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RESUME :

Analyser la période cardiaque est une étape difficile lors de tests a I’effort graduels. Le signal appelé "période cardiaque”
contient un nombre important d’information sur le systéme nerveux autonome mais nous nous intéresserons uniquement au
couplage entre la respiration et le systéme cardiaque. Le suivi de I’évolution des fréquences en fonction du temps sera réalisé a
I’aide d’algorithmes de pistage, ce qui permettra I’estimation de leur amplitude. Le rythme sinusal étant modulé par la respiration
nous établirons les relations non linéaires existante entre ces fréquences et amplitudes issues de la période cardiaque et celles
de la modulation. Cette analyse est conduite sous I’hypothése de stationnarité mais également lorsque la période moyenne,
I’amplitude et la fréquence de la respiration varient en fonction du temps.

MOTS CLES :
variabilitéde la fréquence cardiaque, respiration, modulation de fréquence, modele variant dans le temps, exercice

ABSTRACT:

The analysis of heart period series is a difficult task especially under graded exercise conditions. Among all the information
present in these series, we are more interested in the coupling between respiratory and cardiac systems, known as respiratory
sinus arrythmia. We show in this work that from the heart period series precise patterns concerning the respiratory frequency
can be extracted. Evolutive model is introduced in order to achieve the tracking of the main frequencies and their time-varying
amplitude. The respiration being a modulating signal of the sinus rhythm, we relate these frequencies and amplitude to this
modulation by analyzing in detail its non linear transformation giving giving the heart period signal. This analysis is performed
assuming stationary conditions but also in the realistic case when the mean heart period, the amplitude and frequency of the
respiration are time-varying.
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heart rate variability, tidal volume, frequency modulation, time-varying model, exercise
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Abstract

The analysis of heart period series is a difficult task especially under graded exercise
conditions. Of all the information present in these series, we are most interested in the
coupling between respiratory and cardiac systems, known as respiratory sinus arrythmia.
In this work we show that precise patterns concerning the respiratory frequency can be
extracted from the heart period series. An evolutive model is introduced in order to achieve
tracking of the main respiratory-related frequencies and their time-varying amplitudes. Since
respiration acts to modulate the sinus rhythm, we relate the frequencies and amplitudes
to this modulation by analyzing in detail its non linear transformation giving giving the
heart period signal. This analysis is performed assuming stationary conditions but also in
the realistic case where the mean heart period, the amplitude, and the frequency of the

respiration are time-varying.

I. INTRODUCTION

PLEASE NOTE THAT AN EXTENSION OF THIS REPORT IS BEING SUBMITTED
TO THE JOURNAL IEEE TRANS. BIOMEDICAL ENGINEERING.

Under resting conditions, power spectral parameters of heart rate variability (HRV)
represent mainly the autonomic nervous system influence on the sinus node. Similarly,
traditional spectral analysis of the HRV during steady state maximal exercise demonstrates

similarity between the high frequency band (HF) and the respiratory frequency (RF) of
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the studied subject. However, vaso-vagal syncope, tilt manoeuvre, acute ischemic period
or graded exercise are not commonly studied due to the non-stationary behavior of the
information extracted from the HRV. In the field of exercise physiology, a validated method
of HRV analysis in non-stationary conditions would be of interest to study the coupling
between respiratory and cardiac systems.

The Prony model, usually encountered in stationary cases when damped or pure sinu-
soids are assumed to be recorded, makes use of a linear model for the frequency estimation
and a Maximum Likelihood estimation for the amplitudes of the sinusoids. In the presence
of time-varying frequencies, the classical way to follow these variations is tracking, where
a pole representation is used. Some results have been given in [1] in the case of abrupt
change of the model (or the frequencies) using the RLS algorithm in order to update the
values of the autoregressive (AR) coefficients. In order to reduce the large variance of the
AR coefficients estimated from the RLS algorithm we propose to use an offline estimation
of the AR coefficients by introducing an evolutive Prony based model. This approach allows
continuous variation of the AR coefficients. This lead to an effective frequency tracker based
on the relation between the frequencies and the corresponding pole location. Since this first
stage of the process gives only the time-varying frequencies, the remaining difficulty is to
estimate the time-varying amplitude of the frequencies in order to define a criteria for the
selection of the principal frequencies.

