2> = esssup [g(z)| /v =div(g), 9= (91,92),

zeR?

g1 € L*(R?), g € L*(R?), |g(x)] = /(|91 ]* + Igalz)(fv)} (1.4)

BV (R?) has no simple dual space (see [3]). However, as shown by Y. Meyer [18], G(R?)
is the dual space of the closure in BV (R?) of the Schwartz class. So it is very related to the
dual space of BV (R?). This is a motivation to decompose a function f on BV (R?) + G(R?).
This is also why the divergence operator naturally appears in the definition of G(IR?), since the
gradient and the divergence operators are dual operators.

A function belonging to G may have large oscillations and nevertheless have a small norm.
Thus the norm on G is well-adapted to capture the oscillations of a function.



In [18], the author works on the whole R?. This is not the proper setting for image processing
(it skips the problem of boundary conditions). We intend here to give a definition of G for a
bounded domain © C R2. Moreover, [18] gives no way to compute numerically a solution of
(1.2). To fill this gap, some numerical models have been proposed in the literature[25, 21, 5].
We review below some of them.

1.3 Vese-Osher model

L. Vese and S. Osher were the first authors to numerically tackle Meyer program [25]. They
actually solve the problem:

inf ( [ 1Dul+ 307wl +u||v||G(Q)) (15)

(u,w)EBV (Q)xG(02)
where () is a bounded open set. To compute their solution, they replace the term ||v||¢ ) by
IV 9% + g3, (where v = div (g1, ¢92)). Then they formally derive the Euler-Lagrange equations
from (1.5). For numerical reasons, the authors use the value p = 1 (they claim they made
experiments for p = 1...10, and that they did not see any visual difference). They report good

numerical results. See also [21] for another related model concerning the case A = 400 and
p=2.

1.4 Aujol-Aubert-Blanc-Féraud-Chambolle model

Inspired from the work by A. Chambolle [9], the authors of [5] propose a relevant approach to
solve Meyer problem. They consider the following functional defined on L?(Q) x L*(Q):

LIF g — o2 :
F)\u<u70> — { fQ |DU‘ + 2)\Hf U UHL2(Q) lf (U,’U). c BV(Q) X G#(Q) (16)
’ +oo otherwise
where G, (Q) = {v € G(Q) / |vlla) < 1}. And the problem to solve is:
inf | Fu(u, ) (1.7)

L2(Q)x L2(Q)

The authors of [5] present their model in a discrete framework. They carry out a complete
mathematical analysis of their discrete model, showing how it approximately solves Meyer
problem.

The aim of this paper is to carry out the mathematical analysis of (1.2) and (1.7) in a
continuous setting. This will clarify a few facts about Meyer ideas developed in [18]. We first
need to give the proper definition of G(§2) when Q is a bounded domain of R?. This will be
done in Section 2, where we fix some notations, define G(f2), and then give some properties,
explaining in particular why this space is so interesting to model signals with strong oscillations.
Thanks to these preliminaries, we solve Meyer problem in Section 3, showing the existence of a
solution for (1.2). In Section 4, we carry out the mathematical analysis of (1.7) in the continuous
framework we have introduced. This proves the relevance of the numerical algorithm developed
in [5]. We end this paper by showing some numerical results on images.



2. A space for modeling oscillating patterns

2.1 Preliminaries

Throughout our study, we will use the following classical distributional spaces. Q C RN will
denote an open bounded set of R.

e D(Q2) = C*(N) is the set of functions in C'*°(Q2) with compact support in 2. We denote

by D'(2) the dual space of D(f), i.e. the space of distributions on Q. D({2) is the set of
restriction to Q of functions in D(RY) = C°(RY).

o WP(Q)) denotes the space of functions in L”(2) whose distributional derivatives D*u are
in LP(Q), p € [1,4+00), m > 1, m €N, |a] <m. Wi"(Q) denotes the space of functions
in W™P(Q) with compact support in 2. For further details on these spaces, we refer the
reader to [1, 8, 12].

e BV(Q) is the subspace of functions u € L'(€) such that the following quantity is finite:

J(u) = sup { | o)div () € C2@ ), el < 1} (2.1)

BV (Q) endowed with the norm ||u||gy = ||u||z: + J(u) is a Banach space. If u € BV (Q),
the distributional derivative Du is a bounded Radon measure and (2.1) corresponds to
the total variation |Dul(€2).

For 2 C R?, we have [3]:
BV (Q) C L*(Q) (2.2)

For further details on BV (2), we refer the reader to [3, 13].
We will need the notion of reqular set.

Definition 2.1. We say that Q C R? is regular if it verifies the following property: there exist
n >0 and A > 0 depending only on 2 such that for all € € (0,7), and for all z € Q,

|B(x,e) [0 > A€® (2.3)
where B(z,¢) = {y € R* / ||z — y|| < €}, and |B(z,€)[) Q| denotes the Lebesgue measure of
B(z, ).

Remark: If Q is such that 0Q is C? and of finite length, then € is regular. The same is true
if ) is a polygonal set.
We will also need the following result:

Lemma 2.1. () is assumed to be regular. Let us consider a sequence w, : {} — R such that:
1. ||wy][z1 @) — 0 when n — +oo.

