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RÉSUMÉ :
Le probleme de l’identification aveugle de melanges de sources independantes est souvent relie a la diagonalisation de

certains tenseurs. Ce probleme est pose ici en termes de diagonalisation non conventionnelle simultanee approximative de
plusieurs matrices. En effet, une transformation congruente identique est appliquee a chacune des matrices; celle de gauche etant
rectangulaire de rang plein, et celle de droite etant unitaire. Nous decrivons une application en traitement d’antenne, et proposons
quelques algorithmes sous-optimaux.

MOTS CLÉS :
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ABSTRACT:
The problem of Blind Identification of linear mixtures of independent random processes is often related to the diagonalization

of some tensors. This problem is posed here in terms of a non conventional joint approximate diagonalization of several matrices.
In fact, a single congruent transform is applied to each of these matrix; the left transform being rectangular full rank, and the right
one being unitary. The application in antenna signal processing is described, and suboptimal numerical algorithms are proposed.

KEY WORDS :
Tensors, Blind Source Separation, Under-determined Systems



Joint Approximate Diagonalizations and Application to

Virtual Arrays

L. Albera and P. Comon∗

Lab. I3S, 2000 route des Lucioles, B.P.121, F-06903 Sophia-Antipolis cedex

I3S Research Report
ISRN I3S/RR-2003-27-FR

August 19, 2003

Abstract

The problem of Blind Identification of linear mixtures of independent random
processes is often related to the diagonalization of some tensors. This problem
is posed here in terms of a non conventional joint approximate diagonalization of
several matrices. In fact, a single congruent transform is applied to each of these
matrices, the left transform being rectangular full rank, and the right one being
unitary. The application in antenna signal processing is described, and suboptimal
numerical algorithms are proposed.
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1 Introduction

xx def of underdetermined mixtures
In order to face the underdetermined mixtures case, several methods have been de-

veloped. Some papers focus on blind source extraction [7] [3], which is a difficult prob-
lem since underdetermined mixtures are not linearly invertible, while others, as herein,
favour Blind Source Identification (BSI) of the mixture matrix [1] [2] [4] [6] [5] [7] [8].
The methods proposed in [1] [2] [4] only exploit the information contained in the data FO
statistics whereas the one proposed in [8] exploits the information contained in the sec-
ond characteristic function of the observations. As for Lee et al. [7], they maximize the
probability of the data conditionally to the mixture matrix. However, all these methods
have drawbacks in operational contexts. Indeed, the method [1] is still very difficult to
implement and does not ensure the BSI of the source steering vectors when the sources
have the same kurtosis. The BSI methods [2] [4] assume FO non-circularity and thus
fail in separating FO circular sources. Besides, the theory developed in [2] only confines
itself to the three sources and two sensors case. Although the method [7] succeeds in
identifying the steering vectors of up to four speech signals with only two sensors, the
authors need sparsity conditions, and do not address the general case when all sources
are always present. Eventually, the method [8] has been developed only for real mixtures
of real-valued sources, and the issue of robustness with respect to an over estimation of
the number of sources remains open.

From the linear algebra viewpoint, it is shown in section 2 that the BSI problem can
be expressed in the form of the problem below, even in the underdetermined case.

Problem 1 Given N matrices, Γ(n), 1≤n≤N , each of size M×P , M ≥P , find a full
rank M×P matrix A, N diagonal matrices Λ(n), and a unitary P×P matrix, V , such
that

Γ(n) ≈ AΛ(n) V H

Note that this problem differs from the GSVD setting in two respects. First, the
unitary matrix V must be the same for every Γ(n); second, there may be more than two
matrices (N ≥ 2). As a counterpart, the diagonalizations cannot be exact, in general.
For this reason, an appropriate optimization will be defined.

Throughout the paper, vectors (one-way arrays) are denoted with bold lowercase
symbols, and matrices (2-way arrays) or tensors (higher order arrays) in bold uppercase.
Transposition, conjugate transposition, and complex conjugation are denoted respec-
tively with superscripts (T), (H), and (∗).

Matrix notation

First, define the following compact notation associated with the usual Kronecker product:

B⊗q = B⊗B⊗. . .⊗B︸ ︷︷ ︸
q times

with B⊗0 =1 (1)

where B is any N×P rectangular matrix; B⊗q is then Nq×P q. Next, define a columnwise
Kronecker product, denoted �. For any matrix B, the columns of matrix B�q are defined
as bj

⊗q, if bj denote the columns of B. As a consequence, B�q is of size Nq×P .
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2 The BIOME method

The actual problem we face (cf. section 4) is a structured version of problem 1, and
better described by

Problem 2 Given N matrices, Γ(n), 1≤n≤N , each of size Nq×P , Nq≥P but possibly
N <P , find a full rank N×P matrix A, a P×P diagonal matrix Λ, and a unitary P×P
matrix, V , such that

Γ(n) ≈ A Λ(n) V H

where Λ(n) = Diag[An1, . . . , AnP ]Λ, and A = A
�q−`

�A∗�`

.

By forming products of the form Γ(m)#Γ(n), where Γ(m)# denotes the pseudo in-
verse of Γ(m), one can estimate V by computing the joint approximate Eigen Value
Decomposition (EVD) of matrices:

Γ(m)#Γ(n) ≈ V Λ(m,n)V
H

xx detail how...
Once V has been computed, Problem 2 reduces to find matrices A and Λ(n) such

that Γ(n)V ≈ AΛ(n), ∀n, which is equivalent to problem 3 below, if Λ(n) are invertible.

Problem 3 Given N matrices, Γ(n), 1 ≤ n ≤N , each of size M×P , find a full rank
M×P matrix A, and P×P diagonal matrices Dn such that

Γ(n)D(n) ≈ A

Now, matrix A is structured. Once it has been estimated, one can reuse Problem 3
another time to estimate A from A (actually, one decreases q by one every time). xx
explain better with the example of q = 3. xx

3 Solution to Problem 3

Matrices A and D(n) are obtained as stationary values of the Least Squares (LS) criterion
below:

ε =
N∑

m=1

||Γ(m)D(m)−A||2 (2)

As a consequence, they satisfy the following system of equations:∑
i

[Γ(m)D(m)−A]ijΓ∗ji(m) = 0,∀j∑
m

[Γ(m)D(m)−A]kj = 0,∀(k, j)

It is then not hard to obtain the closed form expression for A:

A =
1
M

∑
m

Γ(m)D(m) (3)
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By plugging back this solution in the system, one gets after some manipulations:

G(j)


Djj(1)
Djj(2)

...
Djj(M)

 = 0, ∀j, (4)

where

G(j) def=


(M − 1)[Γ

H

(1)Γ(1)]jj [Γ
H

(1)Γ(2)]jj · · · [Γ
H

(1)Γ(M)]jj

[Γ
H

(2)Γ(1)]jj (M − 1)[Γ
H

(2)Γ(2)]jj · · · [Γ
H

(2)Γ(M)]jj

...
...

. . .
...

[Γ
H

(M)Γ(1)]jj [Γ
H

(M)Γ(2)]jj · · · (M − 1)[Γ
H

(M)Γ(M)]jj

 .

In other words, the solution to the LS problem under the constraint that
∑

m |Djj(m)|2 =
1 is obtained when the vector [Djj(1), Djj(2), . . . Djj(M)]

T

is the right singular vector
of matrix G(j) associated with the minimal singular value. Once every entry Djj(m) is
obtained, matrix A can be calculated thanks to (3).

4 Application to Blind identification of Under-determined
Mixtures

xx
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