The second part of the paper is devoted to relating the information extracted using the
proposed analysis method to the continuous signal, which is the respiration. It is commonly
accepted that the IPFM model is a possible model for the generation of the R wave time oc-
currences tx. The use of the outputs t; for the frequency analysis of the heart rate variability

has been studied in detail in several papers. The latest [2], [3] gives some recommendation
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in how to use these outputs in order to reduce or cancel the distortion of the spectrum. The
problem of choosing the model input is not usually addressed, and is often simplified by using
a single (or a sum) of cosines, but not a real physiological signal, such as the respiration.
Since Respiratory Sinus Arrythmia (RSA) is one of the most important components of heart
rate variability, it is reasonable to propose using the respiration as an input of the model.
We have proposed in [4] a model for the generation of the P or R waves by introducing an
external modulation which could represent respiration. In this paper, we will show a time
occurrences generator, called the PFM model, which is analogous to the IPFM model. A
condition for the correct use of the heart period signal defined as hp(k) =ty — t; will also
be given. The model analysis presented here novel since it addresses the complex situa-
tion where the parameters of the model are no longer constant or stationary, but can be
time-varying. The PFM model is assumed in performing this analysis, but some parts of
the presented approach are still valid for the IPFM model. This time-varying analysis is a
step forward, because it does not require the physiological experiment to occur under near
constant conditions but opens the gate to dynamic condition analysis such as those encoun-
tered during intense physical exercise. We will show that this approach, which includes a
Prony based evolutive model, pole tracking, and time-varying filtering leads to clear results
in both realistic simulations, and in experiments where healthy subjects were administered

a pyramidal exercise.

II. ANALYSIS METHODS

Prior to presenting the methodology for the processing of the HRV, we must choose
the signal assumed to contain the relevant information concerning the respiratory frequency
(RF). First of all we will state that the heart period (HP) signal hp(k) is defined as:

hp(k) = tk - tk—l (1)
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where ; is the occurence time of the kth beat. This signal is assumed to reveal the mod-
ulation signal r(¢) [5] containing the expected information. The first processing applied to
hp(k) is to remove the trend due to the varying conditions of the experiment using a poly-
nomial fitting po(k) (order equal to 20). The second preprocessing step is a 100th order
high-pass FIR filtering (the cut-off frequency is 0.03 with 0.5 corresponding to the half of
the normalized sample rate) applied to hp(k) where the trend po(k) has been removed. The

resulting signal will be referenced as m(k)

A. Frequencies estimation

As mentioned in [6], when a signal contains spectral lines it can be modeled, according
to the Prony method, as the output of a system with null input, under stochastic initial
conditions.

S(k)ziais(k—i), p+1<k<N (2)

where the relation between the coefficients a;, called AR coefficients by extension, and the

frequencies f; of the spectral lines is given by:
p ) D '
1 - Z aiziz = H(l - zizil), whe'f'e Zi = ejQTrfi (3)

i=1 i=1

Then, the frequencies f; can be obtained by computing the roots of the characteristic poly-
nomial given in (3). When white measurement noise is added to s(k), the noisy observation
m(k) = s(k) +v(k) is not exactly the output of an AR model, but is that of an ARMA ap-
proximated by an AR using an order p sufficiently high. When the signal is non-stationary,

however, the model (2) no longer applies, and is extended to give the time-varying AR model:

m(k) = Zp:ai(k)m(k —i)+v(k), p+1<k<N (4)

=1

in which AR parameters are also time-varying. Instead of updating the AR coefficients

using algorithms such as RLS [1], the evolutive approach constrains the a;(k) to be a linear
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combination of some known basis functions [7]:

q
k) = aqu(k) (5)
1=0
In this work we will use the Akaike criteria for the optimal determination of the order gq.