2. There exists 0 € (0,1) and C' > 0 such that for all x and y € Q, |w,(z) — w,(y)| <
Clz — yl°.

Then ||wy|| L) — 0 when n — +o0.



Proof: Let us fix x € Q. We can write w,(z) = w,(z) — w,(y) + wp(y). This implies
|wy, ()] < Jwp(x) — w,(y)| + |wa(y)|. Using assumption 2., we get:

wa(@)] < Cla =y + [wa(y)l (2.4)

Let € € (0,7n) (1 as in Definition 2.1), and let us denote by B = B(z,¢) = {y € R?*/|z —y| < €}.
From (2.4), we have

BOAe@I<C [ fe=yldy+ [ quldy (2.5
BNQ BNQ
Hence
B <C [ o=yl dy+ [ Jwatw)ldy (2.6
Since ) is reqular, we have |B () Q| > Ae%. And using polar coordinates, we get:
¢ 2m
0 0 0+2
—y|"dy =2 dr = 2.7
/B\x y|’dy 7T/07”7“7’ N (2.7)
From (2.6), we obtain:
Afun(@)] < 77+ [ Juny)ldy @)
9+2° Q
ie: orC q
O
)| € e+ 5 | o)l d (2.9
Denoting by ¢’ = 2;%) we get from (2.9) that:
1
)| < '+ 55 [ fwawldy (210)
Hence: 1
||wn||Loc(Q < 0/69 + p”ﬂ)nnLl(Q) (211)
Letting n — 400, we get (since ||w,| 1) — 0):
hI_Il_l 1w || oo () < C'e? (2.12)

As (2.12) holds for all € € (0,7), we can let ¢ — 0%, and we obtain that ||wy ||z~ — 0 when
n — +00.

2.2 Definition and properties of G(£2)

In all the sequel, we denote by €2 a bounded connected open set of R? with a Lipschitz boundary.
We adapt Definition 1.1 concermng the space G to the case of {2. We are gomg to consider a
subspace of the Banach space W ~1°°(Q)) = (VVO1 1(Q)) (the dual space of W, (Q)).

Definition 2.2. G(Q) is the subspace of W~1>°(2) defined by:

GQ)={ve Q) /v=divE, € L®(Q,R?*), &N =0on 90} (2.13)
On G(Q), the following norm is defined:
o]l = inf {||¢]lre@rz) /v =divE, &N =0 on 00} (2.14)



Remark: In Definition 2.2, since div¢ € L*(Q) and € € L>(£2, R?), we can define £&.N on 02
(see [17]).
We have the following simple characterization of G(f2):

Proposition 2.1.

G(Q) = {v c L*(Q) / /Qv = 0} (2.15)

Proof: Let us denote by H(2) the right-hand-side of (2.15). We split the proof into two
steps.

Step 1:

Let v be in G(2). Then from(2.13) it is immediate that [,v =0, i.e. v € H(Q).

Step 2:

Let v be in H(Q). Then from [6] (Theorem 3’) (see also [7]), there exists £ € C°(Q,R?) N
W12(Q,R?) such that v = divé and € = 0 on 9. In particular, we have £ € L>(Q2, R?) and
E.N =0 on 0. Thus v € G(1).

Remark: Let us stress here how powerful the result in |7, 6] is. It deals with the limit case v
in L), ¢ = 2, when the dimension of the space is N = 2. The classical method for tackling
the equation divé = v with &N = 0 on 0f) consists in solving the problem Au = v with
g—}\‘, = 0 on 02, and to set £ = Vu. If visin L9(Q) with ¢ > 2 this last problem admits a unique
solution (up to a constant) in W24(Q). Moreover, thanks to standard Sobolev embeddings (see
[12, 8, 14]), £ = Vu belongs to L>°(2,R?). If ¢ = 2, the result is not true and the classical
approach does not work. So the result by Bourgain and Brezis is very sharp.

We next introduce a family of convex subsets of G(£2). These convex sets will be useful for
approximating Meyer problem.

Definition 2.3. Let G,(Q2) the family of subset defined by (x> 0):
G = {v € GQ) / [vllow < 1} (2.16)

Lemma 2.2. G,(Q) is closed for the L*(2)-weak topology.

Proof of Lemma 2.2 Let (v,) be a sequence in G,(Q2) such that there exists 0 € L*(Q2)
such that v, — 0 in L?(Q)-weak. We have v, = div,, with &, such that [|&,||1=@r2) < p and
&N =0 on 092.

As ||&nl| Lo (or2) < 11, there exists f € L>°(Q,R?) such that, up to an extraction:

€, — € in L®(Q, R?) weak * (2.17)

and HéHLoo(Q7R2) < u. Moreover if ¢ € C(Q):

/Qvngbdx:/ﬂdivfngzﬁdx: —/anwdx (2.18)



Thus as n — +o00, we get

/Q@Qﬁdx: —/Qéwdx:/ﬂdivéqﬁdx (2.19)

Hence ¢ = div¢ in D'(Q2), and since 0 € L*(12), the equality is true in L*(1).
Now, if ¢ € D(Q2):

/vngb dr = / divé,odr = — / &EVodr + &N (2.20)
Q Q Q o0
and as n — +o00:
/ﬁgbdx: —/év¢dx+ lim &0 No (2.21)
Q Q =10 Jan
ie:
/wdx:/divégbdx— EN¢+ lim £,.No (2.22)
Q Q o0 n=+o0 Jaq
As § = divE, we get:
0=—{ &EN¢+ lim [ &.No (2.23)
o0 n=10 Joo

And as &,.N = 0 on 0f2, we obtain:

0= E.N¢ for all p € D(Q) (2.24)
o0

Hence £.N = 0 on 0 (in H~2(9Q)) (see [17]).

