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L�HYQoR[=^L�HYQFBM\^HJVUHJ>hHYVEm]DFBED�@YPNQoRA=?BMTrqABEDF\^Tg=?QF=KLO@]qA=^V � DFRA@���BM>AG RA@�� B�Q�HJZAZATg@�¨+BML�HYQF=^V�m DF@CV�iC=^D�¤�=?mC=?T
ZATg@CkAVE=^L�d

f%RA=�HJBEL @JPUQoR[BMDrZhHYZ�=^TrBEDzQo@`\jHJTgTgm·@C�[QzQoR[=�L�HYQoR[=^L�HYQoBE\jHYVpHJ>hHJV�m]DFBED�@JP����Jd {J��HJ>Aq ���Jd��C��BM> H
\?@C>nQFBM>n�A@C�AD:Dg=?QFQFBM>[GAd f%RABED-��BEVMV�\^VMHJTFB�P m�H�P�=�� P�HJ\�QoD:HJk�@C�+Qp¤�=�mC=^T:BMqA=^HJD:q[=?iC=^VE@CZ�=?q�BE>`_E�j¡Yced%³l=�´ATFDgQ
>A=?=^qKQo@�GCB�iC=OQFRA=�ZATg@CZ�=^TUqA=�´h>AB�QoBE@C>y@YP

G(Ω)
��RA=^>

Ω
BED�H�k�@C�A>[qA=^qlqA@CL�HJBE>l@JP

R
2 dOf%RABMDU��BEVMV�k�=qA@J>A=�BE>yº+=^\�QoBE@C>`{ � ��RA=?TF=O�W=O´[¨�DF@JL�=O>A@JQ�H1QoBE@C>AD � qA=�´h>A= G(Ω) � HJ>Aq�QoR[=^>lGJBEiC=ODF@CLO=�ZATg@CZ�=^T�QoBE=^D �=�¨[Z[VwHJBE>ABE>AGpBE>�ZhHJT�QoBE\^�AVMHJT���RnmNQFRABMD¥DgZhHJ\?=9BED¥DF@:BM>'Qo=^Tg=^D�QoBE>AG"Qo@:LO@]qA=?V+DFBEGC>hHYVMD���B�QoR�DgQFTF@C>[G"@CDg\^BEVMVMHYQFBM@C>[D^d

f%RhHY>A�nDWQo@NQoRA=?DF=:ZATF=?VMBELOBM>hHYTFBE=^D � �W=:Dg@CVEiC=p¤�=�mC=^TWZATF@Ck[VM=?L BE>�º]=^\�QoBE@C>r} � DFRA@���BM>AG�QFRA=-=�¨+BMD�Qo=?>A\^=p@JP/HDF@JVM�[QFBM@J>NP�@CT����Jd {C��d���>�º+=^\�QoBE@C>�a � ��=�\^HJTFT�mU@J�[Q�QFRA=tL�HYQFRA=^L�HYQFBM\^HJV]HJ>hHJV�m]DFBED�@JP/���Cd �C�vBM>NQFRA=t\^@J>nQoBE>]�[@C�ADP�ToHYL�=��W@CTg���W=�RhHjiC=�BM>'QoTF@]q[�A\^=?q�d~f%RABEDtZATg@�iC=?D�QoR[=�TF=?VM=�iYHJ>A\?=-@JP�QFRA=�>]�[L�=?TFBE\jHJV£HJVEGC@CTgBEQFRAL qA=�iC=^VE@CZ�=^q
BE>l_ � ced~³l=U=^>[q�QoR[BMD�ZhHJZ�=?T k'mrDFRA@���BE>AGXDF@CLO=U>]�ALO=^TgBM\^HJV
Tg=^DF�[VEQFD-@J>�BML�HJGJ=^D^d

}
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����?�^��� ���
�9�������p���^��� ���p�/���%	¥���
©9��� ��.[,
;�!g5¯!�#-2�.[!�,�(
f%RATg@C�AGCR[@C�[QN@C�ATpDgQF�Aq[m � ��=O��BEVMV~�ADg=OQoRA=�P�@JVMVE@���BE>AG�\?VwHJDgDFBE\jHJV�q[BMDgQFTFBEkA�[QFBM@C>AHJV�DgZhHJ\?=^D^d Ω ⊂ RN ��BEVMV
qA=?>A@JQF=�HJ>�@JZ�=^>�k�@C�A>AqA=?q�DF=?Q @JP

RN d

• D(Ω) = C∞
c (Ω)

BED�QoRA=NDg=?Q-@JP�P��A>A\�QoBE@C>AD-BE>
C∞(Ω)

��BEQFR�\?@CLOZhHJ\�Q:Dg�AZAZ�@CT�Q-BM>
Ω
dt³l=NqA=^>[@JQo=

k'm
D′(Ω)

QoRA=UqA�hHYV/DFZhHY\^=N@JP
D(Ω) � Bed¹=Jd~QoRA=UDFZAHJ\^=N@JP�qABMD�QoTgBMkA�+QoBM@J>AD-@J> Ω

d
D(Ω̄)

BED�QFRA=UDF=?Q @JP
Tg=^D�QoTFBE\?QFBM@J>�Qo@

Ω
@JP�P��A>A\�QoBE@C>AD BE>

D(RN) = C∞
c (RN)

d

• Wm,p(Ω)
qA=?>A@JQF=^D4QoRA=9DFZhHY\^=%@JP£P��A>[\?QoBE@C>[D�BE>

Lp(Ω)
��RA@CDF=%qABEDgQFTFBEkA�[QoBE@C>hHYVAqA=?TFB�iYHYQFBEiC=?D

Dαu
HJTg=

BE>
Lp(Ω) � p ∈ [1, +∞) � m ≥ 1 � m ∈ N � |α| ≤ m

d
W m,p

0 (Ω)
qA=?>A@JQF=^D QoRA=NDgZhHJ\^=�@YP¥P��A>A\�QoBE@C>AD

BE>
Wm,p(Ω)

��B�QoR�\^@JL�ZAHJ\?Q DF�[ZAZ�@CTgQ BE>
Ω
dt§h@CTWP��ATgQFRA=^T%qA=?QoHJBEVMD�@C>�QFRA=^Dg=NDFZAHJ\^=?D � �W=UTF=�P�=^T%QFRA=Tg=jHJq[=^T%Qo@�_E� � ¡ � ��{�ced

• BV (Ω)
BED%QoRA=UDF�[kADFZhHY\^=�@JP�P��A>A\�QoBE@C>AD

u ∈ L1(Ω)
DF�A\�R�QoRhHYQ%QoR[=pP�@CVMVE@���BE>AG��n�hHY>nQoB�Q�m�BED%´h>AB�Qo=J�

J(u) = sup

{∫

Ω

u(x)
qAB�i

(ξ(x))dx/ξ ∈ C∞
c (Ω, RN ), ‖ξ‖L∞(Ω,RN ) ≤ 1

} �ª{+dE���

BV (Ω)
=^>AqA@��W=?q���B�QoRzQFRA=">A@JTFL

‖u‖BV = ‖u‖L1 + J(u)
BED%H�²9HJ>hHY\�RzDFZhHJ\?=Jd�� P

u ∈ BV (Ω) �QFRA=�qABEDgQFTFBEkA�[QFBM@C>AHJV�qA=^TgBEi1HYQoB�iC=
Du

BED�H�k�@C�A>AqA=?q`¦ HJqA@C>KLO=^HJDF�ATg=�HJ>Aq·�ª{+dE���:\^@CTgTF=^DgZ�@C>AqADNQF@
QFRA=pQo@YQ�HJVvi1HJTFBMHYQoBE@C>

|Du|(Ω)
d

§h@JT
Ω ⊂ R2 � �W=URhH�iC=�_�}1cª�

BV (Ω) ⊂ L2(Ω)
�ª{]d {C�

§h@JT9P��ATgQFRA=^T�q[=?Q�HYBMVED @C>
BV (Ω) � �W=NTg=?P�=?T%QoRA=UTF=^HJqA=?T�QF@�_¹} � ��}1ced

³y=p��BEVMV/>A=?=^q�QoRA=U>A@YQoBE@C>�@JP��������! #"$��Dg=?Q^d
µ�àOù-úIørõ�øsänú&%�¸�¶h¸ ³l= DoHjm�QFRhHYQ

Ω ⊂ R
2 BMD'�������( #"$�pB�P�B�Q�iC=^TgBE´A=^D�QFRA=�P�@JVMVE@���BE>AGNZATF@CZ�=?TgQ�m���QoRA=?TF= =�¨[BEDgQ

η > 0
HJ>[q

A > 0
qA=?Z�=^>Aq[BM>AGX@C>AV�mr@C>

Ω
DF�[\�R�QoRAHYQ�P�@JT�HJVMV

ε ∈ (0, η) � HJ>Aq�P�@CT�HJVEV x ∈ Ω �
|B(x, ε)

⋂

Ω| ≥ Aε2 �ª{+d�}'�
��RA=?TF=

B(x, ε) = {y ∈ R
2 / ‖x − y‖ ≤ ε} � HJ>Aq |B(x, ε)

⋂
Ω|
qA=?>A@JQo=?DUQFRA=O�/=^k�=^DgGC�A=OL�=^HJDF�[TF=O@JP

B(x, ε)
⋂

Ω
d

)kà(* ÷¯å,+-è � P
Ω
BMD%DF�A\�R�QoRhHYQ

∂Ω
BMD

C2 HY>Aq�@JP�´h>AB�Qo=pVM=?>AGJQFR � QoR[=^> Ω
BMD-�.�����( #"$��d~f%RA=UDoHJLO=UBED%QFTF�A=

B�P
Ω
BED HOZ�@CV�m]GC@C>hHYV/DF=�Qjd
³y=p��BEVMV
HJVEDF@�>A=?=^q�QoR[=pP�@CVMVE@��%BM>AG�Tg=^Dg�AVEQ^�

/Tà(*0* ÷1%�¸�¶h¸
Ω 243 " 3.3 �!56�87:9<;6=>��TF=^GJ�AVwHYT@?'A��>9B� 3DC ;,E 3>2 7(�>�F" 3 �8G��H�>E C � wn : Ω → R 3 � C.I 9 I "$9KJ

L ?
‖wn‖L1(Ω) → 0 MNI �>E n → +∞

?
O ?�P I �>���Q�SR 243 9 3 θ ∈ (0, 1)

"$ET7
C > 0 3 � C.I 9 I "$9VUW;,��"$ X x

"$ET7
y ∈ Ω Y |wn(x) − wn(y)| ≤

C|x − y|θ
?

P I �>E ‖wn‖L∞(Ω) → 0 MNI �>E n → +∞
?

a



�Öå¼äÉä��¨è �/=?Q��ADz´[¨
x ∈ Ω

d ³l=�\^HJ> ��TgBEQF=
wn(x) = wn(x) − wn(y) + wn(y)

d f%RABED�BMLOZAVEBM=?D
|wn(x)| ≤ |wn(x) − wn(y)| + |wn(y)|

d��-DgBM>AGXHJDgDF�ALOZ[QoBE@C>I{+d � ��=NGC=�Qj�
|wn(x)| ≤ C|x − y|θ + |wn(y)|

�ª{]d�an�
�/=?Q

ε ∈ (0, η)
�
η
HJDtBM>�<:=?´h>[BEQoBE@C>r{+dM��� � HJ>AqXVM=�QW�ADtqA=^>A@YQo=-knm B = B(x, ε) = {y ∈ R

2/|x− y| ≤ ε}
d

§hTF@JL �ª{]d�an� � �W=URhH�iC=

|B
⋂

Ω||wn(x)| ≤ C

∫

B
⋂

Ω

|x − y|θ dy +

∫

B
⋂

Ω

|wn(y)| dy
�e{+d � �

± =^>A\?=
|B

⋂

Ω||wn(x)| ≤ C

∫

B

|x − y|θ dy +

∫

Ω

|wn(y)| dy
�e{+d �C�

º+BE>A\?=
Ω
BED �������( #"$� � �W=URhHjiC= |B ⋂

Ω| ≥ Aε2 d » >Aq��ADFBE>AGXZ�@CVMHJT%\^@]@JTFqABE>hHYQF=^D � �W=UGC=?Q^�
∫

B

|x − y|θdy = 2π

∫ ε

0

rθr dr =
2π

θ + 2
εθ+2 �ª{+d �C�

§hTF@JL �ª{]d �'� � �W=U@Ck[Q�HYBM>��
Aε2|wn(x)| ≤

2πC

θ + 2
εθ+2 +

∫

Ω

|wn(y)| dy
�e{+d|¡C�

B�d�=Y�
|wn(x)| ≤

2πC

A(θ + 2)
εθ +

1

Aε2

∫

Ω

|wn(y)| dy
�e{+d �C�

<:=?>A@JQoBE>AG�knm
C ′ = 2πC

A(θ+2)
� �W=NGC=�Q�P�Tg@CL �ª{+d��'��QFRhHYQj�

|wn(x)| ≤ C ′εθ +
1

Aε2

∫

Ω

|wn(y)| dy
�ª{+dE���'�

± =^>A\?=J�
‖wn‖L∞(Ω) ≤ C ′εθ +

1

Aε2
‖wn‖L1(Ω)

�e{+dM�J���
�/=?QgQoBE>AG

n → +∞ � �W=UGC=�Q���DgBM>A\?= ‖wn‖L1(Ω) → 0
���

lim
n→+∞

‖wn‖L∞(Ω) ≤ C ′εθ �e{+dM��{C�
» D��e{+dE��{C�%R[@CVEqAD-P�@JT-HJVEV

ε ∈ (0, η) � �W=�\jHJ>�VE=?Q ε → 0+ � HJ>[q��W=�@Ck[QoHJBM>�QoRhH1Q ‖wn‖L∞(Ω) → 0
��RA=^>

n → +∞
d

�

©9�ª© � ,��"#:! 3[!�7t#¼2�# �	�:.+7
�U,/.]3[!�,/( 7��
G(Ω)