The order p will be arbitrarily set equal to 12. The basis functions will be choosen as the

orthogonal Fourier functions on the interval [p+ 1, N].

w (k) = cos(kim/(N —p)) for | even (6)
wi(k )_Sm( kG 7/ (N —p)) for I odd

Using this linear combination, (4) can be replaced by:

m(k) = M(k — 1)a + v(k) (7)
where
M(k — 1) = [uo(k — 1)ym(k — 1) uy(k — 1)m(k —1)---
ug-1(k = 1)m(k — p) ug(k —1)m(k —p)]
and

_ T
a= [CL10 A11 G412 Gp(g—2) Ap(g—1) apq]

Then the parameter vector a is estimated using the well known least square estimator:

a=[M"M] ‘M m where M = : (8)

and m=[m(p+1)...m(N)]"
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hence a is estimated using (8), the a;(k) are computed using (5). Since in this approach we
are interested in following the variations of a limited set of frequencies, the next difficulty

will be to track these frequencies from the estimated time-varying a;(k).

B. Frequency tracking

Tracking varying frequencies is a difficult task where solutions correspond to given as-
sumptions. For example, in the presence of pure sinusoids, efficient algorithms exist [8] but
they are unfortunately not suitable for our problem since, as we will see in the applica-
tion, poles deduced from (4) are not necessarily located on the unit circle. In [1] and [9],
frequency trackers are developed using the RLS algorithm for solving the expression (4).
However, unlike [1] and [9] the evolutive model of (4) gives a continuous-time description of

the a; allowing a more robust tracker as presented in the following.

da;(k)

The basic idea is to find a relation linking == (noted a;(k)) and the corresponding

z;(k) which are the solution of (3). This relation is obtained by expanding (3) and is given
by:

() = X2 22 (B )

where
9z @ (k)

&) = T o a) — a)

Since an analytic formulation of d;(k) (5) is available, the calculation of a, (k) is straightfor-

5, (10)

ward. Assuming that the value obtained by (9) is equivalent to an increment, a predicted

value Z;(k + 1) of z;(k+1) is given by:
zilk +1) = zi(k) + z(k) (11)

The pole z,(k + 1), obtained from computing the roots of (3) with the set of a; at index

k+1, which minimize the distance with Z;(k+ 1) will be chosen as a member of the pole set
July 19, 2004—3 :20 pm DRAFT



defining a track. Since the previous prediction can be made for each z;, the last calculation
will be to deduce the frequency tracks from the angle of the poles tracks. Obviously several
problems arise due to pole variations, especially when two poles are equal or when a complex
pair becomes two real poles. In order to avoid these problems due to direct tracking on the
poles, we propose to factorize (3) using order two polynomials since the order of the AR

model is even, giving :

p p/2
H(l — Z,'Z_l) = H(1 — bilz_l — biQZ_Z) (12)
i=1 =1

Then the tracking will be achieved on the coefficients (b;1, b;2) instead of z;. This approach has
been proposed in [4] with success but a better solution is to adopt the order two factorization
and the algorithm proposed in [10]. In the following the time index &k will be omitted since
the algorithm will be applied to any a;(k) noted a;. The starting point is the relation linking

the a; and the corresponding (b;1,b;2), which is:

P _ /2
1= az" = J[(1 = biz™" — bz ™?) (13)
i=1 i=1

We will assume that the rearrangment of the (b;1,b;2) will produce only real elements. The

key of the algorithm is the estimation of the (b;1,b;2) using a minimization of the cost function:
V(b) = €' (b)e(b) (14)

with the error defined as:
e=a—a(b) (15)
where a(b) is the vector of coefficients derived from the current estimate of the b and with

al =a;...q,))" (16)

b" =[by...b,,|" using b] = [by bi]" (17)
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An approximated newton algorithm for the minimization of (14) is given by the recursion

for the (r +1) iteration:

r+) ) [[0e(d)]
b b “W] e(b)}b:Bm (18)