Consequences:

1. Since G,(Q) is convex, we deduce from Lemma 2.2 that G,(Q2) is also closed for the
L?(2)-strong topology.

2. The characteristic function of G,(2) is Isc (lower-semicontinuous) for both the strong and

the weak topologies of L*(2) (see [8]).

Remarks:
1. Let us denote by K () the closure in L*() of the set:

{dive, €€ CZ(UR?), [l€llreore) < 1} (2.25)
Using Lemma 2.2 and some results in [24], one can prove that K(Q2) = G1(12).
2. Let us consider the closure in L?(Q) of the set:
{dive, €€ C2(Q,R?) } (2.26)

Using Lemma 2.2 and some results in [24] and [7], one can prove that this set coincides
with G(Q).

We also have the following result:

Lemma 2.3. Ifv € G(Q), then there exists £ € L*°(Q,R?) with v = div{ and &N =0 on
09Q, and such that ||v||q¢ = ||| Lo r2)-



Proof: Let v € G(Q). Let us consider a sequence &, € L*(Q2,R?) with v = div§, and
&.-N = 0 on 09, and such that ||&,||~@) — ||v|le. There exists £ € L>(£2, R?) such that, up
to an extraction,

& — & in L°(Q,R?) weak * (2.27)
Then, as in the proof of Lemma 2.2, we can show that £./N =0 on 02 and that v = div¢&.

Main property: The following lemma is due to Y. Meyer [18]. But it was stated in the case
of Q0 = R?, and the proof relied upon harmonic analysis tools. Thanks to our definition of
G(2), we can formulate it in the case when € is bounded. Our proof relies upon functional
analysis arguments.

Lemma 2.4. let f,, , n > 1 be a sequence of functions in L1(Q) () G(Q2) with the two following
properties (0 is regular with a lipschitz boundary):

1. There exists ¢ > 2 and C > 0 such that || fu||e) < C.
2. The sequence f, converges to 0 in the distributional sense (i.e. in D'(2)).
Then || fullc converges to O when n goes to infinity.

This result explains why the norm in G(£2) is a good norm to tackle signals with strong
oscillations. It will be easier with this norm to capture such signals in a minimization process
than with a classical L2-norm.

Proof of Lemma 2.4: We split the proof into two steps:

Step 1:
Let us consider a sequence f, € LI(2) () G(Q) satisfying assumption 1. and let us define the
Neumann problem:

(2.28)

887]‘\7:00718(2

We recall that as f, € G(Q), we also have [, f, dz = 0. We know (see [15, 20, 11]) that problem
(2.28) admits a solution u, € W?%9(Q). But since ¢ > 2 and € bounded, it is standard (see
[8, 1]) that there exists § € (0,1) such that W?9(Q) is continously embedded in C? (thanks
to Morrey’s theorem). We denote by g, = Vu,. We thus have g, € C%(R?). Moreover (see
[8, 1]), if = and y € 2, we have:

{Aun:fninQ

19,(2) — ga(¥)] < A1(Q, ¢, N)||gn|lwrarz)|z — y|° (2.29)

where A;(€2, ¢, N) is a constant which depends only on €2, ¢ and the space dimension N = 2.
Let us consider again problem (2.28). From |[20, 19], we also know that there exists a
constant B > 0 such that:

HunHW?ﬂq(Q) < BanHLft(Q) (2.30)

And as we assume that || f, || < C, we get:

[tnlw2a0) < B.C (2.31)



But since g,, = Vuy,, we have ||g,||w1a@) < [[un|lw2e). Thus, from (2.31):
9nllwro@re) < B.C (2.32)
Then we deduce from (2.29) and (2.32) that for all x and y € Q,we have:

19n(%) — gn ()] < As(2, ¢, N)|z — g/’ (2.33)

where A, (€2, ¢, N) is a constant which depends only on €2, ¢ and the space dimension N = 2.