��>�HJVMV'QoRA=�Dg=^�n�A=^V � �W=�qA=^>A@YQo=Wk'm Ω
H-k�@J�A>AqA=?q�\?@C>A>A=?\?QF=^q�@CZ�=?>�DF=�Q4@JP

R
2 ��BEQFR�H:�/BEZADF\�RAB�QoxWk�@J�A>AqhHYTgmCd³l=�HJqhHJZ[Q"<:=?´A>ABEQFBM@J>)�CdE��\^@C>[\^=^Tg>ABE>AGrQFRA=�DFZhHY\^=

G
Qo@XQoRA=�\jHYDF=�@JP

Ω
d ³y=�HJTg=�GC@CBE>AGXQo@�\^@C>[DFBEqA=^TpH

DF�[kADFZhHY\^=�@JP�QoRA=N²WHJ>hHJ\�R�DFZhHJ\?=
W−1,∞(Ω) =

(
W 1,1

0 (Ω)
)′ � QoRA=Uq[�hHJV/DgZhHJ\?=N@JP

W 1,1
0 (Ω)

��d
µ�àOù-úIørõ�øsänú %�¸ %/¸

G(Ω)
BED%QoRA=UDg�AkADFZAHJ\^=�@YP

W−1,∞(Ω)
qA=�´h>A=?q�k'm��

G(Ω) =
{
v ∈ L2(Ω) / v =

qABEi
ξ , ξ ∈ L∞(Ω, R2) , ξ.N = 0

@J>
∂Ω

} �e{+dM�j}'�
sp>

G(Ω) � QFRA=pP�@CVEVM@���BM>AGO>A@CTFL BED q[=?´h>A=?q��
‖v‖G(Ω) = inf

{
‖ξ‖L∞(Ω,R2) /v =

qABEi
ξ , ξ.N = 0

@C>
∂Ω

} �e{+dM�^an�

�



)kà(* ÷¯å,+-è ��>�<:=�´h>AB�QoBE@C>�{]d { � DgBM>A\?=pqAB�i ξ ∈ L2(Ω)
HJ>Aq

ξ ∈ L∞(Ω, R2) � �W="\^HJ>zqA=?´h>[= ξ.N
@J>

∂Ω��Dg=^=X_�� ��c ��d
³y=URhHjiC=UQFRA=pP�@CVMVE@��%BM>AG�DgBMLOZAVE=N\�RAHJToHJ\�Qo=?TFBExjHYQFBM@C>�@JP

G(Ω)
�

�Qå�ä���änç'øsõ�øränú %�¸�¶£¸
G(Ω) =

{

v ∈ L2(Ω) /

∫

Ω

v = 0

} �e{+dM� � �

�Öå¼äÉä��¨è �/=?QX�[D�qA=^>A@YQo=�knm
H(Ω)

QoR[=�TFBEGCRnQ���RhHY>Aq+��DgBMq[=�@JP��e{+dE� � ��d ³l=�DFZ[VMB�Q�QoRA=�ZATF@]@JP-BM>'Qo@�Q¾�W@
DgQF=^ZAD?d
º]QF=^ZK�C�
�/=?Q

v
k�=NBE>

G(Ω)
d~f%RA=^>�P�TF@JL��ª{+dE��}'��BEQ�BMD�BEL�LO=?qABwH1Qo=UQoRhH1Q ∫

Ω
v = 0 � B�d�=Yd v ∈ H(Ω)

d
º]QF=^Z�{+�
�/=?Q

v
k�=�BM>

H(Ω)
dyf%RA=^> P�Tg@CL _��1cN��f%RA=?@CTF=?L¬}�� �z��DF=?=�HYVMDg@®_��1c�� � QFRA=^Tg=�=�¨+BEDgQoD ξ ∈ C0(Ω̄, R2) ∩

W 1,2(Ω, R2)
Dg�A\�R�QFRhHYQ

v =
qAB�i

ξ
HJ>[q

ξ = 0
@C>

∂Ω
dU��>�ZhHJTgQFBM\?�AVMHJT � ��=�RhH�iJ= ξ ∈ L∞(Ω, R2)

HJ>Aq
ξ.N = 0

@C>
∂Ω
d~f%R]�[D

v ∈ G(Ω)
d

�

)kà(* ÷¯å,+-è �/=?Q9�AD9D�QoTg=^DFD9RA=^Tg="RA@�� Z�@���=^T�P��AV�QFRA="Tg=^Dg�AVEQ9BM>�_ � � �1cvBMD?d~� Q9qA=jHYVMDW��B�QoR�QoRA=:VMBELOBEQ9\jHYDF=
vBE>

Lq(Ω) � q = 2 � ��RA=?>�QoRA=NqABEL�=?>ADFBE@C>I@JP¥QFRA=�DgZhHJ\^=�BED N = 2
d9f%RA=�\^VMHJDgDFBE\jHJV�L�=�QoRA@]q�P�@CT%Q�HY\��nVEBM>AG

QoR[=�=?�]�AHYQoBE@C>·qAB�i
ξ = v

��B�QoR
ξ.N = 0

@C>
∂Ω

\^@C>[DFBEDgQoDXBM>®DF@CV�i]BM>AGlQFRA=�ZATF@JkAVM=?L
∆u = v

��BEQFR
∂u
∂N

= 0
@C>

∂Ω � HJ>[q�QF@NDg=?Q ξ = ∇u
d¥� P

v
BMD�BM>

Lq(Ω)
��B�QoR

q > 2
QFRABMD�VMHJDgQtZATg@CkAVE=^L¯HJqALOB�QoDtHU�A>ABE�n�A=

DF@JVM�[QFBM@J>����AZXQF@�HU\^@C>[DgQ�HY>nQ��~BE>
W 2,q(Ω)

d�¤�@CTg=^@�iJ=^T � QoRhHJ>[�]DtQF@�D�Q�HJ>AqAHJTFqzº+@Ck�@JVM=�i�=?L�k�=^qAqABE>AGCDp��DF=^=_���{ � ¡ � �jaYc�� � ξ = ∇u
k�=^VE@C>AGJD�Qo@

L∞(Ω, R2)
d�� P

q = 2 � QoRA=XTF=?DF�AV�Q�BED�>A@JQNQoTF�[=�HJ>AqlQoRA=X\?VwHYDFDFBE\jHYVHJZ[ZATF@'HY\�R�qA@]=?D >A@YQ��W@JTF�£d�º+@OQoR[=NTg=^Dg�AVEQ knm�²W@J�ATFG'HYBM>�HJ>Aq�²WTg=^x?BMD BED�iC=?TgmrDFRhHJTgZ�d
³y=p>A=�¨]Q BE>nQFTF@]qA�A\?=NH�P�HJLOBEVEmz@JP�\^@C>'iC=�¨�DF�AkADg=?QFD-@YP

G(Ω)
d~f%RA=?DF=N\^@J>niC=�¨�Dg=?QoD%��BEVMV�k�=U�ADg=?P��AV�P�@JT

HJZ[ZATF@j¨[BEL�HYQoBE>AG�¤�=?mJ=^T ZATF@Ck[VM=?L�d
µ�àOù-úIørõ�øsänú %�¸��/¸ �/=?Q

Gµ(Ω)
QoRA=pP�HJLOBEVEmz@JP¥Dg�AkADF=�Q:q[=?´h>[=^q�k'mK�

µ > 0
���

Gµ(Ω) =
{
v ∈ G(Ω) / ‖v‖G(Ω) ≤ µ

} �e{+dM� �'�
/Tà(*0* ÷1%�¸ %�¸

Gµ(Ω) 243 C  4; 3 �87'UW;,�F9 I � L2(Ω) �<M �8"��D9 ;
	H;, 4;S���$?

�Öå¼äÉä��(ä��:/�à(*0* ÷ %/¸ % �/=?Q
(vn)

k�=rHIDF=^�n�A=?>A\^=�BE>
Gµ(Ω)

DF�[\�R QoRhHYQ�QoRA=?TF=r=�¨[BEDgQFD
v̂ ∈ L2(Ω)DF�[\�RrQoRhHYQ

vn ⇀ v̂
BM>

L2(Ω)
� �W=^HJ��d4³l=pRhHjiC=

vn =
qAB�i

ξn � ��BEQFR ξn

DF�A\�R�QFRhHYQ
‖ξn‖L∞(Ω,R2) ≤ µ

HJ>Aq
ξn.N = 0

@C>
∂Ω
d

» D
‖ξn‖L∞(Ω,R2) ≤ µ � QoR[=^TF=U=�¨+BEDgQFD ξ̂ ∈ L∞(Ω, R2)

DF�A\�R�QoRhH1Q � �AZ�Qo@�HJ>�=�¨+QFToHJ\�QoBE@C>��

ξn ⇀ ξ̂
BE>

L∞(Ω, R2)
�W=jHJ��
 �e{+dE� �C�

HJ>[q
‖ξ̂‖L∞(Ω,R2) ≤ µ

dt¤�@CTF=?@�iC=?T B�P
φ ∈ C∞

c (Ω)
�

∫

Ω

vnφ dx =

∫

Ω

q[BEi
ξnφ dx = −

∫

Ω

ξn∇φ dx
�ª{+dE��¡'�

�



f%Rn�AD-HJD
n → +∞ � ��=NGC=�Q

∫

Ω

v̂φ dx = −

∫

Ω

ξ̂∇φ dx =

∫

Ω

qAB�i
ξ̂φ dx

�ª{+dE� �'�
± =^>A\?=

v̂ =
qAB�i

ξ̂
BE>

D′(Ω) � HY>Aq�DFBE>A\^= v̂ ∈ L2(Ω) � QoR[=N=?�n�hHJVEBEQ�m�BED�QFTF�A=UBE> L2(Ω)
d

�-@�� � B�P φ ∈ D(Ω̄)
�

∫

Ω

vnφ dx =

∫

Ω

qAB�i
ξnφ dx = −

∫

Ω

ξn∇φ dx +

∫

∂Ω

ξn.Nφ
�ª{+d|{J�'�

HJ>[q�HYD
n → +∞

�
∫

Ω

v̂φ dx = −

∫

Ω

ξ̂ ∇φ dx + lim
n→+∞

∫

∂Ω

ξn.Nφ
�ª{+d|{+���

B�d�=Y�
∫

Ω

v̂φ dx =

∫

Ω

qAB�i
ξ̂ φ dx −

∫

∂Ω

ξ.Nφ + lim
n→+∞

∫

∂Ω

ξn.Nφ
�ª{+d|{C{C�

» D
v̂ =

qAB�i
ξ̂ � �W=NGJ=?Qj�

0 = −

∫

∂Ω

ξ̂.Nφ + lim
n→+∞

∫

∂Ω

ξn.Nφ
�ª{+d|{J}'�

» >Aq�HYD
ξn.N = 0

@C>
∂Ω � �W=U@Ck[Q�HYBM>��

0 =

∫

∂Ω

ξ.Nφ
P�@CT�HJVEV

φ ∈ D(Ω̄)
�ª{+d|{Yan�

± =^>A\?=
ξ̂.N = 0

@C>
∂Ω

��BE>
H−1/2(∂Ω)

�U��Dg=^=X_�� ��c ��d
�

� äLúIç'à��Éñ+àBúIô�àBç~è
�Cd-º]BM>A\?=

Gµ(Ω)
BED�\^@C>'iC=�¨ � ��=IqA=?qA�A\?=IP�Tg@CL �
=?LOLXH {+d|{�QoRhH1Q

Gµ(Ω)
BEDzHJVEDF@`\?VM@JDF=^q·P�@CT�QoR[=

L2(Ω)
� DgQoTg@C>AG�Qo@CZ�@JVM@JGJmCd

{+d�f%R[=�\�RhHJTFHJ\?QF=^TgBMD�QoBE\%P��A>A\�QoBM@J>O@JP
Gµ(Ω)

BMD4VMDg\���VM@��W=^T¾��Dg=^LOBM\?@C>'QoBE>]�A@C�[D��4P�@CT¥k�@JQoR�QoR[=%DgQFTF@C>AGUHJ>[q
QFRA=p�W=^HJ�zQF@CZ�@CVE@CGCBE=^D�@JP

L2(Ω)
��DF=?=X_¹¡Yc���d

)kà(* ÷¯å,+Éç~è
�Cd �/=�Q �AD�qA=^>A@YQo=Nk'm

K(Ω)
QFRA=U\^VE@CDg�ATF=NBE>

L2(Ω)
@JP�QoRA=UDg=?Qj�

{ q[BEi
ξ , ξ ∈ C∞

c (Ω, R2) , ‖ξ‖L∞(Ω,R2) ≤ 1
} �e{+d { � �

� DFBE>AG��/=?LOLXHX{+d|{OHJ>[q�DF@CLO=NTg=^Dg�AVEQFD BM>l_�{YaJc � @J>A=U\jHJ>�ZATg@�iC=pQoRAHYQ K(Ω) = G1(Ω)
d

{+d �/=�Q �AD�\^@C>ADgBMq[=^T�QoRA=U\?VM@CDg�ATF=NBE>
L2(Ω)

@JP�QFRA=UDF=�Qj�
{ qAB�i

ξ , ξ ∈ C∞
c (Ω, R2)

} �e{+d {��'�
� DFBE>AG��/=^LOL�H�{+d|{�HY>Aq�Dg@CLO=�TF=?DF�AV�QoD"BM> _�{YaJc¥HJ>Aq _ ��c � @C>A=�\jHJ>IZATg@�iC=�QFRhHYQ:QFRABED"DF=�Qp\^@JBM>A\?BMq[=^D��B�QoR

G(Ω)
d

³y=NHJVEDF@�RhHjiC=UQFRA=pP�@CVEVM@���BM>[G�TF=?DF�AV�Qj�
/Tà(*0* ÷ %�¸��/¸ �4U

v ∈ G(Ω) Y 9 I �>E09 I �>�.�6�SR 243 9 3 ξ ∈ L∞(Ω, R2) M 2 9 I v =
qAB�i

ξ
"$ET7

ξ.N = 0
;,E

∂Ω Y "$ET7 3 � C.I 9 I "$9 ‖v‖G = ‖ξ‖L∞(Ω,R2)

?