From (15) we get that

de(b)  da(b)

= - 19
abT abT ( )

It is shown in Appendix A that this differentiation can be directly computed using a matrix

formed by multiple convolution and called B(b) . Then the recursion is:

C(r+1) ()

b =b" - [B(b) 'e(b)], - (20)

b=b

Note that the convergence determination is not tedious since this algorithm converges suf-
ficiently fast to arbitrarily freeze the iteration maximum number equal to 5. When this
algorithm is applied to the time varying case, the first initial value of B(O) is chosen as the
ordered b such that the elements are all real valued and obtained using a classical roots cal-
culation from the a;(1) coefficients. For the a;(k) with k£ > 1, the initial value 5% is chosen as
the final 13(5) obtained after convergence on the previous set of coefficients a;(k —1). Track-
ing the evolution of the (b;,b;2) function of time index k being achieved, the corresponding
z; tracks are directly computed using classical root calculation from order two polynomial.
Recalling that the goal of the tracking stage is to follow continuously the change of the
frequencies characterizing the spectral lines, the phase of the roots z; will provide us the

normalized instantaneous time-varying frequencies f;(k).

C. Time-varying amplitude estimation

Several procedures are available depending on the accuracy of the previous frequency

estimation. The more robust characterization is probably the calculation of the instantaneous
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power of the signal in frequency bands whose centers are defined by the frequency tracks [4].
An alternative is to use time-varying filters defined by the frequency tracks in order to get
the phase of the signal on the contrary to only working on the power.

Defining the discrete Short Time Fourier Transform of m(k) as HP(k, f):
HP(k, )= m(u)h(u— k)eﬂ”%“ with — K/2 < /¢ < K/2 — 1 integer and f = ¢/K (21)

where h(u) is a weighting function such as the Hanning windows, and K is an even number
of frequencies. For each frequency f;(k) define us a binary template or filter G;(k, f) in the
time-frequency plane such that:
1 for |fl € [fi(k)—6; fi(k) +d]
Gi(k, f) = (22)
0 for |f| & [fi(k)—6; fi(k) + 0]
The selectivity of the time-varying filter G;(k, f) will depend on the value 6. The filtered
signal m; (k) is then obtained using the Inverse Short Time Fourier Transform applied on the

modified Ap(k, f) such that:

K/2-1 ,
m;(k) = %Z z_gljm G;(u, ¢/ K)HP(u, ¢/ K)h(k — u)e’> x* (23)

Note that care should be taken for designing the time-varying filter G;(k, f) since the negative
frequency part must taken into account. This point is obvious assuming that the relation

(3) is in the time-varying case:

p ‘ /2 |
1— Z:lai(k)zﬂ — 1:[1(1 — (k)21 — 2} (k)z 1), where z(k) = 2 fi(k) (24)

The filtered signal m;(k) being a narrow band signal, we will use the Hilbert transform in
order to extract the envelope A;(k) of the signal, which is defined as the modulus of the
analytical signal:

mi(k) = my(k) + jH[mi(k)] = Ai(k)e?#i® (25)
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where #[.] stands for the Hilbert transform. The signal A;(k), called Agsa(k), showing the
highest energy was assumed to be the observed modulation caused by breathing, and the
corresponding f;(k), called frsa(k), was referred as the normalized instantaneous frequency
of the RSA. This normalization is caused by the use of the index k as beat number instead
of the running time #; in the definition of hp(k) (1). In [4], we have proposed to multiply
frsa(k) by 1/po(k) in the constant case, with po(k) the trend of hp(k), to get Hertz. As we
will see in the following, this procedure is an approximation and depends on the underlying

model driving the Heart Period but also that it could be valid in the time-varying case.