Step 2:
From (2.31) we deduce that there exists u € W29({2) such that up to an extraction,

U, — w in W24(Q) weak (2.34)
And by the compact embedding of W%4(£2) into W14(Q) (see [1, 8]):
u, — uin W14(Q) strong (2.35)

Let us now mutliply equation (2.28) by a function ¢ € D(Q):

/AunQde:/fnqﬁda: (2.36)
Q Q
by integrating by part we get
—/Vunv¢dx:/fn¢dx (2.37)
Q Q

and since f, — 0 in D'(2) as n — +o00, we deduce:

lim [ Vu,Védr=0 (2.38)
0

n—-+00

But u,, — u in W4(Q), therefore: [, VuV¢dr =0, ie.
—/ Augpdr =0 Ve € D(N) (2.39)
Q

which implies Au = 0 in D'(2). Since u is in W?>9(£2), we have Au € L(Q). Therefore Au = 0
in L9(Q).Let us now mutliply equation (2.28) by a function ¢ € D(Q):

AA%WM:Lﬁ@m (2.40)

Since || fullLa@) < C, there exists f € L9(€2) such that, up to an extraction, f, — f in LI()
when n — +o00. And since f, converges to 0 in the distributional sense, we have f = 0. Thus
lim, fQ Au,¢dxr = 0. By integrating by part we get

/Aungbdx: Vu,.No —/Vuanzde (2.41)
Q P'y) Q

o Ouy,
=0 Since BN —



As n — +oo, we get (since u,, — u in Wh4(Q)):
/ VuVodr =0 Ve € D(Q) (2.42)
Q

As Au = 0 in L9(Q), we also have [, Au¢dx = 0 if ¢ in D(Q2). Using Stokes formula once
again, we obtain:
0
—u¢:/VuV¢da:—|—/Auq§d:c (2.43)
a0 ON Q 0

We conclude that [,, 2%¢ = 0 for all ¢ in D({2). We then deduce (see [24]) that 2% = 0 on
9. We therefore have shown that u € W?29(0) is the solution of the following problem:

{ Au =01 Q

%Lz\? =0 on 0 (2:44)

We conclude that Vu = 0 in L*(Q2) (it suffices to integrate by part [, uAudz). As u, — u in
W14(Q) strong, we see that Vu,, — 0asn — +oo in L?(Q, R?) strong. The previous reasonning
being true for any subsequence extracted from wu,, we conclude that the whole sequence Vu,
is such that Vu,, — 0 as n — +o0 in L?(Q, R?) strong, i.e. g, = Vu, — 0in L*(Q, R?) strong.
From Lemma 2.1, we get that:

19nll L (@.r2) — O (2.45)

Since f,, = div g,, we easily deduce from (2.45) that ||f,.||c — 0.
|

Example: We give an example of a sequence of functions f, fullfilling the hypotheses of
Lemma 2.4.
Consider the sequence of functions f,, defined on Q = (—m,7)? by:

fn(z,y) = cos(nzx) + cos(ny) = div (%(sin(nx), sin(ny))) (2.46)
We thus define )
Enlz,y) = E(sin(nx), sin(ny)) (2.47)

We have &, € L>(Q,R?). Moreover, one easily sees that &,.N = 0 on 99 for all n > 0. Thus
fn € G(€), and we clearly have:

| falla@) — 0 when n — +o0 (2.48)

Now, let ¢ € D(Q2). Then, using Stokes formula, we get:

/ of dedy — / o div (€,) dady
Q Q

= —/V¢.§nd$dy+/ o &N
Q o0 ~
—0 on OS2

But
\ [vos dxdy' < Vol lenlimz (2.49)
Q ‘/_/

—0 when n — +0c0

10



We conclude that f,, — 0 in D’'(€2).
We can compute an”%B(Q):

104 1/3
M) (2.50)

ol = (5

This example shows that the result of Lemma 2.4 is not trivial.

3. Study of Meyer problem

Thanks to Section 2, we are now in position to carry out the mathematical study of Meyer
problem [18].
Let f € L4(Q) (with ¢ > 2). We recall that the considered problem is:

inf J(u) + 3.1
(u,v)eBV(Q%EG(Q)/f:quU( <U> Oé||U”G(Q)) ( )

where J(u) is the total variation |Du| defined by (2.1).

Remarks:

1. Since f is an image, we know that f € L°°(€2). Thus it is not restrictive to suppose ¢ > 2.
2. Since  is bounded, and since ¢ > 2, we know that L9(Q2) C L*(Q).

3. Since Q2 C R?, we have (see [3]) that
BV (Q) C L*(Q) (3.2)

Before considering problem (3.1), we first need to show that we can always decompose a
function f € L%(€2) into two components (u,v) € BV () x G(Q).

Lemma 3.1. Let f € LY(Q) (with ¢ > 2). Then there exists u € BV (Q) and v € G(Q) such
that f =u+ 0.

Proof: Let us consider the following problem:

—Au+u=fin
%zOonaQ

From [15], we know that there exists a unique u € W%%(Q) solution of (3.3). Let us denote by
¢ = —Vu. From (3.3), we see that ¢ is such that &. N = —Vu.N = 0. And since divE = f — u,
divé € L*(Q)). Moreover, since ¢ > 2 and Q C R? ¢ € WhH4(Q,R?) which is continuously
embedded in L>*(Q2,R?) (thanks to Morrey’s theorem, see [8, 1]). We thus conclude that
v = div ¢ belongs to G(2).

Since © is bounded, and ¢ > 2, we have W2?(Q) C WH(Q). But we know that W (Q) C
BV (). Hence u € BV ().

(3.3)

We now show that problem (3.1) admits at least one solution.