�



�Öå¼äÉä��¨è �/=?Q
v ∈ G(Ω)

d �/=?Qr�[Dz\^@C>ADgBMq[=^T�HyDF=?�]�[=^>A\^=
ξn ∈ L∞(Ω, R2)

��B�QoR
v =

qAB�i
ξn
HJ>Aq

ξn.N = 0
@J>

∂Ω � HJ>Aq�DF�A\�R�QoRhHYQ ‖ξn‖L∞(Ω) → ‖v‖G

d�f%RA=^Tg=�=�¨+BMD�QoD
ξ ∈ L∞(Ω, R2)

Dg�A\�RIQFRhHYQ � �AZQo@�HJ>�=�¨]QoToHY\?QoBE@C> �
ξn ⇀ ξ

BE>
L∞(Ω, R2)

�W=jHJ��
 �e{+d|{ �C�
f%RA=?> � HJD�BE>�QoRA=UZATg@]@JP�@JP4�/=?L�L�HX{+d { � �W=N\^HJ>�DFRA@�� QoRhH1Q ξ.N = 0

@C>
∂Ω

HJ>Aq�QoRAHYQ
v =

qAB�i
ξ
d

�

î ÷Øø2ú �Iå�ä���à6å	õ�á�è f%RA=:P�@CVEVE@���BE>AG�VM=?LOLXH�BMDWqA�A=:QF@ ¢ d[¤�=?mC=?TU_���¡1cªd�²��[Q9BEQ��9HJD9D�Q�HYQF=^qrBE>�QoRA=:\jHYDF=@JP
Ω = R

2 � HJ>Aq QFRA=�Z[TF@]@JP TF=^VEBE=^q �AZ�@C>)RhHJTgL�@J>ABM\�HJ>hHJV�m]DFBEDOQF@]@CVED^dyf%RhHJ>A�nDOQF@�@C�[T�qA=?´A>ABEQFBM@J>®@YP
G(Ω) � ��=�\^HJ>lP�@CTgL��AVwH1Qo=�BEQ�BE>lQoRA=X\^HJDF=���RA=?> Ω

BMD�k�@C�[>AqA=^qvd�sp�[T�Z[TF@]@JP9TF=?VMBE=^D��AZ�@C>lP��A>[\?QoBE@C>hHYV
HJ>AHJVEm]DgBMD-HJTgGC�ALO=^>'QoD^d
/Tà(*0* ÷ %�¸���¸  4�>9

fn Y n ≥ 1
=>� " 3 �8G��H�>E C �-; U�U �(E C 9 2 ;,E 3'2 E Lq(Ω)

⋂
G(Ω) M 2 9 I 9 I � 9 M ;BUW;,  4; M 2 E �

	T��;
	H�>�>9 2 � 3�� Ω 243 TF=?GC�AVMHJT M 2 9 I ": 2 	 3@C.I(2 9�� =>; �(ET7 "$� ���$J
L ?�P I �>��� �SR 243 9 3 q > 2

"$ET7
C > 0 3 � C.I 9 I "$9 ‖fn‖Lq(Ω) ≤ C

?
O ?�P I � 3 �8G��H�>E C � fn C ;,E	�$�>� �!� 3 9 ; 0 2 E 9 I ��7 243 9�� 2 =��(9 2 ;,ET"$ 3 �>E 3 � � 2 ? ��? 2 E D′(Ω))

?
P I �>E ‖fn‖G C ;,E	�$�>� �!� 3 9 ; 0 MNI �>E n

�!;@� 3 9 ; 2 E�
VE 2 9 ��?
f%RABMD�TF=?DF�AV�Q�=�¨+ZAVMHJBE>AD���R'mlQoR[=z>A@JTFL BE>

G(Ω)
BMD�H�GC@]@]qy>A@CTgL Qo@�Q�HJ\��nVM=zDgBMGC>AHJVMD���BEQFR DgQFTF@C>AG

@CDg\^BEVMVMHYQFBM@C>[D^d%� Q ��BEVEV�k�=N=jHJDgBM=?T-�%BEQoR�QoRABED->A@JTFL¼QF@X\jHYZ[Qo�ATg=�Dg�A\�R�DFBEGC>hHYVMD-BE>�H�LOBM>ABELOBMx^HYQoBE@C>�ZATF@]\?=^DgD
QoRAHJ>���B�QoR�H�\^VMHJDgDFBM\^HJV

L2 ��>[@CTFL�d
�Öå¼äÉä���ä�� /�à!*&* ÷1%/¸��+è ³l=UDFZAVEB�Q QFRA=UZATF@]@JP�BE>nQo@�Q¾��@�DgQo=?ZAD^�
º]QF=^ZK�C�
�/=?Qp�ADp\?@C>ADgBMqA=?TNHzDF=?�n�A=^>A\^=

fn ∈ Lq(Ω)
⋂

G(Ω)
DoHYQFBMD�P m+BE>AG�HJDFDg�ALOZ[QoBE@C> �Jd�HJ>Aq�VM=�QU�AD"qA=?´A>A=�QFRA=

� =^�AL�HJ>A>�ZATg@CkAVE=^L��
{

∆un = fn in Ω
∂un

∂N
= 0 on ∂Ω

�e{+d {Y¡'�
³l=9TF=?\jHYVMV+QFRhHYQ~HYD

fn ∈ G(Ω) � �W=%HJVEDF@"RhH�iC= ∫

Ω
fn dx = 0

d�³l=9�n>A@��°��DF=^=p_�� � � {Y� � �J�^c��
QoRhHYQ¥ZATF@Ck[VM=?L�ª{]d {Y¡'�UHJq[L�B�QoD�H�DF@JVM�[QFBM@J>
un ∈ W 2,q(Ω)

d�²W�[Q�DFBE>A\^=
q > 2

HJ>[q
Ω
k�@C�A>Aq[=^q � BEQ�BED�D�Q�HJ>[qhHJTFq���DF=?=_¹¡ � �?c � QFRhHYQ:QoRA=?TF=�=�¨[BEDgQFD θ ∈ (0, 1)

DF�[\�R�QoRhH1Q
W 2,q(Ω)

BMD"\^@C>'QoBE>A@C�ADgVEmI=?L�k�=^qAqA=?qlBE>
C1,θ ��QoRAHJ>A�nDQo@�¤�@CTFTg=?m ��D"QoRA=?@CTF=?LX��dN³l=�qA=?>A@JQo=�k'm

gn = ∇un

dU³l=�QFR]�ADpRhHjiC=
gn ∈ C0,θ(R2)

d�¤�@JTF=^@�iC=^T���Dg=^=
_¹¡ � �^c�� � B�P x

HJ>Aq
y ∈ Ω � �W=URhH�iC=Y�

|gn(x) − gn(y)| ≤ A1(Ω, q, N)‖gn‖W 1,q(Ω,R2)|x − y|θ
�e{+d {��'�

��RA=?TF=
A1(Ω, q, N)

BMD HO\?@C>AD�Q�HJ>'Q ��R[BM\�R�q[=^Z�=?>AqAD-@C>AV�mr@C>
Ω � q HJ>Aq�QoRA=UDgZhHJ\?=NqABMLO=?>ADFBE@C> N = 2

d
�
=�Qr�ADr\?@C>ADFBEqA=?T�HJGCHJBM>�ZATF@JkAVM=?L �e{+d|{J¡'��d §hTF@CL _�{J� � � �1c � �W=�HJVEDF@ �n>A@�� QFRhHYQzQFRA=^Tg=�=�¨[BEDgQFD�H

\?@C>ADgQoHJ>nQ
B > 0

Dg�A\�R�QFRhHYQj�
‖un‖W 2,q(Ω) ≤ B‖fn‖Lq(Ω)

�e{+d|}J�'�
» >Aq�HYD%�W=�HYDFDF�[L�=UQoRhH1Q

‖fn‖Lq(Ω) ≤ C � �W=NGJ=?Q^�

‖un‖W 2,q(Ω) ≤ B.C
�ª{+d�}[���

¡



²W�[Q�DFBE>A\^=
gn = ∇un � �W=URhH�iC= ‖gn‖W 1,q(Ω) ≤ ‖un‖W 2,q(Ω)

d�f%Rn�AD � P�TF@JL �ª{+d�}[�����

‖gn‖W 1,q(Ω,R2) ≤ B.C
�ª{+d�}'{C�

f%RA=?>���=NqA=?qA�A\?=NP�TF@JL �ª{+d|{ �'�WHJ>Aqy�ª{]d|}C{C��QoRAHYQ�P�@JT�HJVMV
x
HJ>Aq

y ∈ Ω � �W=NRAH�iC=Y�

|gn(x) − gn(y)| ≤ A2(Ω, q, N)|x − y|θ
�e{+d|}J}'�

��RA=?TF=
A2(Ω, q, N)

BMD HO\?@C>AD�Q�HJ>'Q ��R[BM\�R�q[=^Z�=?>AqAD-@C>AV�mr@C>
Ω � q HJ>Aq�QoRA=UDgZhHJ\?=NqABMLO=?>ADFBE@C> N = 2

d
º]QF=^Z�{+�
§hTF@JL �ª{]d|}[�����W=UqA=^qA�[\^=NQFRhHYQ%QoRA=?TF=U=�¨+BEDgQoD

u ∈ W 2,q(Ω)
Dg�A\�R�QFRhHYQ��AZ�Qo@�HJ>�=�¨+QFToHJ\�QoBE@C> �

un ⇀ u
BE>

W 2,q(Ω)
�W=^HJ� �ª{+d�}Jan�

» >Aq�k'mzQoRA=U\?@CLOZhHJ\�Q-=?L�k�=^qAqABE>AG�@YP
W 2,q(Ω)

BM>'Qo@
W 1,q(Ω)

��DF=?=X_E� � ¡1c ���

un → u
BM>

W 1,q(Ω)
DgQoTg@C>AG �ª{+d�} � �

�/=?Q �[D >A@��°L��+QoVEBMZAV�m�=?�n�hHYQoBE@C>`�e{+d|{J¡'�Wk'm�H�P��A>[\?QoBE@C>
φ ∈ D(Ω)

�
∫

Ω

∆unφ dx =

∫

Ω

fnφ dx
�ª{+d�} �'�

k'mrBM>'Qo=^GJToHYQFBM>AGOknmrZhHYTgQ���=NGC=�Q

−

∫

Ω

∇un∇φ dx =

∫

Ω

fnφ dx
�ª{+d�}��C�

HJ>[q�DgBM>[\^=
fn → 0

BE>
D′(Ω)

HJD
n → +∞ � �W=NqA=?qA�A\?=J�

lim
n→+∞

∫

Ω

∇un∇φ dx = 0
�ª{+d�}C¡'�

²W�[Q
un → u

BE>
W 1,q(Ω) � QFRA=^Tg=?P�@CTg=J� ∫

Ω
∇u∇φ dx = 0 � Bed¹=JdE�

−

∫

Ω

∆uφ dx = 0 ∀φ ∈ D(Ω)
�e{+d�} �'�

��RABE\�RrBELOZAVEBM=?D
∆u = 0

BE>
D′(Ω)

d�º+BE>A\^=
u
BMD�BE>

W 2,q(Ω) � �W=-RhH�iC= ∆u ∈ Lq(Ω)
d~f9RA=^Tg=?P�@CTg=

∆u = 0BE>
Lq(Ω)

d��
=�Q �AD�>A@�� L��[QoVEBEZAVEmr=^�n�hHYQFBM@C>y�ª{+d|{J¡'��knm�H�P��A>A\?QFBM@J>
φ ∈ D(Ω̄)

�
∫

Ω

∆unφ dx =

∫

Ω

fnφ dx
�ª{+d¹a'�'�

º+BE>A\?=
‖fn‖Lq(Ω) ≤ C � QoRA=?TF=�=�¨+BEDgQFD f ∈ Lq(Ω)

Dg�A\�R�QoRhH1Q � �AZIQF@�HY>�=�¨+QFToHJ\�QoBE@C> � fn ⇀ f
BE>

Lq(Ω)��RA=?>
n → +∞

d » >Aq�DFBE>A\?=
fn

\^@C>'iC=^TgGC=^D-QF@
0
BM>�QoRA=NqABEDgQFTFBEkA�[QoBE@C>hHYV�DF=?>ADF= � �W=�RhHjiC= f = 0

dWf%R]�[D
limn→+∞

∫

Ω
∆unφ dx = 0

dt²�mzBM>'Qo=^GJToHYQFBM>AGOknmrZhHYTgQ���=NGC=�Q
∫

Ω

∆unφ dx =

∫

∂Ω

∇un.Nφ

︸ ︷︷ ︸

=0
DFBE>A\^= ∂un

∂N
= 0

−

∫

Ω

∇un∇φ dx
�ª{+d¹aA���

�



» D
n → +∞ � ��=NGC=�Q���DFBE>A\^= un → u

BE>
W 1,q(Ω)

���
∫

Ω

∇u∇φ dx = 0 ∀φ ∈ D(Ω̄)
�ª{+d¹an{C�

» D
∆u = 0

BM>
Lq(Ω) � �W=�HJVMDg@�RhHjiC= ∫

Ω
∆uφ dx = 0

BEP
φ
BE>

D(Ω̄)
d �-DgBM>AG�º]QF@C�J=^DNP�@CTFL��[VwH�@C>A\?=

HJGCHJBM> � ��=N@Ck+Q�HJBE>�� ∫

∂Ω

∂u

∂N
φ =

∫

Ω

∇u∇φ dx +

∫

Ω

∆uφ dx
�ª{+d¹a'}'�

³l=O\?@C>A\^VE�AqA=�QoRhHYQ ∫

∂Ω
∂u
∂N

φ = 0
P�@CTUHYVMV

φ
BM>

D(Ω̄)
d�³y=�QoRA=?>KqA=^qA�[\^=���Dg=^=�_�{YaJc��-QoRhH1Q ∂u

∂N
= 0

@C>
∂Ω
d4³l=UQFRA=^Tg=?P�@CTg=NRAH�iC=UDFRA@���>�QoRhHYQ

u ∈ W 2,q(Ω)
BMD%QoR[=NDg@CVE�[QoBE@C>�@JP�QFRA=pP�@CVEVM@���BM>AGOZATF@Ck[VM=?L��

{
∆u = 0 in Ω

∂un

∂N
= 0 on ∂Ω

�e{+d�aJan�
³l=�\^@J>A\^VE�AqA=�QFRhHYQ

∇u = 0
BE>

L2(Ω)
��B�Q-DF���X\?=^D-Qo@XBE>nQo=?GCToH1Qo=Nknm�ZAHJTgQ ∫

Ω
u∆u dx

��d » D
un → u

BM>
W 1,q(Ω)