III. MODELS DEFINITIONS AND PROPERTIES

In [11], we have proposed a model for the generation of the P or R waves:
ecg(t) = (cos(cit + cocos(cst + ¢4) + ¢5) + 1) with c5 € [0; 7] (26)

Note that the exponent in (26) will only influence the width of the wave and has not other
significance meaning. The function cocos(cst + ¢4) can be interpreted as an external mod-
ulation such as tidal volume. Assuming that the maxima of ecg(t) correspond to the time

occurrences of interest %, it is clear that the #;s are the solution of the equation:
citg + cacos(csty + ¢4) + c5 = 27k (27)

with £ =0... K. The proposed solution of this equation is:

2
tk = Tk - 0—2005(0—327#6 +cs— %) _ 5 (28)
c1 c1 C1 C1 C1

This is an approximated solution in the simple case that the modulating function is a single

cosine. It can be shown that it is an acceptable solution when the condition:

2%« (29)
&1
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is satisfied.From (28) the heart period signal can be calculated by hp(k) = tx1 —tx and is
finally:
C3 C3Cs

2
hp(k) = il + 23m(—7r)c—23m(c—327rk + S +e——) (30)
Cq C1 Cq C1 C1 C1

We can state that if the model proposed in (26) synthesizes a real ECG (R-waves), the
deduced hp(k) is a cosine function uniformly sampled whose modulation period is %13-271' with
a magnitude equal to QSm(z—fw)g—f added to an offset corresponding to the mean heart period
T. This permits us to establish the relation ¢; = 27 /7. When the quantity 7 is expressed in
seconds, it plays the role of the sampling period giving the relation c3 = 27 f,, with f, being
the frequency of the variability expressed in Hertz. In summary, introducing 7" as the mean
heart period, f, the frequency of the variability, and A as the magnitude of the variations,
we obtain the equalities:
— 2

Cl—T

— Am
€= Tt fim) (31)

c3 =27 fy
The validity condition (29) is then

Afo
sin(7T f,)

<1 (32)
From (31), we conclude that the magnitude A of the hp(k) variability is a function of the
magnitude ¢, of the modulation, the mean heart period T and the frequency of the variability

fv, and is given by:

T
A= Zgn(f,Tr) (33)
m
In fact, the modulation function is 71 (t) = cacos(cst + ¢4) and appears in (27) as:

T T
T = il L 4
kKT =t + 27T7'1(tk) + 56 (34)
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This equation is similar to that from the IPFM model [2] which is:
123
KT =t + [ ra(t)at (35)
0

Since, unlike (35), the modulation function is not integrated in (34) we will call the model
leading to Equation (34) a PEM (Pulse Frequency Modulation).

In general, when choosing the modulation function in (35) the expression:
ro(t) = agsin(ast + a4) (36)

is often used to model respiration. The HP function deduced from the solution of (35) called
hp; is given by:

2
hpi(k) = o2 sin(a3—7r) sin(%QW + as — aycos(ay)) (37)
aq as aq aq

As for the PFM model the following relations can be derived:

a; = s

- T
— AT fo

az = _sin(7}vT7r (38)
a3 =27 f,

We can deduce from above the expected magnitude of the variability, under the IPFM model

assumption:

Qa2
7 fo
This result can be compared to (33) where the PFM model is used. It is clear that these

A=-—

sin( f,T) (39)

quantities differ significantly and will help us to understand the results from both simulation.
This difference is certainly important under dynamic conditions where both the mean heart
period 7" and the frequency of the modulation c¢3 can be considered as time varying. This
more realistic condition can be addressed using the PFM model, by replacing ¢; with ¢;(t)

and c3 with c3(t) in (26) to give the expression:

C3 (tk) C3 (tk)c5 Cy
t, = k — cos 21k + ¢4 — —
c= ) at) et TN T ) T )
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The calculation of hp(k) from (40) is tedious and can be achieved using the instantaneous

period (i (ty) defined by:

fult) = S (ter(t) (a1)

which is approximated by:

teric (o) — trer ()

tp) ~ 42
Bulte) U1 — Tk (42)
Since the definition of hp(k) is hp(k) = tg1 — tx, we deduce from (42):
1
hp(k) = 2= [trs1¢1(tes1) — tecr ()] (43)
Bi(te)