Proposition 3.1. Let f € LY(Q) (with ¢ > 2). Then there exists 4 € BV (Q2) and v € G(R2)
such that f = u+ 0, and:

J(u) + o||t)|q = inf J(u) + 3.4
@ +alilo= . i () +alvlo) (3.4)

11



Proof: Let (un,v,) be a minimizing sequence for (3.1) (from Lemma 3.1, we know that the
infimum in (3.4) is finite). We thus have

J(u,) < C (3.5)

and
[onlle < C (3.6)
Since v, € G(£2), we write v, = div§, with &, such that ||&, | L~ r2) = ||vn|le. We therefore

get ||&n Lo (r2) < C. Hence there exists € € L>®(9,R?) such that (up to a subsequence)
€, — € in L®(Q,R?) weak * (3.7)

From Poincaré inequality (see [3]), there exists a constant B > 0 such that:

Q

Thus from (3.5), we get ||u, — [, un|/r2() < BC. But as u, + v, = f, we have:

/Q n + !‘LU-/ _ /Q f (3.9)

=0 since v, € G(Q)

Hence u,, is bounded in LQ(Q). And as u, + v, = f, we deduce that v, is also bounded in
L*(Q). Therefore, there exists © € L?(f2) such that, up to an extraction,

v, — 0 in L*(Q) weak (3.10)

Let ¢ € D(£2). We get (using Stokes formula):

/Q v = /Q div &,

- - [evor [ &
Q o0
—o since v, € G(Q)

(€,.N is well defined since &, € L*(Q) and div§, = v, € L*(Q2)). Thanks to (3.7):

/Qvn¢—> —/Qéws (3.11)

/ £V = / div g — 5N¢> (3.12)

0

But thanks to Stokes formula:

Hence, for all ¢ € D(12), we have when n — 4o00:

/Qvnqﬁ—>/gdivéqb (3.13)
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We thus have shown that v, — div¢ in D'(€). From (3.10), we deduce that ¢ = div € in L2(Q);
and as in the proof of Lemma 2.2 we easily prove that &.N = 0 on 0€). Therefore v belongs
to G(Q2). Now up to an extraction, since J(u,) is bounded and u, is bounded in L?(f2), there
exists « € BV (Q) such that u,, — @ in BV (§2) weak *.

Let us check what we have shown up to this point:

1. The functional to minimize in (3.1) is convex with respect to its two variables (it is
obvious).

2. The infimum in (3.1) is finite (thanks to Lemma 3.1).

3. If (uy,v,) is a minimizing sequence for (3.1), then there exist & € BV (Q2) and v € G(Q2)
such that u,, — @ BV weak * , and v, — o in L*(Q) weak.

To conclude, there remains to prove that (u,¢) is a minimizer of J(u) + o||v||¢(q)-

~ Since u,, — @ in BV(Q) weak *, we know (see [3]) that limJ(u,) > J(@). And since &, —
§ in L>(Q,R?) weak *, we have Im||&,||1o@r2) > [|€]lie@rz) > [|0]lg@) (since & = dive).
Hence lim||v,||¢) > [|9]|c)- Therefore:

lim (J(un) + flvllo@) = T(@) + allolloe) (3.14)

which means that (@, ) is a solution of (3.1) (clearly we have f = u + v).

Remark: The uniqueness of a solution for Meyer problem is an open question.

4. An algorithm to solve Meyer problem

In Section 3, we proved the existence of a solution to Meyer problem. We now want to give an
algorithm to compute a solution.

4.1 Total variation minimization as a projection

Recently, a projection algorithm to solve Rudin-Osher-Fatemi model [23] has been proposed in
[9]. Precisely, the problem studied in [9] is:

it (9004 51 =l (1)

u€BV (Q

In [9], the following result is shown (in fact, the author in [9] consider the discrete case, but
as he mentions, the continuous case is similar):

Proposition 4.1. The solution of (4.1) is given by:

u=f—Faw(f) (4.2)

where Pg, (q) s the orthogonal projector on G(S).
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Remark: Pg, (o) is well defined since G5(Q) is a closed convex set of L?*(Q2) (thanks to
Lemma 2.2).

4.2 Solving Meyer problem as a projection

We now study the algorithm presented in [5] in the continuous setting (whereas in [5], the
authors carried out their analysis in a discrete framework).
Let us introduce the following functional defined on L?*(Q2) x L*(Q):

J(W) + 55 1f —u—vlizq if (u,v) € BV(Q) x Gu(Q)
= 4.
Pl 0) { +00 otherwise (43)
We can rewrite F) ,, in the following way:
1
Fyulw,0) = J(u) + ool f = u = vl 0) + Xau@) () (4.4)

with the convention that J(u) = +oo if u € L*(Q)\BV (), and where x¢, (o) is the indicator

function of G, ().
The problem we want to solve is:

inf  F\,(u,v) (4.5)

L2(Q)xL2(Q)

4.3 Existence and uniqueness

We show here that problem (4.5) admits a unique solution.

Proposition 4.2. Let f € L*(Q). There erists a unique couple (i,9) which minimizes
Fyu(u,v) on L*(Q) x L*(Q).

Proof: We split the proof into two steps.
Step 1: Uniqueness
The proof is the same as in [5]. We just put it here for the sake of completeness.