DgQFTF@C>[G � �W=WDg=^=�QoRhHYQ ∇un → 0
HJD

n → +∞
BE>

L2(Ω, R2)
DgQoTg@C>AGAd�f%RA=WZATg=?i]BM@J�AD4TF=^HJDF@J>A>ABE>AG

k�=^BE>AGzQoTF�A=�P�@CT"HJ>'m�DF�[kADF=?�]�A=^>A\^=O=�¨]QoToHY\?QF=^q�P�TF@CL
un � �W=�\^@C>[\^VE�AqA=�QFRhHYQ:QoRA=���RA@CVE=�DF=?�n�A=^>A\^= ∇unBED%DF�[\�RrQoRhH1Q

∇un → 0
HYD

n → +∞
BE>

L2(Ω, R2)
DgQoTg@C>AG � B�d�=Yd gn = ∇un → 0

BE>
L2(Ω, R2)

DgQFTF@C>[GAd
§hTF@JL¼�/=^LOL�H�{+dE� � �W=UGC=�Q�QoRhH1Qj�

‖gn‖L∞(Ω,R2) → 0
�e{+d¹a � �

º+BE>A\?=
fn =

qAB�i
gn � �W=U=jHYDFBEVEm�q[=^qA�A\?=NP�Tg@CL �ª{]d�a � ��QoRhH1Q

‖fn‖G → 0
d

�

���>÷ * �-ösàDè ³y=�GCBEiJ=�HY> =�¨[HJLOZAVE=�@JPNHyDF=?�]�[=^>A\^=�@JPpP��[>A\?QFBM@C>[D
fn

P��AVMV�´hVEVMBE>AG`QFRA=IR'm+Z�@YQoRA=?DF=^D�@YP
�/=^LOL�H�{]d�aAd

�W@C>ADFBEqA=?T QFRA=UDF=^�n�A=?>A\^=�@JP�P��[>A\?QFBM@C>[D
fn

qA=?´A>A=^q�@C>
Ω = (−π, π)2 knm��

fn(x, y) = cos(nx) + cos(ny) =
qAB�i (

1

n
(sin(nx), sin(ny))

) �e{+d�a �'�
³l=pQoR]�[D qA=�´h>A=

ξn(x, y) =
1

n
(sin(nx), sin(ny))

�e{+d¹a �C�
³l=�RhH�iC=

ξn ∈ L∞(Ω, R2)
d"¤�@CTF=?@�iC=?T � @C>A=�=jHJDgBMV�m�Dg=^=^D:QoRAHYQ ξn.N = 0

@C>
∂Ω

P�@CT:HJVEV
n > 0

d-f%Rn�AD
fn ∈ G(Ω) � HJ>Aq���=N\^VE=^HJTFV�m�RhHjiC=J�

‖fn‖G(Ω) → 0
��RA=?>

n → +∞
�ª{+d¹a'¡'�

�-@�� � VE=?Q φ ∈ D(Ω)
d~f%RA=?> � �ADFBE>AG�º]Qo@C�J=?D�P�@CTFL��AVwH � ��=NGC=�Qj�

∫

Ω

φfn dxdy =

∫

Ω

φ
qAB�i

(ξn) dxdy

= −

∫

Ω

∇φ.ξn dxdy +

∫

∂Ω

φ ξn.N
︸︷︷︸

=0
@C>

∂Ω²W�[Q
∣
∣
∣
∣

∫

Ω

∇φ.ξn dxdy

∣
∣
∣
∣
≤ ‖∇φ‖L1(Ω) ‖ξn‖L∞(Ω,R2)

︸ ︷︷ ︸

→0
��RA=?>

n → +∞

�e{+d�a �'�

���



³l=U\^@C>A\?VM�[qA=NQFRhHYQ
fn → 0

BE>
D′(Ω)

d
³y=U\jHY>�\?@CLOZA�[QF=

‖fn‖
3
L3(Ω)

�

‖fn‖L3(Ω) =

(
104π

3

)1/3 �e{+d � �'�
f%RABMD =�¨[HJLOZAVM=NDFRA@���D�QoRhH1Q�QFRA=UTF=^Dg�AV�Q-@JP¥�
=?LOLXHX{+d¹a�BED�>A@JQ%QoTFB�i]BwHYVed

�)���O����
�� ��
�� ��� �%	 ��	��	� �>���
f%RhHY>A�nD�Qo@�º+=?\?QFBM@C> { � �W=rHJTF=�>A@�� BE> Z�@JDFB�QoBE@C>`Qo@I\jHJTgTgmy@J�[Q�QFRA=zL�HYQoRA=?L�HYQoBE\jHYV9D�Qo�Aq[my@JP-¤�=?mC=?T
ZATg@CkAVE=^L _���¡Yced

�
=�Q
f ∈ Lq(Ω)

����B�QoR
q > 2

��d4³y=UTF=?\jHJVEV�QoRAHYQ�QFRA=U\^@J>ADFBEqA=^Tg=^q�ZATg@CkAVE=^L¼BMD?�
inf

(u,v)∈BV (Ω)×G(Ω)/f=u+v

(
J(u) + α‖v‖G(Ω)

) �e}[dE���
��RA=^Tg=

J(u)
BED�QFRA=pQo@YQ�HJVvi1HJTFBMHYQoBE@C>

|Du|
qA=�´h>A=?q�k'mK�ª{+dE����d

)kà(* ÷¯å,+Éç~è
�Cd-º]BM>A\?=

f
BEDtHJ>�BEL�HJGC= � ��= �n>A@��·QoRhHYQ f ∈ L∞(Ω)

d4f%Rn�ADtBEQ�BMD�>A@YQtTg=^DgQFTFBE\?QoB�iC= QF@NDg�AZAZ�@CDg=
q > 2

d
{+d-º]BM>A\?=

Ω
BED�k�@C�A>AqA=?q � HY>Aq�DFBE>A\^= q > 2 � �W=N�n>A@�� QoRhHYQ Lq(Ω) ⊂ L2(Ω)

d
}[d-º]BM>A\?=

Ω ⊂ R
2 � �W=NRAH�iC=X��DF=?=X_�}1c ��QoRhH1Q

BV (Ω) ⊂ L2(Ω)
�e}+d {C�

²W=?P�@CTg=X\^@C>[DFBMq[=^TFBE>AGIZATF@Ck[VM=?L ��}[dE��� � �W=�´hTFD�Q�>A=?=^qyQo@�DFRA@��¯QoRhHYQN�W=�\^HJ>`HJVE�WH�m]D�qA=?\^@CLOZ�@CDg=rH
P��A>A\�QoBE@C>

f ∈ Lq(Ω)
BM>'Qo@OQ��W@�\?@CLOZ�@C>A=^>'QoD

(u, v) ∈ BV (Ω) × G(Ω)
d

/Tà(*0* ÷ ��¸�¶£¸ A��>9
f ∈ Lq(Ω) � M 2 9 I q > 2

�$?�P I �>E 9 I �>��� �SR 243 9 3 u ∈ BV (Ω)
"$ET7

v ∈ G(Ω) 3 � C.I9 I "$9 f = u + v
?

�Öå¼äÉä��¨è �/=?Q �AD�\^@C>[DFBEqA=^T�QoR[=UP�@JVMVE@���BE>AG�Z[TF@CkAVE=^L��
{

−∆u + u = f in Ω
∂u
∂N

= 0 on ∂Ω

�e}[d�}'�
§hTF@JL _�� � c � ��=N�n>A@�� QoRhHYQ%QoR[=^TF=U=�¨[BEDgQFD:H��A>ABE�]�[= u ∈ W 2,q(Ω)

DF@JVM�[QFBM@J>�@JP9�e}+d|}'��d��/=?Q �AD�qA=?>A@JQF=Nknm
ξ = −∇u

dt§hTg@CL �e}[d�}'� � �W=UDg=^=pQoRhH1Q ξ
BMD�Dg�A\�R�QoRAHYQ

ξ.N = −∇u.N = 0
d » >Aq�DFBE>A\?=NqAB�i

ξ = f − u �qAB�i
ξ ∈ L2(Ω)

d)¤�@CTF=?@�iC=?T � DFBE>A\^= q > 2
HJ>Aq

Ω ⊂ R
2 � ξ ∈ W 1,q(Ω, R2)

��RABE\�R®BMDO\?@C>'QoBM>n�A@C�[DFV�m
=?L�k�=^qAqA=?q°BM>

L∞(Ω, R2)
��QoRAHJ>A�nD�QF@�¤�@CTFTF=�m ��D�QFRA=^@JTF=^L � Dg=^=·_¹¡ � �^c���d ³l=�QoRn�AD�\^@C>[\^VE�AqA=KQoRhH1Q

v =
qAB�i

ξ
k�=?VM@C>[GCD�QF@

G(Ω)
d

º+BM>[\^=
Ω
BED�k�@C�[>AqA=?q � HY>Aq q > 2 � �W=URAH�iC= W 2,q(Ω) ⊂ W 1,1(Ω)

d�²W�[Q%�W=U�n>A@�� QFRhHYQ
W 1,1(Ω) ⊂

BV (Ω)
dt± =^>A\?=

u ∈ BV (Ω)
d

�³y=U>A@��°DgRA@�� QFRhHYQ�ZATF@Ck[VM=?L ��}[dE���9HJqALOB�QoD HYQ�VM=^HJDgQ @C>A=UDg@CVE�[QoBE@C>�d
�Qå�ä���änç'øsõ�øränú ��¸�¶h¸ A��>9

f ∈ Lq(Ω) � M 2 9 I q > 2
�$?QP I �>E 9 I �>��� �SR 243 9 3 û ∈ BV (Ω)

"$ET7
v̂ ∈ G(Ω)

3 � C.I 9 I "$9 f = û + v̂ Y "$ET7 J
J(û) + α‖v̂‖G = inf

(u,v)∈BV (Ω)×G(Ω)/f=u+v
(J(u) + α‖v‖G)

�e}[d¹an�

�C�



�Öå¼äÉä��¨è �/=?Q
(un, vn)

k�=�H�L�BE>ABELOBMx?BM>AG�Dg=^�n�A=?>A\^=�P�@CT���}[dE����� P�TF@CL��/=^LOL�H�}+dM� � �W=��n>A@�� QoRAHYQ:QoRA=BE>[´hL��AL¼BM>y��}[d�a'�WBMD%´h>AB�Qo=j��d~³l=UQFR]�AD�RhH�iC=

J(un) ≤ C
�e}+d � �

HJ>[q
‖vn‖G ≤ C

�e}[d��'�
º+BM>[\^=

vn ∈ G(Ω) � �W=9��TgBEQF= vn =
qABEi

ξn

��BEQFR
ξn

Dg�A\�ROQoRhHYQ
‖ξn‖L∞(Ω,R2) = ‖vn‖G

d�³l=9QoR[=^TF=�P�@CTF=
GC=�Q

‖ξn‖L∞(Ω,R2) ≤ C
d�±-=?>A\^=UQoRA=?TF=U=�¨+BEDgQoD

ξ̂ ∈ L∞(Ω, R2)
DF�A\�R�QoRhHYQ����[Z�QF@XH�DF�Ak[DF=^�n�A=^>A\^=��

ξn ⇀ ξ̂
BE>

L∞(Ω, R2)
�W=jHJ��
 �e}[d �C�

§£Tg@CL���@JBM>A\^HJT��UBM>[=^�n�hHJVEBEQ�ml��Dg=^=X_¹}Yc�� � QoRA=?TF=U=�¨+BMD�QoD:H�\^@J>ADgQoHJ>nQ B > 0
DF�[\�R�QoRAHYQj�

‖un −

∫

Ω

un‖L2(Ω) ≤ BJ(un)
�e}[d�¡'�

f%Rn�AD�P�TF@CL ��}[d � � � �W=UGC=�Q ‖un −
∫

Ω
un‖L2(Ω) ≤ BC

d�²W�[Q-HJD
un + vn = f � �W=URhH�iC=Y�

∫

Ω

un +

∫

Ω

vn

︸ ︷︷ ︸

=0
DgBM>[\^=

vn ∈ G(Ω)

=

∫

Ω

f
�e}[d��'�

± =^>A\?=
un

BMD�k�@C�A>Aq[=^q)BE>
L2(Ω)

d » >[q)HJD
un + vn = f � �W=�qA=^qA�[\^=zQFRhHYQ vn

BED�HJVEDF@Ik�@C�A>Aq[=^q BM>
L2(Ω)

d�f%R[=^TF=�P�@CTF= � QoRA=?TF=U=�¨+BEDgQoD v̂ ∈ L2(Ω)
DF�[\�R�QFRhHYQ � �AZ�Qo@�HJ>�=�¨]QoToHY\?QoBE@C> �

vn ⇀ v̂
BE>

L2(Ω)
�W=jHJ� �e}[dE���'�

�
=�Q
φ ∈ D(Ω)

d~³l=UGC=�Q����ADgBM>[Gzº]QF@C�J=^D�P�@JTFL��AVMH'���
∫

Ω

vnφ =

∫

Ω

qAB�i
ξnφ

= −

∫

Ω

ξn∇φ +

∫

∂Ω

ξn.Nφ

︸ ︷︷ ︸

=0
DFBM>[\^=

vn ∈ G(Ω)

�
ξn.N

BED%�W=^VEV
q[=?´h>A=?q�DgBM>A\?=
ξn ∈ L2(Ω)

HJ>Aq�qAB�i
ξn = vn ∈ L2(Ω)