After some realistic approximations we finally obtain for the heart period hp(k) (see Ap-

pendix B) as:

~ 2m © sin 90(1) k) sin
o) = s+ 25 (S sin o0 (41
where
= cs(f) 7k —cs+7)+c
(p(k) - Cl(tk) (2 k 5 + ) + ¢4 (45)

We can deduce from the expression of hp(k) a definition of the ”instantaneous” mean heart

period T'(k):

2m
Tk)=—— 46
(k) Bt (46)
and also the magnitude A(k) of the variability which is given by:
A(k) =2 2 _sin <¢(1)(k)> (47)
Ba(tr) 2

The value ©!)(k) is the instantaneous period of the observed hp(k) which is not simply

%(th(t))‘ as could be expected. The value T'(k) in (46) can be directly calculated from

t=ty,

hp(k) since it is the trend po(k). From T'(k) and (41) the quantity ¢;(¢x) can be computed

using a discrete integrator. The frequency f;(k) corresponding to the RSA observed in hp(k),
July 19, 2004—3:20 pm DRAFT
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as described in Part C is in fact o) (k)/27, so that the instantaneous phase ¢(k) can be

computed also using a discrete integrator. Finally, approximating (k) as:

k)~ U)o g (48)

when k increases, allows us to define ¢3(tx) as an approximation of c3(tx). The respiratory
frequency is usually observed as a instantaneous frequency in the time domain, but not as

a function of k. Assuming that the modulating function r(¢) in (34) is the respiration, this

instantaneous frequency is Frsa(t) = 5= (tcs(t)) and can be retrieved from the hp(k) signal

using the previous computation of é3(tx). In practice, this solution exhibits small errors due

to the integration computations. We will prefer the solution given in Appendix C where the

relation:

Bilty) _ d
~ 2 et (49

t=ty,

is shown. Then, since the function ’312(;’“) is the inverse of po(k), i.e, the trend of hp(k),

and (1) (k) /27 is the instantaneous frequency frga(k) observed in hp(k), the instantaneous
frequency Frsa(t) can be directly computed.

It should be remarked that the procedures to retrieve the magnitude (47) of the hp(k)
variability, called now Agga, and the instantaneous frequency Fgrga(t) are the same for the

constant and time-varying case when hp(k) is written as:
hp(k) = po(k) + Arsasin(p(k)) (50)

These procedures are:

Arsa(k) = "B sin (1 frsa(k))

(51)

Frsa(ty) ~ %)@

The respiration or modulating function 7 (¢) can then be fully described by extracting from

(51) the coefficient ¢, called now cgga and Frsa(t) using an interpolation.
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IV. SIMULATIONS

In this section we will present two simulations whose aim is to show that the global
procedure is able to reveal the time-varying frequency content of the heart period signal.
However, instead of directly providing hp(k), these simulations will first produce a noisy
(0, = 0.05) synthesized ECG ecg(n) (Fig. 1) from which the times of occurrence ;s can be
estimated using a fixed threshold technique to provide provide the hp(k) (Fig. 2). In both
simulations, the frequency Frsa(t) (Fig. 5) and the instantaneous mean heart period T'(k)
are time varying. In the first simulation, the amplitude cgsa (Fig. 7) is also time-varying,
unlike the second simulation where crs4 is held constant (Fig. 9). Note that in the section
”Model definitions and properties” the case of time-varying cgsa has not been explicitly
addressed. However, by assuming that cgsa is slowly varying, then simple mainupulation
will show that it will appear as a function of time in the previous expressions. From hp(k),
the trend po(k) (Fig. 3) and the variability m(k) (Fig. 4) have been extracted, as previously
described. In fig. 5, the estimated Frsa(tx) from (51) and the real one are compared. We
can see the good agreement between the two curves even in the presence of a spike of noise
around the epoch k£ = 850. The estimated amplitude cgg4 of the modulation is also compared
to the real one in fig. 7 where both the effect of the spike is visible and the border effect
of the time-varying filter described previously. It is important to compare this figure to fig.
6 where Aggsa is plotted since it shows the significance of the correction expression in (51)
relating Arsa to co, called cgsa. In order to clarify this fact, the comparison of fig. 8 and
fig. 9 shows that instead of being constant, as is the case of the real cgs4, the amplitude
Apgsa of the frequency observed in m(k) is not at all constant but is varying because of the
variation of both T'(k) and Frga(t).