To get the uniqueness, we first remark that F is strictly convex on BV (Q2) x G,(2), as the
sum of a convex function and of a strictly convex function, except in the direction (u, —u) .
Hence it suffices to check that if (@, ) is a minimizer of F' then for ¢ # 0, (4 + ta, v — ta) is
not a minimizer of F. The result is obvious if ¢ — ti € L*(Q)\G,(2). Let us show that if
0 —tu € G,(Q) then the result is still true. Indeed, if 0 — ta € G,(£2), we have:

F(u +tu,0 —ta) = F(a,0) + (|1 + t| — 1)J(q) (4.6)

By contradiction, let us assume that there exists ¢ # {—2,0} such that o — {4 € G,(Q2) and
F(a+ ta, o — ta) < F(a,0) (4.7)
As (@, ) minimizes F, (4.7) is an equality. From (4.6), we deduce that (|1 + ¢ — 1)J(d) = 0.

And as t # {—2,0}, we get that J(@) = 0. There exists therefore ¥ € R such that @ = 7 a.e.
(we suppose (2 regular and connected).

1. If y = 0, then @ = 0. Thus (4 + ta, 0 — t0) = (4, D).
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2. If 4 # 0, then © — £ cannot belong to G ,(2) since its mean is not 0 (see (2.15)). This
contradicts our assumption.

There remains to check what happens in the case when £ = —2. In this case, we have: F(—a, 0+
2u) < F(4,0), i.e. (—4,0+ 24) is also a minimizer of F'. As we assume v + 24 € G,(92), and
as F' convex (and as G,(§2) convex), we get:

F(a,9) + —=F(—a, 0 + 24) (4.8)

And we deduce that (0,4 + 0) is also a minimizer of F. But F(0,4 + 0) = F(4,0), i.e.
sxllf =@ —0l72q) = J(@) + g |If — @ — 0175y We thus get that J(a) = 0, and we conclude
as before. Hence there exists at most a unique couple (u,v) € BV () x G (Q) minimizing F
on L*(Q) x L*(Q).

Step 2: Existence
Let (un,v,) a minimizing sequence for F) ,(u,v) , i.e.:

Fy u(tn,vy) — LQ(Qi)EfLQ(Q) Fyu(u,v) (4.9)

We easily deduce the three following points:

1.
J(u,) < C (4.10)

2.
||f — Up — Un“%ﬂ(g) S C (4.11)

3.
v, € Gy (4.12)

From (4.12), we get that v, = div{,, with &, such that ||§,[/z=@r2) < @ and &,.N = 0 on 052

We also have:
/ UpUp = / u,div &,
Q Q

< sup / Updiv €

£EGL(R) JQ

< u sup /undiV§
¢eG1() Ja

Hence (using (4.10)):
/unvn < pd(u,) <C (4.13)
Q
From (4.11) and (4.13), we deduce that u, and v, are bounded in L?(Q2). Thanks to (4.10),

and since u,, and v,, are bounded in L?(Q), we get that there exists (1, ) such that, up to an
extraction:

up, — U in BV (Q) weak * (4.14)
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and
v, — 0 in L*()) weak (4.15)

From Lemma 2.2, we know that xg, () is L2-weakly lsc, where:

0ifv e G,(Q)

Xau(@) (V) = { 400 otherwise (4.16)
Since the total variation is lsc for the BV weak * topology, we obtain:
inf /' = lim (J(un) + %Hf — tn — Vnll72(0) + Xa,@) (Un)>
> (@) + 5 I — = e + Xo(®)
Le. (4,0) is a minimizer of F) ,(u,v) on L*(2) x L*(Q).
[

4.4 Characterization of the minimizer (u, o)

The following result gives a characterization of the minimizer of I ,. We will use it in the next
subsection to show the convergence of our algorithm.

Proposition 4.3. (4,0) is a minimizer of F) ,(u,v) if and only if:

i=f—19—FPgyo(f—17)
{ b= Pg,@o(f — ) (4.17)

Proof: We split the proof into two steps:
Step 1: Necessary condition
Let (4, 0) be a minimizer of F),(u,v). The fact that & = f — 0 — Pg,(o)(f — 0) comes from
Proposition 4.1. The proof of © = Py, )(f — @) is similar: since ¢ is a minimizer of F'(%,.), we
have for all v in L?*(Q):

Fyu(u,0) < Fy,(a,v) (4.18)

which implies.:
0Oev—(f—u)+ AaXG#(Q) (0) (4.19)

where we denoted by 0H the subdifferential of H (see |22, 16]):

w € 0H (u) <= H(v) > H(u) 4+ (w,v — u)12(q) , for all v in L*(Q) (4.20)
(4.19) means:
f—ue (I+Mxag,@«)D) (4.21)
Hence:
D = (] + )\aXGH(Q))_l(f — ﬁ) (4.22)

And it is standard to conclude that:

b = Po,o)(f — @) (4.23)
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Step 2: Sufficient condition

Let (u,v) verifying (4.17). We therefore have:

0Oceu+0— f+AdJ(0) (4.24)
0e d+@—f—|—)\8xgu(g)(@) )