��d~f%RhHJ>A�nD�Qo@��e}[d �C���
∫

Ω

vnφ → −

∫

Ω

ξ̂∇φ
��}[dE�C���

²W�[Q%QoRhHJ>[�]D%Qo@Xº]Qo@C�J=?D�P�@CTFL��AVwH+�

−

∫

Ω

ξ̂∇φ =

∫

Ω

qAB�i
ξ̂φ −

∫

∂Ω

ξ̂.Nφ

︸ ︷︷ ︸

=0

��}[dM��{C�

± =^>A\?= � P�@CT�HJVEV φ ∈ D(Ω) � �W=URhH�iC=p��RA=^> n → +∞
�

∫

Ω

vnφ →

∫

Ω

qABEi
ξ̂φ

��}[dE��}'�

��{



³l=�QoR]�[D�RhHjiC=-DgRA@���>XQFRhHYQ
vn →

qAB�i
ξ̂
BE>

D′(Ω)
d~§hTF@CL �e}[dE���'� � �W= qA=?qA�A\^= QoRhH1Q v̂ =

qAB�i
ξ̂
BM>

L2(Ω) �HJ>[qyHYDNBE>�QoRA=OZATF@]@YPW@JPW�
=?LOLXH�{+d {��W=�=^HJDFBEV�m�ZATF@�iC=OQoRAHYQ
ξ.N = 0

@C>
∂Ω
dOf%RA=?TF=?P�@JTF=

v̂
k�=^VE@C>AGCD

Qo@
G(Ω)

d � @��°�AZ�QF@�HJ>�=�¨]QoTFHJ\?QFBM@J> � DFBE>A\^= J(un)
BED-k�@C�A>[qA=^qIHJ>Aq

un

BED-k�@C�[>AqA=^q�BE>
L2(Ω) � QoRA=?TF==�¨[BEDgQFD

û ∈ BV (Ω)
DF�[\�R�QoRAHYQ

un ⇀ û
BM>

BV (Ω)
�W=^HJ� 
'd

�
=�Q �AD�\�RA=?\��r��RAHYQ��W=NRAH�iC=UDFRA@���>��AZ�Qo@OQFRABED Z�@JBM>'Qj�
�Cd�f%R[=�P��A>A\�QoBE@C>hHJV-Qo@ L�BE>ABELOBMx?=KBM> ��}[dE���XBMDr\?@C>niC=�¨ ��BEQFR TF=?DFZ�=?\?Q�Qo@ BEQFDrQ��W@ i1HJTFBMHJkAVE=^Dl��BEQrBMD
@Jkni]BM@J�AD���d

{+d�f%R[=NBM>+´hL��AL BE>y�e}+dM���WBED%´h>AB�Qo=X��QoRAHJ>A�nD�Qo@��/=^LOL�HX}+dM����d
}[d�� P

(un, vn)
BMD:H�LOBE>ABMLOBEx^BE>AGzDF=?�n�A=^>A\^=�P�@CT��e}[dE��� � QoRA=?>�QFRA=^Tg=�=�¨+BMD�Q û ∈ BV (Ω)

HJ>Aq
v̂ ∈ G(Ω)Dg�A\�R�QFRhHYQ

un ⇀ û BV
�W=^HJ� 
 � HJ>[q vn ⇀ v̂

BE>
L2(Ω)

�W=^HJ�£d
f�@�\^@C>[\^VE�AqA= � QoR[=^TF=UTF=?L�HJBM>[D�Qo@OZATF@�iC=UQFRhHYQ (û, v̂)

BED HOLOBM>[BMLOBEx^=?T-@JP
J(u) + α‖v‖G(Ω)

d
º+BM>[\^=

un ⇀ û
BE>

BV (Ω)
�W=^HJ� 
 � �W=��n>A@�� ��DF=?=r_¹}Yc��%QFRhHYQ

limJ(un) ≥ J(û)
d » >AqIDgBM>[\^=

ξn ⇀
ξ̂
BE>

L∞(Ω, R2)
�W=jHY� 
 � �W=�RhHjiC= lim‖ξn‖L∞(Ω,R2) ≥ ‖ξ̂‖L∞(Ω,R2) ≥ ‖v̂‖G(Ω)

��DFBE>A\?=
v̂ =

qAB�i
ξ̂
��d

± =^>A\?=
lim‖vn‖G(Ω) ≥ ‖v̂‖G(Ω)

d~f%RA=^Tg=?P�@CTg=J�

lim
(
J(un) + α‖vn‖G(Ω)

)
≥ J(û) + α‖v̂‖G(Ω)

��}[dM�^an�
��RABE\�R�LO=jHY>AD�QoRAHYQ

(û, v̂)
BMD H�DF@CVE�[QoBE@C>�@JP9�e}[dE���p��\?VM=^HJTgVEmz�W=NRAH�iC=

f = u + v
��d

�

)kà(* ÷¯å,+-è f%RA=N�A>[BM�n�A=?>A=^DFD:@YP4H�DF@CVE�[QoBE@C>�P�@CT ¤�=�mC=^T ZATF@JkAVM=?L¼BMD HJ>�@JZ�=^>��]�[=^DgQFBM@J>�d

�·����� � ���N��	�������� �
� �/� ��� � � ��� �%	 ��	��	�������
��>�º+=^\�QoBE@C>�} � �W=pZ[TF@�iJ=^qrQoRA="=�¨+BEDgQo=?>A\^=U@JP�H�Dg@CVM�+QoBE@C>rQo@O¤�=?mC=?T�ZATg@CkAVE=^L�d~³l=p>[@�� �WHJ>nQ9Qo@�GCBEiC=pHJ>HJVEGC@CTgBEQFRAL Qo@O\^@JL�Z[�[Qo=�H�DF@CVE�[QoBE@C>vd

� ��� ��7~3+2t;���2t.[!�243[!¾7�# 58!�#:!�56!
	v243[!¾7t#¼2�()2 �:.[7 
C, ��3[!�7t#
¦�=^\?=^>nQFVEm � H�Z[TF@YS�=^\�QoBE@C>rHJVMGJ@CTFB�QoRAL¯QF@�Dg@CV�iC=p¦ �[qABM>]��s"DFRA=?T���§�H1Qo=^LOB�L�@]q[=^V¥_|{Y}Yc�RhHJDWk�=^=?>rZATF@JZ�@JDF=^qzBM>
_��Yced �~TF=?\^BEDF=^V�m � QFRA=UZATF@Ck[VM=?L D�Qo�Aq[BM=?q�BE>l_��1c
BED^�

inf
u∈BV (Ω)

(

J(u) +
1

2λ
‖f − u‖2

L2(Ω)

) ��aAdE���

�¾>I_��1c � QoRA= P�@CVMVE@���BE>AG�TF=?DF�AV�Q9BMD�DFRA@���>K��BM>XP�HJ\?Q � QFRA="HJ�+QoRA@CTtBM>I_��1c�\^@C>ADgBMq[=^TWQFRA=:q[BMDg\^TF=�Qo="\^HJDF= � kA�[QHJD�R[=NLO=?>nQoBE@C>AD � QoRA=U\?@C>nQFBM>n�A@C�AD \^HJDF=UBMD�DFBELOBMVMHJTo���
�Qå�ä���änç'øsõ�øränú �
¸�¶£¸ P I � 3 ;, �(9 2 ; E1; U ��� ? L � 243 � 2 �$�>E = ��J

u = f − PGλ(Ω)(f)
��a[d {C�

MNI �>��� PGλ(Ω) 243 9 I �D;,� 9 I ;S�!;,ET"$ 	T�.;�
@� C 9<;,� ;,E Gλ(Ω)
?

��}



)kà(* ÷¯å,+-è
PGλ(Ω)

BMD��W=?VMV�qA=�´h>A=?q DFBM>[\^=
Gλ(Ω)

BED�H·\^VE@CDg=^q \?@C>niC=�¨ Dg=?Q�@JP
L2(Ω)

� QoRhHY>A�nDIQF@
�/=^LOL�H�{]d {C��d

� �ª© �%7t;���!g#��6«¬,�­�,/. �:.[7 
:;�,
5 2�()2 �-.[7 
', �£3[!�7t#
³l=�>A@�� D�Qo�Aq[m)QFRA=�HJVMGJ@CTFB�QoRAL ZATg=^DF=?>nQF=^q�BM> _ � c BE>®QFRA=�\?@C>'QoBE>]�A@C�[D�Dg=?QFQFBM>[G ����RA=?TF=^HJD�BE>°_ � c � QoRA=HJ�+QoRA@CTgD�\jHJTgTFBE=^q�@C�[Q%QoRA=?BMT HJ>hHYVEm]DFBED BM>�H�qABEDF\^Tg=?QF=NP�ToHYL�=��W@CTg�+��d

�
=�Q �AD�BM>'QoTF@]q[�A\^=UQFRA=pP�@CVEVM@���BE>AGOP��A>A\�QoBE@C>hHJV/q[=?´h>A=?q�@J>
L2(Ω) × L2(Ω)

�

Fλ,µ(u, v) =

{
J(u) + 1

2λ
‖f − u − v‖2

L2(Ω)

B�P
(u, v) ∈ BV (Ω) × Gµ(Ω)

+∞
@JQFRA=^T���BMDg= ��aAd�}'�

³y=U\jHY>�Tg=?��TgBEQF=
Fλ,µ

BE>�QoRA=pP�@CVEVM@���BE>AGO�9Hjm��

Fλ,µ(u, v) = J(u) +
1

2λ
‖f − u − v‖2

L2(Ω) + χGµ(Ω)(v)
��a[d�an�

��B�QoR�QoRA=�\?@C>'iC=^>nQFBM@J>�QFRhHYQ
J(u) = +∞

B�P
u ∈ L2(Ω)\BV (Ω) � HJ>[q���RA=^Tg= χGµ(Ω)

BED-QoRA=�BE>AqABE\jH1Qo@CT
P��A>A\�QoBE@C>�@JP

Gµ(Ω)
d

f%RA=NZATg@CkAVE=^L �W=U�WHJ>nQ�QF@�Dg@CV�iC=NBMD?�

inf
L2(Ω)×L2(Ω)

Fλ,µ(u, v)
��a[d � �

� ��� ����!�('3+,
#���,°2�# � �:#-!��9�-,
#-,/(](
³l=UDFRA@��°RA=^Tg=UQoRAHYQ Z[TF@CkAVE=^L ��aAd � �9HJqALOB�QoD-H��A>ABE�n�A=NDF@CVE�[QoBE@C>�d
�Qå�ä���änç'øsõ�øränú �
¸ %/¸ A��>9

f ∈ L2(Ω)
?�P I �>�.�1�SR 243 9 3 " �(E 2 G�� � C ;,� 	T 4� (û, v̂) MNI(2KC.I 5 2 E 2 5 2 �,� 3

Fλ,µ(u, v)
;,E

L2(Ω) × L2(Ω)
?

�Öå¼äÉä��¨è ³y=UDgZAVMB�Q QFRA=UZATF@]@YP¥BE>nQF@OQ��W@�DgQF=^ZAD?d
º]QF=^ZK�C���->ABE�n�A=^>A=?DFD
f%RA=UZATF@]@JP�BMD%QFRA=UDoHJLO=�HYD�BM>l_ � ced~³l=9S��ADgQ ZA�+Q BEQ�RA=^Tg=UP�@CT9QFRA=UDoHJ�J=N@YP¥\?@CLOZAVM=�Qo=?>A=^DFD^d

f�@OGJ=?Q9QoRA=p�A>[BM�n�A=?>A=^DFD � �W="´hTFD�Q�TF=?L�HJTF�XQFRhHYQ F
BED%DgQoTgBM\�QoV�mr\?@C>niJ=�¨�@C>

BV (Ω)×Gµ(Ω) � HJD9QoR[=DF�[L @YP�H�\?@C>'iC=�¨lP��A>A\�QoBE@C> HY>Aqy@JP�H�DgQFTFBE\?QoV�ml\?@C>niC=�¨lP��A>A\?QFBM@J> � =�¨+\^=?Z[Q�BE>lQoRA=XqABETF=?\?QFBM@C> (u,−u)
d

± =^>A\?=�BEQUDg� ��\^=^DUQo@�\�RA=?\��IQFRhHYQUB�P
(û, v̂)

BEDNHrLOBM>[BMLOBEx^=?T�@YP
F
QoR[=^>�P�@CT

t 6= 0 � (û + tû, v̂ − tû)
BMD

>A@YQOHILOBE>ABEL�BEx?=^TO@YP
F
d�f%R[=rTF=?DF�AV�QOBED�@Jkni]BM@J�AD�B�P

v̂ − tû ∈ L2(Ω)\Gµ(Ω)
dK�/=�Q��AD�DgRA@�� QFRhHYQ�BEP

v̂ − tû ∈ Gµ(Ω)
QFRA=^>�QoR[=NTg=^Dg�AVEQ BMD�DgQFBMVEV�QoTF�[=Jd���>Aq[=^=^q � B�P v̂ − tû ∈ Gµ(Ω) � �W=NRAH�iC=Y�

F (û + tû, v̂ − tû) = F (û, v̂) + (|1 + t| − 1)J(û)
��aAd��'�

²�mr\?@C>'QoToHJq[BM\�QoBE@C> � VE=?Q �AD HJDFDg�ALO=NQFRhHYQ%QoRA=?TF=U=�¨+BMD�QoD t̂ 6= {−2, 0}
Dg�A\�R�QFRhHYQ

v̂ − t̂û ∈ Gµ(Ω)
HJ>Aq

F (û + t̂û, v̂ − t̂û) ≤ F (û, v̂)
��aAd �C�

» D
(û, v̂)

LOBM>[BMLOBEx^=^D
F � ��aAd �C��BED"HJ>I=?�n�hHJVEBEQ�mCd"§hTF@CL ��aAd��'� � ��=�qA=?qA�A\?=�QFRhHYQ (|1 + t̂| − 1)J(û) = 0

d
» >Aq�HJD

t̂ 6= {−2, 0} � �W=�GC=�Q:QoRhH1Q J(û) = 0
d:f%RA=?TF=�=�¨+BMD�QoD"QFRA=^Tg=?P�@CTg=

