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RESUME :
Laborde, Payan and Xuong et conjecture que tout graphe oriente possede un stable intersectant tous les plus longs chemins.
Nous prouvons cette conjecture pour les digraphes de stabilite au plus 2.
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ABSTRACT:
Laborde, Payan and Xuong conjectured that every digraph has a stable set meeting every longest path. We prove that this
conjecture holds for digraphs with stability at most 2.
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Abstract

Laborde, Payan and Xuong conjectured that every digraph has a stable set meeting every
longest path. We prove that this conjecture holds for digraphs with stability at most 2.

1 Introduction

1.1 Prelimiary definitions

A directed graph D is a pair (V (D), E(D)) of disjoints sets (of vertices and arcs) together with
two maps tail : A(D) — V(D) and head : A(D) — V(D) assigning to every arc e a tail tail(e)
and an head head(e). The tail and the head of an arc are its ends. An arc with tail « and head
v is denoted by wuv; we say that u dominates v and write u — v. We also say that v and v are
adjacent. The order of a digraph is its number of vertices.

The union and intersection of the digraphs D; and Dj are digraphs D; U Dy = (V(D1) U
V(DQ), A(Dl) U A(Dz)) and D1 N Dy = (V(Dl) N V(Dg), A(Dl) N A(DQ) respectively.

A path is a non-empty digraph P of the form

V(D) = {vp,v1,---, vk} E = {vgv1,v1v9, ..., Vk_1Vt },

where the v; are all distinct. The vertices vy and v, are respectively called the origin and
terminus of P.

We often refer to a path by the natural sequence of its vertices, writing P = vgvy . .. vg.

If P = vvy ...vg is a path then C = (V(P), A(P)U{vkvo}}) is a circuit. It is often denoted
by vgu1 ...vgvg. The predecessor (resp. successor) of a vertex z in a circuit C is the vertex y
such that yx € A(C), (resp. zy € A(C)).

The length of a path or a circuit C is its number of arcs, denoted by [(C). The length of a
longest path in a digraph D is denoted by A(D).

A path or a cycle in D is hamiltonian in D if it contains all the vertices of D.

Let P =wvguy ... v, For 0 <1 < j <k, we write

P?]i = Vg..-Y;
uP = ... v
UZ'PU]' = V...

for the appropriate subpaths of P. We use similar intuitive notation for subpaths of circuits and
also for the concatenation of paths; for example the union Pv UvQw UwR is denoted PvQuwR.



A digraph is strongly connected or strong if for every two vertices u and v there is a path with
origin v and terminus v. A maximal strong subdigraph of a digraph D is called a component of
D. A component I of D is initial if there is no arc with tail in V(D) \ V(I) and head in I.

Let D be a digraph. A stable set in D is a set S of vertices pairwise non adjacent. The
stability of D, denoted a(D), is the maximum size of a stable set in D. A colouring of D is a
partition of its vertex-set into stable sets. The chromatic number of D, denoted (D), is the
minimum number of stable sets in a colouring.

1.2 Problematic

Gallai-Roy Theorem [4, 6] relates the chromatic number to the order of a longest path. It states
that x(D) < A(D), i.e. the chromatic number is at most as big as the order of a longest path.
A natural extension of this theorem is the following conjecture :

Conjecture 1 (Laborde, Payan and Xuong [7], 1982) FEwvery digraph has a stable set meet-
ing every longest path.

In order to prove Conjecture 1 Laborde, Payan and Xuong proposed the following conjecture
which add an extra condition on the desired stable set.

Conjecture 2 (Laborde, Payan and Xuong [7]) Every digraph has a stable set S such that
S meets every longest path, and every vertexr of S is an origin of a longest path.

Laborde, Payan and Xuong [7] proved this conjecture for symmetric digraph. They also
formulated the following conjecture implying it :

Conjecture 3 (Laborde, Payan and Xuong [7]) For every digraph D, there erists a vertex
x such that x is an origin of a longest path, and every longest path with origin in N~ (x) contains
T.

Such a vertex is called suitable.

If the digraph has a hamiltonian path then Conjecture 3 holds. Indeed every origin of a
longest path satisfies the conditions of Conjecture 3. Since every digraph with stability 1 has a
hamiltonian path according to Redei’s Theorem [5], it follows that Conjecture 3 holds and thus
so do Conjectures 2 and 1

The aim of this paper is to prove Conjecture 3 for digraphs with stability 2.

Theorem 1 FEvery digraph with stability 2 has a suitable vertex.

If the digraph is strong, the result holds according to the following result :

Theorem 2 (Chen and Manalastas [3], 1983) Every strong digraph with stability 2 has a
hamiltonian path.

So it remains to prove the result for non-strong digraphs.



2 The proof

In this section, we prove Theorem 1. Therefore, we need the following preliminary results. The
first one is the well known Theorem of Camion.

Theorem 3 (Camion [2], 1959) FEvery strong digraph with stability 1 has a hamiltonian cir-
cuit.