The first line of (4.24) comes from the fact that @ = f — 0 — Pg, ) (f —0) (see [9] and [5]), and

the second one from the fact that © = Pg, q)(f — ). We can rewrite (4.24)

f—a—a .
€ dJ(u)
u 2 R 4.25
{ L2220 € O, ) (0) (4.29)
which means: .
J(w) = J(a) + (u—a, =5 U)LQ )X L2(9) (4.26)
XG#(Q)(U> > XGM(Q)(U) + (U — 0, = : U)LQ(Q)XLQ(Q) '

We add the two lines in (4.26), and we obtain
X . o f-u—0 f—a—0
J(u) + Xeu@(v) 2 J (@) + Xa,2)(0) + (u — fT) + (U — 0, ff) (4.27)

We then add 55 ||f —u — v||L2 to the two sides of (4.27), and we get:

1 .
—u- 7’||L2 ||f UHiQ(Q)

+{u—1u ﬂ —ﬂ—f)
N N

To conclude, there remains to show that:
If —u—=vlfaq) = If =@ — 0o +2(—d,f—ta—0)+2(—0,f —ia—0) >0 (4.28)
Let us denote by L(u,v) =||f —u UH%Q(Q) Since L is convex, we have:
oL oL
Lu,v) > L(@,9) + (u — 4, %(a,@)) + (v — %(a,fa)> (4.29)
And (4.29) is just (4.28) which we wanted to show.
|

The conclusions of Proposition 4.3 naturally lead to the following algorithm for computing

the minimizer (u,v). This algorithm was developed and applied in [5].

Algorithm:
1. Initialization:
Uy = Vg = 0 (430)
2. Iterations:
vnsr = Poy@(f — un) (431)
(4.32)

Upt1 = [ — Vpg1 — PGA(Q)(f - Un+1)
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3. Stopping test: we stop if

max(|t,11 — Unl, [Vny1 — vn|) <€ (4.33)

Corollary 4.1. The sequence (u,,v,) (defined by (4.30)-(4.33)) converges to (4,0) € BV (Q)x
G.(2), the unique minimizer of F) ,(u,v).

Proof: This a consequence of Proposition 4.1, Proposition 4.3, and the definition of the
sequence (u,,v,) (defined by (4.30)-(4.33)).

4.5 Study of the limit problem as A — 0

We now want to show the link between (3.1) and (4.5). To do so, we consider the following

problem

e )+ x6, (v 434
(uvv)EBV(Q%EG(Q)/f:u_H, () + xa,(v) ( )

This is the problem we get when we let A\ — 0 in (4.5) (as we will see in Proposition 4.5).

Lemma 4.1. Let f € L*(Q). Let us assume that there exist . € BV (Q) and 0 € G,(Q) such
that f =+ 0. Then there ezists (u,0) € BV (Q) x G,(Q2) solution of (4.34).

Proof: Using Lemma 2.2, the proof is straightforward.

We now give the link between (3.1) and (4.34).

Proposition 4.4. Let us fit o > 0 in problem (3.1). Let (4,0) a solution of problem (3.1).
We fix i = ||0||c in (4.34). Then:

o (u,0) is also a solution of problem (4.84).

e Conversely, any solution (u,v) of (4.34) (with u = ||0||¢) is a solution of (3.1). Moreover,
we have ||| = p and J(u) = J(4).

Proof: The proof is the same as in [5]. We just put it here for the sake of completeness.
We split the proof into two steps.
Step 1:
We first want to show that (a,0) is a solution of (4.34) (with pu = ||9]/g)). As (4,0) is a
solution of (3.1) (the existence of (@, v) is given by Lemma 4.2) and as ||0||g) = i, then 4 is
solution of
wEBV(9)/ u:f—in,afjee(m,||v||c<m:u I Fap (4.35)

i.e. 4 is solution of

inf (4.36)
ueBV () Ju=f~v0€G(), vl o0y =

18



Since the set {u € BV(Q)/u= f —v,v € G(Q),||v]|¢@) = p} is contained in
{ue BV(Q)/u=f—wv,veGQ),|vlcea < n}, we have:

inf J(u) > inf J(u) (4.37)
ueBV(Q)/u=f—-v,0eG(Q),||vllc)=p u€BV(Q) /u=f-v,0eG(Q),||lv]lgo)<n

By contradiction, let us assume that

(4.38)

inf u) > inf
ueBV(Q) fu=f—vveG(Q),||v] )=k u€BV(Q)/u=f-vweG(Q),||v]lgn)<n
Thus, there exists v' € G(€2) such that |[v'||¢) < p and

J(f =) < inf J(u 4.39

U= < eavamr— L s tolamyrs (4.39)

Denoting by v’ = f —', we have: J(u') +a|v'||¢@) < J(u')+ ap. But since (4, v) is a solution

of (3.1):

J(@) + alltfaw < JW) +allv|aw) < J (W) +ap (4.40)

Hence (we recall that ||0]q) = i), we get from (4.40) that J(u) < J(u'). This contradicts
(4.39). We conclude that (4.38) cannot hold. Hence:

inf J(u) = inf J(u) (4.41)

ueBV(Q)/u=f—-v,0eG(Q),||vllc)=r ueBV(Q)/u=f—-v,0eG(Q),||vllg)<p
From (4.36), we see that @ is a solution of infue BV (Q)u=r-v,0eGQ), o]l o <n J(u), i.e. Gisa

solution of

ot J 4.42
"EBV(Q)/;EJ”—U,UGG(Q) (u) + XGy (v) ( )