γ ∈ R
DF�A\�R�QFRhHYQ

û = γ
H[d¹=Yd

����=NDg�AZAZ�@CDg=
Ω
TF=^GJ�AVwHYT HJ>Aq�\?@C>A>[=^\?QF=^q£��d

�Cd�� P
γ = 0 � QoRA=?> û = 0

d�f%Rn�AD
(û + t̂û, v̂ − t̂û) = (û, v̂)

d

�ja



{+d�� P
γ 6= 0 � QFRA=^> v̂ − t̂û

\^HJ>A>A@JQ"k�=?VE@C>AGzQo@
Gµ(Ω)

DFBE>A\?=OB�QoD"LO=jHJ>�BMD">A@YQU����DF=?=��ª{+dE� � �F��d"f%RABED
\?@C>'QoToHJq[BM\�QoD @J�AT HYDFDF�ALOZ[QFBM@J>�d

f%RA=?TF=WTF=?LXHYBM>AD�QF@:\�RA=^\��N��RAHYQ¥RhHJZAZ�=?>AD4BE>�QoRA=�\jHYDF=���RA=?>
t̂ = −2

d���>�QFRABED¥\jHYDF= � �W=WRhHjiC=J� F (−û, v̂+
2û) ≤ F (û, v̂) � B�d�=Yd (−û, v̂ + 2û)

BED"HJVEDF@zHXLOBM>[BMLOBEx^=?T"@JP
F
d » D-�W=�HYDFDF�ALO=

v̂ + 2û ∈ Gµ(Ω) � HJ>AqHJD
F
\?@C>'iC=�¨y�eHJ>[q�HJD

Gµ(Ω)
\?@C>niJ=�¨A� � �W=UGC=?Q^�

F (0, û + v̂) ≤
1

2
F (û, v̂) +

1

2
F (−û, v̂ + 2û)

��aAd�¡'�
» >Aq �W=�qA=^q[�A\^=KQFRhHYQ

(0, û + v̂)
BMD�HJVEDF@®H)LOBE>ABEL�BEx^=?T�@JP

F
d ²W�[Q

F (0, û + v̂) = F (û, v̂) � Bed¹=Jd
1
2λ
‖f − û − v̂‖2

L2(Ω) = J(û) + 1
2λ
‖f − û − v̂‖2

L2(Ω)

d�³l=UQoR]�[D-GJ=?Q�QoRhH1Q
J(û) = 0 � HJ>Aq��W=N\^@C>[\^VE�AqA=HJD-k�=?P�@CTg=Jd:± =^>A\?=�QoRA=?TF=�=�¨[BEDgQFDUH1Q:LO@CDgQpHX�A>[BM�n�A=�\?@C�AZAVE=

(û, v̂) ∈ BV (Ω) × Gµ(Ω)
LOBM>ABELOBMx?BM>[G

F@C>
L2(Ω) × L2(Ω)

d
º]QF=^Z�{+���4¨+BEDgQo=?>A\^=
�/=?Q

(un, vn)
H�L�BE>ABELOBMx?BM>AGXDF=?�n�A=^>A\^=NP�@CT

Fλ,µ(u, v) � B�d�=YdM�

Fλ,µ(un, vn) → inf
L2(Ω)×L2(Ω)

Fλ,µ(u, v)
��a[d �C�

³l=U=jHJDgBMV�m�qA=?qA�A\?=NQoR[=UQFRATF=?=UP�@JVMVE@���BE>AG�Z�@CBE>nQFD^�
�Cd

J(un) ≤ C
��aAdE���'�

{+d
‖f − un − vn‖

2
L2(Ω) ≤ C

��aAdE�C���
}[d

vn ∈ Gµ

��aAdM��{C�
§hTF@JL ��a[dM��{J� � ��=NGJ=?Q�QFRhHYQ vn =

qABEi
ξn � ��BEQFR ξn

DF�A\�R�QoRAHYQ
‖ξn‖L∞(Ω,R2) ≤ µ

HJ>Aq
ξn.N = 0

@C>
∂Ω
d

³y=NHJVEDF@�RhHjiC=J�
∫

Ω

unvn =

∫

Ω

un

qAB�i
ξn

≤ sup
ξ∈Gµ(Ω)

∫

Ω

un

qABEi
ξ

≤ µ sup
ξ∈G1(Ω)

∫

Ω

un

qABEi
ξ

± =^>A\?=z���ADFBE>AG���aAdE���'�g���
∫

Ω

unvn ≤ µJ(un) ≤ C
��aAdE��}'�

§hTF@JL ��a[dM�C���pHJ>Aq���aAdE��}'� � �W=�qA=^q[�A\^=�QoRhH1Q un

HY>Aq
vn

HJTg=�k�@C�A>[qA=^qyBE>
L2(Ω)

dXf%RhHJ>[�]DNQo@y��a[dM�j�'� �HJ>[qIDgBM>[\^=
un

HJ>Aq
vn

HJTF=Nk�@C�A>AqA=?qIBM>
L2(Ω) � �W=�GJ=?Q-QFRhHYQ QoRA=?TF=�=�¨+BMD�QoD (û, v̂)

DF�A\�RIQFRhHYQ � �AZ�Qo@zHY>=�¨+QFToHJ\�QoBE@C>��
un ⇀ û

BE>
BV (Ω)

�W=jHJ��
 ��aAdE�ja'�

� �



HJ>[q
vn ⇀ v̂

BE>
L2(Ω)

�W=jHJ� ��aAdE� � �
§£Tg@CL¼�/=?L�L�HX{+d { � �W=N�n>A@�� QoRhHYQ χGµ(Ω)

BED
L2 �ª�W=jHY�]V�m�VEDF\ � ��RA=?TF=Y�

χGµ(Ω)(v) =

{
0
BEP

v ∈ Gµ(Ω)
+∞

@JQoR[=^Tg��BEDF= ��aAdM� �'�

º+BE>A\?=NQFRA=pQo@YQ�HJVvi1HJTFBMHYQoBE@C>�BED�VMDg\UP�@CT9QFRA=
BV

�W=jHY� 
NQo@CZ�@CVE@CGJm � �W=N@Jk[Q�HJBE>��

inf F = lim

(

J(un) +
1

2λ
‖f − un − vn‖

2
L2(Ω) + χGµ(Ω)(vn)

)

≥ J(û) +
1

2λ
‖f − û − v̂‖2

L2(Ω) + χGµ(Ω)(v̂)

B�d�=Yd
(û, v̂)

BED-H�LOBM>ABELOBMx?=^T @JP
Fλ,µ(u, v)

@C>
L2(Ω) × L2(Ω)

d

�

� ��� �l*-2�.[2 �£3[,/.[! 	�243A!¾7t# 7��X3[* , 58!g#-!�5¯!
	�,/.
(û, v̂)

f%RA=�P�@CVEVM@���BM>[G�Tg=^DF�[VEQ�GCB�iC=^D�HN\�RhHYToHJ\�Qo=^TgBMx^HYQoBE@C>X@JP�QoR[= LOBM>[BMLOBEx^=^T�@JP
Fλ,µ

d¥³l=���BMVEV£�ADg=-B�QtBM>OQoRA=�>A=�¨]Q
DF�[kADF=?\?QoBE@C>�Qo@ODFR[@�� QoR[=U\^@C>'iC=^TFGJ=^>A\?=�@JP¥@J�AT HYVMGC@JTFB�QoRAL�d
�Qå�ä���änç'øsõ�øränú �
¸��/¸

(û, v̂) 243 ":5 2 E 2 5 2 �,�>��; U Fλ,µ(u, v) 2 U�"$ET7�;,EH � 2 U�J
{

û = f − v̂ − PGλ(Ω)(f − v̂)
v̂ = PGµ(Ω)(f − û)

��aAdM� �C�

�Öå¼äÉä��¨è ³y=UDgZAVMB�Q QFRA=UZATF@]@YP¥BE>nQF@OQ��W@�DgQF=^ZAD?�
º]QF=^ZK�C� �-=^\?=^DgDoHJTgm�\^@C>Aq[BEQFBM@C>
�/=?Q

(û, v̂)
k�=�HrLOBE>ABMLOBEx^=?TN@JP

Fλ,µ(u, v)
d�f%RA=�P�HJ\�QpQoRhH1Q

û = f − v̂ − PGλ(Ω)(f − v̂)
\^@CLO=?DUP�TF@JL

�~TF@CZ�@JDFB�QoBE@C>raAdE�Cd4f%RA="ZATg@]@JP
@JP
v̂ = PGµ(Ω)(f − û)

BMDWDFBEL�BEVMHJT^�~DgBM>A\?=
v̂
BED%H�LOBE>ABMLOBEx^=?T%@JP

F (û, .) � �W=RhHjiC=UP�@JT HYVMV
v
BE>

L2(Ω)
�

Fλ,µ(û, v̂) ≤ Fλ,µ(û, v)
��aAdE��¡'�

��RABE\�R�BELOZAVMBE=^D?dM�
0 ∈ v̂ − (f − û) + λ∂χGµ(Ω)(v̂)

��aAdE� �'�
��RA=?TF=U�W=UqA=^>[@JQo=?q�knm

∂H
QoRA=UDF�[k�qABEu�=^Tg=^>'QoBMHJV�@YP

H
��Dg=^=X_�{C{ � � �1c����

w ∈ ∂H(u) ⇐⇒ H(v) ≥ H(u) + (w, v − u)L2(Ω) � P�@CT�HJVEV v BM> L2(Ω)
��aAd|{J�'�

��a[dM� �'�WLO=jHJ>[D^�
f − û ∈ (I + λ∂χGµ(Ω))(v̂)

��aAd|{+���
± =^>A\?=J�

v̂ = (I + λ∂χGµ(Ω))
−1(f − û)

��aAd|{C{C�
» >Aq�B�Q BED�DgQ�HY>AqhHJTgq�QF@�\?@C>A\?VM�Aq[=NQoRAHYQj�

v̂ = PGµ(Ω)(f − û)
��aAd|{J}'�

� �



º]QF=^Z�{+�tº+� ��\^BE=^>'Q:\?@C>AqAB�QoBE@C>
�/=?Q

(û, v̂)
iC=^TgBEP m]BE>AGI��aAdE� �C��d4³l=pQoRA=?TF=?P�@JTF=URhH�iC=Y�

{
0 ∈ û + v̂ − f + λ∂J(û)

0 ∈ û + v̂ − f + λ∂χGµ(Ω)(v̂)

��aAd {1an�
f%RA=-´hTgDgQ9VEBM>[=:@JPt��aAd|{Ya'��\?@CLO=^D�P�TF@CL6QoRA= P�HJ\?Q�QFRhHYQ

û = f − v̂−PGλ(Ω)(f − v̂)
��DF=?=�_��YcvHJ>AqI_ � c�� � HJ>[qQoR[=NDg=^\?@C>Aq�@C>A=pP�Tg@CL QoRA=pP�HY\?Q%QoRhHYQ

v̂ = PGµ(Ω)(f − û)
d4³l=N\^HJ>�TF=���TFB�Qo=���aAd {1an���

{
f−û−v̂

λ
∈ ∂J(û)

f−û−v̂
λ

∈ ∂χGµ(Ω)(v̂)

��aAd { � �
��RABE\�R�LO=jHY>AD^�

{

J(u) ≥ J(û) +
(
u − û, f−û−v̂

λ

)

L2(Ω)×L2(Ω)

χGµ(Ω)(v) ≥ χGµ(Ω)(v̂) +
(
v − v̂, f−û−v̂

λ

)

L2(Ω)×L2(Ω)

��aAd {��'�
³l=NHJqAq�QoR[=UQ��W@�VEBE>A=^D BE>y��aAd|{ �'� � HJ>Aq���=N@Ck+Q�HJBE>��

J(u) + χGµ(Ω)(v) ≥ J(û) + χGµ(Ω)(v̂) +

(

u − û,
f − û − v̂

λ

)

+

(

v − v̂,
f − û − v̂

λ

) ��aAd { �C�
³l=pQoRA=?>�HJqAq 1

2λ
‖f − u − v‖2

L2(Ω)

Qo@�QoRA=pQ��W@�DgBMqA=?D-@YP%��a[d { �C� � HY>Aq��W=UGC=?Q^�

Fλ,µ(u, v) ≥ Fλ,µ(û, v̂) −
1

2λ
‖f − û − v̂‖2

L2(Ω) +
1

2λ
‖f − u − v‖2

L2(Ω)

+

(

u − û,
f − û − v̂

λ

)

+

(

v − v̂,
f − û − v̂

λ

)

f�@�\^@C>[\^VE�AqA= � QoR[=^TF=UTF=?L�HJBM>[D�Qo@ODFRA@�� QoRhH1Qj�
‖f − u − v‖2

L2(Ω) − ‖f − û − v̂‖2
L2(Ω) + 2 (u − û, f − û − v̂) + 2 (v − v̂, f − û − v̂) ≥ 0

��aAd|{J¡'�
�/=?Q �[D qA=?>A@JQF=Nk'm

L(u, v) = ‖f − u − v‖2
L2(Ω)

d�º+BE>A\?=
L
BMD�\?@C>niC=�¨ � �W=URhH�iC=Y�

L(u, v) ≥ L(û, v̂) +

(

u − û,
∂L

∂u
(û, v̂)

)

+

(

v − v̂,
∂L

∂v
(û, v̂)

) ��aAd {��'�
» >Aq`��aAd|{ �'�WBED4S��ADgQ���a[d {Y¡'����RABE\�R��W=p�9HJ>'Qo=?q�Qo@ODFRA@��Ud

�

f%RA=N\?@C>A\^VE�ADgBM@C>[D-@JP �~TF@CZ�@CDgBEQFBM@J>�a[d|}�>hHYQF�AToHYVMV�mrVE=jHYq�QF@�QoRA=pP�@CVEVE@���BE>AGXHYVMGC@JTFB�QoRAL P�@JT%\^@JL�Z[�[QoBE>AG
QoR[=NLOBE>ABEL�BEx?=^T

(û, v̂)
d�f%R[BMD-HJVEGC@CTgBEQFRAL �9HJD�qA=�iC=^VE@CZ�=^qIHJ>[q�HYZAZAVEBM=?q�BM>l_ � ced

í ö��LäDå¼ørõ�� * è
�Cd���>[BEQFBwHJVEBExjHYQFBM@C>v�

u0 = v0 = 0
��aAd�}C�'�

{+d�� QF=^TFHYQoBE@C>AD?�
vn+1 = PGµ(Ω)(f − un)

��aAd�}[���

un+1 = f − vn+1 − PGλ(Ω)(f − vn+1)
��aAd�}'{C�

� �



}[d-ºnQo@CZAZ[BM>AGOQF=^DgQ^�~�W=ND�Qo@CZ�B�P

max(|un+1 − un|, |vn+1 − vn|) ≤ ε
��aAd�}C}'�

� äDå�äLö4ös÷Vå	á ��¸�¶h¸ P I � 3 �8G��H�>E C � (un, vn) � 7(� 
VE �87-= � ��� ?���� � ����� ?���� � � C ;,E	�$�>� �!� 3 9<; (û, v̂) ∈ BV (Ω)×
Gµ(Ω) Y 9 I �F�!E 2 G��H� 5 2 E 2 5 2 �,�>��; U Fλ,µ(u, v)

?