The second one is a structural theorem, due to Chen and Manalastas [3], implying directly
Theorem 2 (See also [1] for a short proof) :

Theorem 4 (Chen and Manalastas [3], 1983) Let D be a strong digraph with stability 2.
If D has no hamiltonian circuit then D contains circuits Cy,Cy such that C1 U Cy includes all
the vertices of D and C1 N Cy is either empty or a path (possibly of length 0).

The following proposition follows immediatly from the definitions of component and initial
component. The proof is left to the reader.

Proposition 1 Let D be a digraph, F one of its component and P a path in D.
(i) F NP is a path;
(ii) if F is initial and x € V(F N P) then Pz is in I. In particular, its origin is in I.

Lemma 1 Let D be a digraph and I of its initial components. If I has a hamiltonian circuit
then every longest path meeeting I contains all the vertices of I. In particular, every verter in
V(I) which is an origin of a longest path of D is suitable.

Proof. Let C be a hamiltonian circuit of /. Let P be a path meeting I that does not contain
all the vertices of I. Let = be the last vertex on P which is in I. Then V(Px) C V(I). Let
be the successor of z in C. Then ztCxzP is a path longer than P. O

Lemma 2 Let D be a digraph with o unique initial component I.
If w is an origin of a path of length A(D — I) + |I| then w is suitable.

Proof. Let P be a longest path. Let y be the first vertex on P that is not in I and x its
predecessor. By Proposition 1, yP NI is empty and Pz is in I so has length at most [I| — 1 so
yP has length at least A(D — I). Hence yP has length A\(D — I') so Px contains every vertex of
I, in particular u. O

Proof of Theorem 1. We prove this result by induction on the number of vertices of D, the
result being obviously true if D has two vertices.

If D is strong, then by Theorem 2, D has a hamiltonian path with origin s. Then s is
suitable.

Hence, we now assume that D is not strong. Let I be an initial component of D.

Suppose first that I is hamiltonian. If there is a vertex v of I that is an origin of a longest path
then Lemma 1 gives the result. If there is no origin of a longest path in I then by Proposition 1,
no longest path intersect I. So the longest paths of D are the longest paths of D — I. By
induction hypothesis, there is a suitable vertex v in D — I, which is also a suitable vertex in D.

Hence we may assume that D has a unique initial component I without hamiltonian circuit.

By Theorem 3, a(I) = 2. By Theorem 4, we are in one of the two following subcases :



a) I contains circuits C1,Cy such that C; U Cy includes all the vertices of I and Cy N Cy
is a path. We may also assume that C; and Cy are such that the length of C; N Cy is
maximum. Let x be the origin of C; N C and y its terminus. For ¢ = 1,2, let x; be the
predecessor of x in C; and y; the successor of y; in C;. Because the length of Cy N Cy is
maximum, {1, 3} is a stable set. Otherwise, by symmetry, 1 — x93 and C] = zCiz1222
and Cy yield a contradiction.

Let s be the origin of a longest path @@ in D — I. Then it is dominated by one vertex of
{1,259}, say x1. Thus y2CoyCix1sQ is a path of length \(D — I) + |I|. So by Lemma 2,
Y2 is suitable.

b) I contains circuits C1,Cy such that C; U Cy includes all the vertices of I and Cy N Cy is
empty.

Suppose that there are four distinct vertices a1, b1 € V(C1) and ag, by € V(C2) such that
a; — by and ay — by. Moreover, take four such vertices such that 1(a;C1by) + [(agCsby)
is minimum. For ¢ = 1,2, let ¢; be the predecessor of b; in C;. If ¢; = a1 then we are in
subcase a) with by Cia1byCrasby and Cy. So we may assume that ¢; # ay and ¢y # ay (by
symmetry). Since {(a;C1b1) + l(aaC2bs) is minimum {c1, c2} is a stable set.

Let s be the origin of a longest path @ in D — I. Then s is dominated by one vertex of
{c1,ca} say ci. Thus, setting dy the successor of ag in Cy, daCaab1Cic15Q is a path of
length A(D — I) + |I|. So by Lemma 2, ds is a suitable.

Suppose now that there are no four distinct vertices a1,b1 € V(C4) and ag, by € V(Cy) such
that a; — by and as — by. Then since I is strong, there are three vertices a1,b; € V(Ch)
and as € V(C2) such that a; — a2 and by — az. Moreover assume that a; and b; are such
that I(a1C1b1) is minimum. Let ¢; be the predecessor of by in Cy. If a3 = ¢; then we are
in the subcase a) with b;Ciajasb; and Cy. So we may assume that a; # ¢;. Then {c1, a2}
is stable by minimality of [(a1C1b1). And for any vertex by € Coy, the set {c1,b2} is stable
otherwise we get four vertices giving a contradiction. Let s be the origin of a longest path
Qin D —1.

If s is dominated by ci, then, setting do the successor of as in Cy, doCaasb1Cici15Q is a
path of length \(D — I) 4 |I|. So by Lemma 2, dj is a suitable.

If s is not dominated by c; then s is dominated by every vertex in Cy in particular ey the
predecessor of as in Cy. Setting d; the successor of a; in C, d1Cra1b2Che25Q is a path of
length A(D — I) + |I|. So by Lemma 2, d; is suitable.

O
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