Hence (1, ?) is also a solution of (4.34).
Step 2:
Let us now consider (@, v) a solution of (4.34) (the existence of (u,v) is given by Lemma 4.1
since f = u+0 with (a,0) € BV (Q)xG(Q) and p = ||0]|g(n)). We can repeat the computations
we made in Step 1. We get that « is a solution of:

uerm)/u=f—53feG<m,||v||Gm>=# J(w) +ap (4.43)
We therefore have: J(u) 4+ ap = J(4) + a||0]|¢). But as (@,v) is a solution of (4.34), we have
19]|c) < p. Hence J (@) + a||v]|qr) < J (@) + a||0]|q). And since (@, 0) is a solution of (3.1),
we get that:

J(@) + alvlla@ = J(@) + al|olaw (4.44)

We thus conclude that (@, ) is a solution of (3.1).

4.6 Limit when A\ — 0
We precise here the link between (4.5) and (4.34).

Proposition 4.5. Let us fit « > 0 in (8.1). Let us assume that problem (3.1) has a unique
solution (u,v). Set p = ||v||lg in (4.5) and (4.34). Let us denote by (uy,vy) the solution of
problem (4.5). Then (uy,vy) converges to (ug,vo) € BV(Q) x G,(2) as X goes to 0. Moreover,
(uo,v9) = (4, 0) is the solution of problem (4.34).
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Proof: The existence of (4,0) is given by Lemma 3.1. The existence and uniqueness of
(ux,vy) is given by Proposition 4.2. Since p = ||0||¢ in (4.34), we know that problem (4.34)
has a solution from Lemma 4.1.

Since (uy,vy) is the solution of problem (4.5), we have vy € G, and:

Fyu(ux,va) < Fpu(d, 0) (4.45)
which means (since @ + v = f)
F)\“UJ(U)\,U)\) S J(ﬂ) (446)
And the left hand-side of (4.46) is given by:

1 1
Py, 0x) = J(un) + o1 I —ua — uall720) + X, (02) = J(un) + I~ —0all720) (447)

Hence .
T(w) + 53 llf = un = oallzze) < (@) (4.48)

And
1f — ux —vx|? < 2\J (@) (4.49)

We then show as in the proof of Proposition 4.2 that if A € [0;1], [Jux|lr2@) and thus
|val|22(2) are bounded by a constant C' > 0 which does not depend on A.

Consider a sequence (\,) which goes to 0 as n — +o00. Then, up to an extraction, there
exists (ug,vo) € BV (Q) x G,(Q) such that (uy,,vy,) converges to (ug, vo) in L*(§2) weak. By
passing to the limit in (4.49), we get: ||f — uo — vol|r2() = 0, i.e. f = uo + vo.

To conclude the proof of the proposition, there remains to show that (ug, v) is a solution of
problem (4.34). We first notice that as for all A € [0, 1], ||vall¢ < i, we get thanks to Lemma 2.2
that vy € G,,. And from (4.48), we get for all A > 0:

J(un) < J(a) (4.50)

Hence uy € BV (Q) (since J(up) < limJ(uy) < J(@)).
Let (u,v) € BV () x G () such that f =u+v. We have:

Jw) +xa, (2) + % | —u—ol?
=0

J(un) +x6, (22) + 7 =, = o,

> J(un,) + xa, (%)

v

By passing to the limit as A\ — 0, we obtain

v Vo

1)+ 36, () + g5l = ol 2 o) + xa (2 (451)

Hence (ug,vp) is a solution of problem (4.34). And as we have assumed that problem (4.34)
has a unique solution, we deduce that (ug,vg) = (4, 0), i.e. (ug,vp) is the solution of problem
(4.34).
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Figure 1: Barbara image

BV component (u)

Figure 2: Example of decomposition (A = 0.1, u = 10)

4.7 Numerical results

We just show here examples of what we obtain with the algorithm (4.30)-(4.33) developed in
[5].

We consider the Barbara image (see Figure 1). We first show the decomposition we get for
this image on Figure 2: it displays both the BV component and the G component of the original
image. Depending on the value we set for u, the textures present in Figure 1 are separated
from the BV component of the image. The larger u is, the more the G component contains
information. The parameter )\ controls the L? norm of the residual f —u —v. The smaller it is
set, the smaller the residual is. To tune the parameters, one first set A to a small value. Then
one chooses p so that the G component contains the desired amount of information.

On Figure 3, we add a random Gaussian noise of variance o = 30.0 to the Barbara image,
and we then perform the algorithm developed in [5]. As expected by our mathematical analysis,
the oscillating patterns of the original Barbara image are put into the G component where their
norm is less penalized. More applications of this algorithm are exposed in [5].
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(

Noisy image f (o = 30) “Reconstruction (u + v)

Noise and textures (v 4 150.0

Figure 3: Example of denoising (A = 2.0 , u = 120)
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