�Öå¼äÉä��¨è f%RABED�H)\^@C>ADg=^�n�A=^>A\^=y@YP �~Tg@CZ�@CDFB�QoBE@C> aAdE� � ��Tg@CZ�@CDgBEQFBM@C> a[d|} � HJ>Aq QoRA=�qA=?´h>[BEQFBM@C> @JP�QoRA=DF=?�n�A=^>A\^=
(un, vn)

��qA=�´h>A=?q�knm���aAd�}C�'� ����a[d|}C}C�F��d

�

� ��� �W3[�-� ­¼7
��3[*-, ;�!�58! 3 �:.[7 
:;�,
5 2�(
λ → 0

³l=X>A@��6�9HY>nQNQo@�DFR[@��6QoRA=�VMBE>A��k�=?Q��W=^=?> ��}[dM���UHY>Aq ��aAd � ��d�f�@�q[@�DF@ � �W=X\?@C>ADgBMqA=?T�QFRA=�P�@JVMVE@���BE>AGZATg@CkAVE=^L
inf

(u,v)∈BV (Ω)×G(Ω)/f=u+v
J(u) + χGµ

(v)
��aAd�}Jan�

f%RABED BMD%QFRA=UZATF@Ck[VM=?L �W=NGC=�Q���RA=?>��W=NVE=?Q
λ → 0

BM>y��a[d � �p��HJD%��=U��BEVMV/DF=?=NBM> �~TF@JZ�@CDFB�QoBE@C>�aAd � ��d
/Tà(*0* ÷ ��¸�¶h¸ A �>9

f ∈ L2(Ω)
?'A��>9�� 3 " 3.3 �(56� 9 I "$9�9 I �>���D�SR 243 9 ũ ∈ BV (Ω)

"$ET7
ṽ ∈ Gµ(Ω) 3 � C.I9 I "$9 f = ũ + ṽ

?:P I �>E 9 I �>���D�SR 243 9 3 (û, v̂) ∈ BV (Ω) × Gµ(Ω) 3 ;, �!9 2 ;,E&; U ��� ?�� � �$?

�Öå¼äÉä��¨è �-DFBE>AGX�/=^LOL�H�{+d|{ � QoRA=UZ[TF@]@JP�BMD�DgQFToHJBEGCR'QFP�@CT��9HJTgq�d

�

³y=U>A@��°GCB�iC=pQoRA=UVEBM>A�zk�=�Q¾��=^=^> ��}[dE���9HJ>Aqy��aAd|}Yan��d
�Qå�ä���änç'øsõ�øränú ��¸��
¸ A��>9 � 3 
 R α > 0 2 E 	T�.;$=� 4�>5 � � ? L �$? A��>9 (û, v̂)

" 3 ;, �(9 2 ;,E ; U 	T��;$=� 4�>5 � � ? L �$?� � 
 R
µ = ‖v̂‖G 2 E ��� ?�� � �$? P I �>ETJ

• (û, v̂) 243 "$ 3 ;:" 3 ;, �(9 2 ;,E1; U 	T��;$=� 4�>5 ��� ?�� � �$?

• � ;,E	�$�>� 3 �> � Y "$E � 3 ;, �(9 2 ;,E (ū, v̄)
; U ��� ?�� � � � M 2 9 I µ = ‖v̂‖G

� 243 " 3 ;, �(9 2 ;,E�; U � � ? L �$?
	 ;,���.; �$�>� Y
M � I " �$� ‖v̄‖ = µ

"�E 7
J(ū) = J(û)

?

�Öå¼äÉä��¨è f%RA=NZATg@]@JP¥BED%QoRA=UDFHJLO=�HJD�BE>l_ � cªd4³l=%S��AD�Q ZA�[Q B�Q RA=?TF=pP�@CT9QoRA=UDFHJ�J=N@JP�\^@CLOZAVE=?QF=^>A=?DFD^d
³y=UDFZ[VMB�Q QFRA=UZATF@]@JP�BE>nQF@OQ¾��@�DgQo=?ZAD^d

º]QF=^ZK�C�
³l=r´hTgDgQO�WHJ>nQ�Qo@�DgRA@�� QoRAHYQ

(û, v̂)
BED�H�DF@CVE�[QFBM@C>)@JP���aAd�}Ja'�r� ��BEQFR

µ = ‖v̂‖G(Ω)

��d » D
(û, v̂)

BED�H
DF@JVM�[QFBM@J>I@YP ��}[dE���N��QFRA=�=�¨[BEDgQF=^>A\^=�@JP

(û, v̂)
BMD-GJBEiC=?>Iknm��/=^LOL�H�aAd|{C��HJ>[qIHJD

‖v̂‖G(Ω) = µ � QoRA=?> û
BED

DF@JVM�[QFBM@J>�@YP
inf

u∈BV (Ω)/ u=f−v ,v∈G(Ω),‖v‖G(Ω)=µ
J(u) + αµ

��aAd�} � �
B�d�=Yd

û
BED Dg@CVM�+QoBE@C>�@YP

inf
u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)=µ

J(u)
��aAd�} �'�

��¡



º+BM>[\^=UQoRA=UDg=?Q {
u ∈ BV (Ω)/u = f − v, v ∈ G(Ω), ‖v‖G(Ω) = µ

} BED�\^@C>'Q�HJBE>A=?q�BM>
{
u ∈ BV (Ω)/u = f − v, v ∈ G(Ω), ‖v‖G(Ω) ≤ µ

} � ��=NRhHjiC=J�
inf

u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)=µ
J(u) ≥ inf

u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)≤µ
J(u)

��aAd�}��C�
²�mr\^@C>'QoTFHJqABE\?QoBE@C> � VE=?Q �[D-HJDgDF�ALO=UQoRhH1Q

inf
u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)=µ

J(u) > inf
u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)≤µ

J(u)
��aAd�}C¡'�

f%R]�AD � QFRA=^Tg=N=�¨+BMD�QoD v′ ∈ G(Ω)
DF�A\�R�QoRhH1Q

‖v′‖G(Ω) < µ
HJ>Aq

J(f − v′) < inf
u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)=µ

J(u)
��aAd�} �'�

<:=?>A@JQoBE>AG�knm
u′ = f − v′ � �W=-RhH�iC=Y� J(u′)+α‖v′‖G(Ω) < J(u′)+αµ

d~²W�+QWDFBE>A\?=
(û, v̂)

BEDWHNDF@CVE�[QFBM@C>
@JP9�e}[dE�����

J(û) + α‖v̂‖G(Ω) ≤ J(u′) + α‖v′‖G(Ω) < J(u′) + αµ
��aAd¹a'�'�

± =^>A\?=����W=XTF=?\jHYVMV�QFRhHYQ
‖v̂‖G(Ω) = µ

� � �W=XGC=�Q�P�Tg@CL ��aAd¹a'�'�:QoRhHYQ
J(û) < J(u′)

drf%RABED�\?@C>nQFToHJq[BM\�QoD
��a[d|} �'��d4³l=U\^@J>A\^VE�AqA=UQoRhH1Q���aAd|}J¡'�W\^HJ>A>A@JQ�RA@CVEq�dt±-=?>A\^=Y�

inf
u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)=µ

J(u) = inf
u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)≤µ

J(u)
��aAd¹aA���

§£Tg@CL ��a[d|} �C� � �W=�Dg=^=�QoRhH1Q û
BMD"H�DF@JVM�[QFBM@J>�@JP

infu∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)≤µ J(u) � Bed¹=Jd û
BEDpH

DF@JVM�[QFBM@J>�@YP
inf

u∈BV (Ω)/u=f−v,v∈G(Ω)
J(u) + χGµ

(v)
��aAd¹an{C�

± =^>A\?=
(û, v̂)

BMD HJVEDF@XH�DF@CVE�[QFBM@C>�@JP9��aAd�}Jan��d
º]QF=^Z�{+�
�/=?QU�ADU>A@��6\?@C>ADgBMqA=?T

(ū, v̄)
HrDF@CVE�[QoBE@C>K@JP"��aAd|}Yan��� QoRA=�=�¨+BEDgQo=?>A\^=X@JP

(ū, v̄)
BMDpGCBEiC=?>lk'm��/=^LOL�H�aAdM�

DFBE>A\?=
f = û+ v̂

��B�QoR
(û, v̂) ∈ BV (Ω)×G(Ω)

HJ>Aq
µ = ‖v̂‖G(Ω)

��d�³l=9\jHY>OTg=^Z�=^HYQ4QoRA=9\^@JL�Z[�[Q�HYQFBM@J>AD
�W=UL�HJqA=UBM>�º]QF=^ZK�Cd4³y=UGC=�Q�QoRAHYQ

ū
BMD H�DF@CVE�[QoBE@C>�@JP¾�

inf
u∈BV (Ω)/u=f−v,v∈G(Ω),‖v‖G(Ω)=µ

J(u) + αµ
��aAd¹a'}'�

³l="QFRA=^Tg=?P�@CTg=pRAH�iC=J�
J(ū) + αµ = J(û) + α‖v̂‖G(Ω)

d�²W�+Q�HJD
(ū, v̄)

BED�H�Dg@CVE�[QoBE@C>�@YPW��a[d|}Ja'� � �W=pRAH�iC=
‖v̄‖G(Ω) ≤ µ

d�± =^>A\?=
J(ū) + α‖v̄‖G(Ω) ≤ J(û) + α‖v̂‖G(Ω)

d » >[qrDFBE>A\^=
(û, v̂)

BED%H�Dg@CVE�[QoBE@C>r@JPt�e}[dE��� ��W=UGC=?Q%QoRhH1Qj�
J(ū) + α‖v̄‖G(Ω) = J(û) + α‖v̂‖G(Ω)

��aAd�aJan�
³l=pQoR]�[D \?@C>A\^VE�AqA=UQoRAHYQ

(ū, v̄)
BMD H�DF@CVE�[QoBE@C>�@JP9�e}[dE����d

�

� ��� ��!�5 ! 3��®*-,
#
λ → 0

³l=UZATF=?\^BEDF=�RA=?TF=pQoRA=UVEBM>[�rk�=�Q¾��=^=?> ��aAd � �9HJ>Aqy��aAd�}Jan��d
�Qå�ä���änç'øsõ�øränú ��¸���¸ A �>9 � 3 
 R α > 0 2 E � � ? L �$? A �>9 � 3 " 3.3 �(56� 9 I "$9 	T��;$=� 4�>5 � � ? L � I " 3 "��(E 2 G�� �
3 ;, �(9 2 ;,E (û, v̂)

?�� �>9
µ = ‖v̂‖G 2 E ��� ?
	 � "$ET7 ��� ?�� � �$?1A��>9-� 3 7(�>E ;,9 ��= � (uλ, vλ)

9 I � 3 ;, �(9 2 ;,E ; U
	T��;$=� 4�>5 ��� ?
	 �$? P I �>E (uλ, vλ) C ;,E	�$�>� �!� 3 9<; (u0, v0) ∈ BV (Ω)×Gµ(Ω)

" 3 λ
�!;@� 3 9<; 0

? 	 ;,���.; �$�>� Y
(u0, v0) = (û, v̂) 243 9 I � 3 ;, �(9 2 ;,E&; U 	T�.;$=� 4�>5 ��� ?�� � �$?

� �



�Öå¼äÉä��¨è f%RA=K=�¨[BEDgQF=^>A\^=l@JP
(û, v̂)

BMD�GCB�iC=^> k'm �/=^LOL�H®}+dM�Cd¯f9RA=K=�¨+BEDgQF=^>A\^=yHJ>Aq �A>ABE�]�[=^>A=^DFD�@JP
(uλ, vλ)

BMDNGCB�iC=^>yk'm �~TF@CZ�@CDgBEQFBM@J>yaAd|{+dzº+BE>A\^=
µ = ‖v̂‖G

BE> ��aAd�}Jan� � �W=��]>[@��6QoRAHYQ�Z[TF@CkAVE=^L ��aAd|}Yan�
RhHYD-H�DF@CVE�[QFBM@C>�P�TF@JL¼�/=^LOL�H�aAdE�Cd

º+BM>[\^=
(uλ, vλ)

BMD%QoRA=UDg@CVM�+QoBE@C>�@YP¥ZATg@CkAVE=^L ��a[d � � � �W=URhH�iC= vλ ∈ Gµ � HJ>Aqv�

Fλ,µ(uλ, vλ) ≤ Fλ,µ(û, v̂)
��aAd¹a � �

��RABE\�R�LO=jHY>AD���DgBM>[\^=
û + v̂ = f

�
Fλ,µ(uλ, vλ) ≤ J(û)

��aAd¹a��'�
» >Aq�QFRA=UVM=�P Q RhHJ>[q+��DgBMqA=U@JP%��aAd¹a��'�WBED�GCBEiC=?>�knm��

Fλ,µ(uλ, vλ) = J(uλ) +
1

2λ
‖f − uλ − vλ‖

2
L2(Ω) + χGµ

(vλ) = J(uλ) +
1

2λ
‖f − uλ − vλ‖

2
L2(Ω)

��aAd�a��C�
± =^>A\?=

J(uλ) +
1

2λ
‖f − uλ − vλ‖

2
L2(Ω) ≤ J(û)

��aAd¹a'¡'�
» >Aq

‖f − uλ − vλ‖
2 ≤ 2λJ(û)

��aAd¹a��'�
³y=IQFRA=^> DgRA@�� HJDzBM>�QoRA=�Z[TF@]@JPN@YP ��Tg@CZ�@CDFB�QoBE@C> a[d {lQFRhHYQrB�P

λ ∈ [0; 1] � ‖uλ‖L2(Ω)

HJ>Aq�QoR]�[D
‖vλ‖L2(Ω)

HYTF=Uk�@J�A>AqA=?q�k'm�HO\?@C>AD�Q�HJ>'Q
C > 0

��R[BM\�R�q[@]=^D�>A@JQ q[=^Z�=^>[q�@C>
λ
d

�W@C>ADFBEqA=?T�H�Dg=^�n�A=?>A\^=
(λn)

��R[BM\�RyGJ@]=^DpQo@
0
HJD

n → +∞
dOf%RA=^> � �AZ�Qo@�HJ>K=�¨]QoTFHJ\?QFBM@J> � QoRA=?TF==�¨[BEDgQFD

(u0, v0) ∈ BV (Ω) × Gµ(Ω)
DF�[\�RIQFRhHYQ

(uλn
, vλn

)
\^@J>niC=?TFGC=?D"Qo@

(u0, v0)
BM>

L2(Ω)
�W=^HJ�£dp²�m

ZhHYDFDFBE>AG�QF@OQFRA=UVMBELOBEQ BE>`��aAd¹a��'� � �W=UGC=?Q^� ‖f − u0 − v0‖L2(Ω) = 0 � B�d¹=Jd f = u0 + v0

d
f�@�\^@J>A\^VE�AqA=-QFRA= ZATF@]@JPv@JPvQFRA=-ZATg@CZ�@CDgBEQFBM@C> � QFRA=^Tg=-TF=?L�HJBE>ADtQo@�DgRA@���QoRhH1Q (u0, v0)

BEDWHUDF@CVE�[QoBE@C>X@JP
ZATg@CkAVE=^L ��aAd�}Jan��d�³y=�´hTFD�Q~>A@YQoBE\^=WQoRAHYQ~HJD�P�@CT¥HJVEV

λ ∈ [0, 1] � ‖vλ‖G ≤ µ � ��=%GJ=?Q¥QoRAHJ>A�nD¥Qo@p�/=^LOL�HU{+d|{QoRAHYQ
v0 ∈ Gµ

d » >Aq�P�TF@JL ��aAd¹a'¡'� � �W=UGC=?Q%P�@CT�HJVEV λ > 0
�

J(uλ) ≤ J(û)
��aAd � �'�

± =^>A\?=
u0 ∈ BV (Ω)

��DgBM>[\^=
J(u0) ≤ limJ(uλ) ≤ J(û)

��d
�
=�Q

(u, v) ∈ BV (Ω) × Gµ(Ω)
Dg�A\�R�QFRhHYQ

f = u + v
d4³l=NRAH�iC=Y�

J(u) + χGµ

(
v
µ

)

+ 1
2λ

‖f − u − v‖2

︸ ︷︷ ︸

=0

≥ J(uλn
) + χGµ

(
vλn

µ

)

+ 1
2λn

‖f − uλn
− vλn

‖2

≥ J(uλn
) + χGµ

(
vλn

µ

)

²�mrZAHJDFDgBM>AG�QF@OQFRA=UVEBMLOB�Q:HYD
λ → 0 � �W=N@Ck+Q�HJBE>

J(u) + χGµ

(
v

µ

)

+
1

2λ
‖f − u − v‖2 ≥ J(u0) + χGµ

(
v0

µ

) ��aAd � ���

± =^>A\?=
(u0, v0)

BMD�H�Dg@CVE�[QoBE@C>y@YP9ZATg@CkAVE=^L ��aAd�}Ja'��d » >AqyHJDU�W=�RhH�iC=XHJDFDg�ALO=^qyQFRhHYQNZATF@Ck[VM=?L ��aAd�}Jan�
RhHYDpH��A>[BM�n�A=�Dg@CVE�[QoBE@C> � �W=�q[=^qA�A\?=�QoRAHYQ (u0, v0) = (û, v̂) � Bed¹=Jd (u0, v0)

BED:QoR[=�Dg@CVM�+QoBE@C>�@JP�Z[TF@CkAVE=^L
��a[d|}Yan��d

�

{J�



§¥BEGC�ATF=��C��²9HJTgkhHJTFHOBEL�HJGC=

BV
\?@CLOZ�@C>A=?>nQ��

u
�

G
\^@CLOZ�@C>[=^>'Q��

v + 150.0
�

§¥BEGC�ATF=N{+���¥¨AHYL�Z[VM=N@JP�qA=^\?@CLOZ�@CDFB�QoBE@C> �
λ = 0.1 � µ = 10

�

� ��� �°�-58,/.[! ��2t;�.+,/([�-;�3+(
³l=:S��[DgQpDFRA@�� RA=^Tg=�=�¨[HJLOZAVE=?DN@YP���RhHYQ"��=�@Ck[QoHJBE>I��BEQFR�QoR[=OHYVMGC@JTFB�QoRAL ��a[d|}C�C������aAd�}C}'�%qA=?iC=?VM@JZ�=^qKBM>
_ � ced
³y=p\^@C>[DFBEqA=^T%QoRA=U²9HYTFkhHJTFH�BEL�HJGC=���DF=^=N§�BMGC�[TF=�����d4³l=p´hTgDgQ�DFRA@�� QoRA=pqA=?\^@CLOZ�@CDgBEQFBM@C>��W=UGC=�Q%P�@CT

QoR[BMD�BML�HJGJ=�@C>�§¥BEGC�ATg=9{+�
B�Q¥qABEDFZAVMH�m]D4k�@JQFR�QoRA=
BV

\?@CLOZ�@C>A=^>'Q~HJ>Aq�QFRA=
G
\?@CLOZ�@C>A=?>nQ4@JP[QoRA=�@CTgBMGCBE>hHJV

BELXHYGC=Jd�<:=?Z�=^>[qABM>AG�@C>lQoRA=Xi1HJVM�[=���=zDg=?Q�P�@CT
µ � QoRA=XQF=�¨]Qo�[TF=^D�ZATg=^DF=?>nQ�BE> §¥BEGC�ATg=��zHYTF=XDF=^ZAHJToHYQF=^qP�TF@JL QFRA=

BV
\^@CLOZ�@C>A=?>nQ�@JP�QoR[=�BELXHYGC=Jd�f%RA=�VwHYTFGC=?T

µ
BMD � QFRA=�LO@CTg=OQoR[= G

\?@CLOZ�@C>A=^>'Q�\?@C>'Q�HJBE>AD
BE>[P�@CTFL�H1QoBM@J>�d4f%RA="ZhHYToHJLO=?QF=^T

λ
\^@C>'QoTg@CVMD�QFRA=

L2 >A@CTgL @JP�QoRA=:Tg=^DgBMqA�AHJV
f − u− v

d~f%R[="DFL�HJVEVM=?T9B�Q9BED
DF=�Q � QFRA=NDgLXHYVMVE=^T�QoRA=UTF=?DFBMq[�hHJV
BMD?d�f�@�QF�A>A=UQFRA=NZhHJTFHJLO=?QF=^TFD � @C>A=U´ATFDgQ DF=�Q λ

Qo@XHODFL�HJVEV/i1HJVM�[=Jd�f%RA=^>
@C>[=U\�RA@]@JDF=^D

µ
DF@OQoRAHYQ�QFRA=

G
\^@CLOZ�@C>A=?>nQ-\?@C>'Q�HJBE>AD�QFRA=UqA=^DgBMTg=^q�HJLO@C�A>'Q @JP¥BE>[P�@CTgL�HYQoBE@C>�d

sp>�§¥BEGC�ATF=�} � �W=�HYqAqIH�ToHY>AqA@CL��UHJ�ADgDFBMHJ>�>A@CBEDF=�@JP¥iYHYTFBMHJ>A\^=
σ = 30.0

Qo@�QFRA=�²9HYTFkhHJTFH�BEL�HJGC= �HJ>[q��W=WQoR[=^>�Z�=^TgP�@JTFL QoR[=%HJVEGC@CTFB�QoR[L qA=�iC=^VE@CZ�=^q�BE>�_ � ced » D4=�¨+Z�=^\?QF=^q�k'm�@C�AT¥L�HYQFRA=^L�HYQFBM\^HJVAHJ>hHYVEm]DFBED �QoR[=�@JDF\^BEVEVwHYQFBM>[GNZhHYQgQo=?TF>AD~@JP�QFRA=%@CTFBEGCBE>hHJVA²9HYTFkhHJTFHpBEL�HJGC=�HYTF=%ZA�+Q�BM>'Qo@pQFRA=
G
\?@CLOZ�@C>A=^>'Q���RA=?TF=%QoRA=?BMT

>A@JTFL¼BED�VM=?DFD Z�=^>AHJVMBEx^=?q�dW¤�@CTF=NHYZAZAVEBM\^HYQoBE@C>AD @YP�QoR[BMD HJVEGC@CTgBEQFRAL¼HJTF=p=�¨+Z�@CDF=?q�BE>y_ � ced

{+�



� @CBMD�mrBML�HJGC=
f
�
σ = 30

� ¦ =?\^@C>[DgQoTg�A\?QFBM@J> �
u + v

�

¦ =?DgQo@JToHYQFBM@J>y�
u
� � @CBMDg=�HY>Aq�Qo=�¨+QF�ATF=?D

(v + 150.0)

§¥BMGJ�ATF=U}[���4¨[HJLOZAVE=N@JP¥q[=^>A@CBEDFBE>AGI�
λ = 2.0 � µ = 120

�

{C{



� � 
,�%	 �����	���
_E�^cN¦Nd » qhHJLOD^d � ;$=>;, 4� � ��	 " C � 3 d �~�ATg=�HJ>[q�HJZAZAVEBM=?qI¤�HYQFRA=^L�HYQFBM\?D^d » \jHJqA=?LOBM\ �~TF=^DgD � ��>A\ � � � � � d
_|{1cN��d » VEi1HJTF=?x �~¢ d �p@C�ADgDF=jHY� � HY>Aq��[d|¤ld�¤�@CTF=?Vedyº+\jHYVM=?DOBE>)>hHYQF�AToHJV�BML�HJGJ=^DOHJ>Aq)HI\^@C>[DF=^�n�A=?>A\^=@C>)QFRA=^BETOk�@J�A>AqA=?q iYHJTgBwH1QoBE@C>)>A@CTFL�d`��> � C "$ 4� � ��	 " C ��� ��� � iC@JVM�ALO=�� �C¡'{�@JPFA�� C 9 �!����� ;,9 � 3�2 E

� ;,5 	T�(9<�>� � C>2 �>E C � � � � � �[d
_�}YcN��d » L�kATF@CDgBM@ � ��d�§h�ADF\?@ � HJ>Aq�<�d �¥HJVEVwHYToH[d
	 �(E C 9 2 ;,E 3 ; U =>;,�(ET7(��7 �,"$� 2 "$9 2 ;,E 3 "$ET7 U ���.�D7 243@C ;,E �9 2 EH� 2 9 � 	T��;$=� 4�>5 3 d�s-¨+P�@JTFq�L�HYQFRA=^L�HYQFBM\^HJV/L�@J>A@CGCTFHJZARAD?d�s-¨+P�@JTFq � >ABEiC=?TFDgBEQ�m �~TF=?DFD � {J�J�C�[d
_¹aJc �Od » �Ak�=?TgQ�HJ>Aq ��d��-@CTF>[ZATF@Ck[DgQjd 	 "$9 I �>5 "$9 2KC "$ �
	��;$=� 4�>5 3D2 E �.5 "W�!��
��.; C � 3.3>2 E � � iC@JVM�ALO=��ja �

@JP�� 	 	T 2 �87 	 "$9 I �>5 "$9 2KC "$ � C>2 �>E C � 3 d~º+ZATFBE>AGC=?T�� ��=^TgVwHJG � {J�C�C{+d
_ � c��Ad�§Wd » �YS�@JV � �Od » �Ak�=^T�Q � �~d�²WVMHJ>A\��¾§ �?ToHJ�[q � HY>Aq » d��WRhHYL�k�@CVMVE=Jd <:=?\^@JL�Z�@JDFBM>[G�HJ> BML�HJGJ=J�

» ZAZAVEBE\jHYQFBM@C> QF@�Qo=�¨]QF�ATF=?q·BML�HJGJ=^DXHJ>Aq·º » ¦ BML�HJGC=?D � {J�J�C}[d)� �-¦ � » ¦ =?DF=^HJTF\�R�¦�=^Z�@CT�Q�a �J�Ja �DF�AkALOB�QFQo=?q�d
_��Yc��Adh²�@C�ATFGCHJBM>�HY>Aq�±�dh²WTF=?x^BED^d�s">rQoRA=p=^�n�hHYQFBM@J>�q[BEi�m��:P¥HJ>Aq�HJZAZAVEBE\jHYQFBM@C>rQo@O\?@C>nQFTF@CV�@YP�ZARhHJDg=^D �sp\�Qo@Ck�=?T-{J�C�'{]d�¦ �'{J�'{J{ � �
HJk�@CTFHYQo@CBETF=��[d��~d£�/BE@C>AD^d
_ �1c��AdY²W@C�[TFG'HJBE>�HJ>Aq�±NdJ²�TF=^x?BMD?d£º+�AT�V � �^�n�hHYQFBM@J>�7 2 � ����U�d � ?��-? 	 "$9 I ?�� C " 7 ?�� C>2 ?�
 "$� 243�� }J}Ja£���J���������J}��
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