These simulations whose aim is to validate the global approach presented in this paper
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have been extended to real data as shown in [4]. The simulations highlight the capacity of
the methods to robustly extract information from the heart period signal but do not validate
the proposed PFM model. In [11], some validations are shown introducing the arch signal

[12] but also using real respiration records as the tidal volume.

V. CONCLUSION

We have presented a simple model for generating the time series called the PFM model of
heart beats. This model proposed in (26) is not intended to reflect the inherent complexity
of HRV. However, since Although investigation of HRV under exercise stress conditions
tends to reduce such complexity, the proposed model can prove quite robust and accurate.
Indeed, both simulated data and real data show that respiratory frequency can be accurately
predicted from the HP series analysis, which may have utility in the field of cardio-respiratory
physiology. Even if a larger set of observations is needed to confirm the utility of our method
in the understanding of phenomenon contributing to HRV [13], it does demonstrate clearly
that care should be taken in interpreting the information directly extracted from the heart
period signal in relation to the respiration. We have shown that this relation is not linear and

can be addressed in the case of time variations of the variables describing the respiration.
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VI. APPENDIX A

In the following, we will give the form of the derivative of order p polynomial coefficients
over the order 2 polynomials coefficients.

From the relation:

P p/2
1= apz " =J[(Q = bz " — bz ?) (52)
i=1 i=1
we define the vector a, and b; as:
al =[ar...aqp)" (53)

It is well known that the coefficients of the product of two polynomial are equal to
the convolution of the coefficients from the two polynomials. Then, the coefficients of the

polynoms given in(52) are deduced from the following relation :

1 p/2 | 1
=0 (55)
_ap =1 _bl

using the multiple discrete convolution product introduced as :
L
Oxl:xl*XQ*...*xL (56)
=1

where the discrete convolution product x; * x5 gives the vector w, such that the k’th com-

ponent is:
w(k) = Zfﬁ(j)%(lﬂ —J) (57)

Now we can calculate the derivative da,/db with b’ = [blT...bz;]T using :

da, laa,, aap]

= 58
ob”  |ob] T ob] 58)
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Since the convolution product commutes, the derivative of (53) with respect to b; is :

0 1 B 1 p/2 1
i | —ay i | —bi | =iz | —b

0 0
00 p/2 1
{ aap]: -1 0 *@[ ] (60)
- L | o= —by

leading to:

which finally gives :

p/2 1
b, =112 | —by
where I is the 2x2 dimensional identity matrix.
Then (59) is :
Oa
aﬁ = [ C1 Cp/2 (62)

with

c;=1Ix ch [ ! ] (63)

1=tz | —by

VII. ApPPENDIX B

From the expression of ¢; (40) we directly obtain

2m Co cs(tes1) cs(tet)cs > Cs
ther = k+1)— cos 2n(k+ 1) + ¢4 — - 64
T (te) (k+1) c1(tet1) (Cl (tk+1) (E+1)+a c1(te+1) c1(te+1) (69

Using (40) and (64), the heart period hp(k) calculated by (44) is then:

1
hp(k) = l% — o008 <C3(t'“+1)27r(k +1)+eq— M)

Bi(tr) c1(ter1) c1(tr+1)
@ - r— Cg(tk)C5
+cocos <C1 @) 21 (k) +ca o1 (1) )] (65)
which is simplified as:
1 . .
hp(k) = Ay [27 — 2¢y8in(A)sin(B)] (66)
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In the domain of application, which is heart rate variability, the term A can be simplified
by assuming first that the time variation of both quantities ¢ (t;) and c3(tx) is slow, and
second, that these quantities vary in almost the same way. This second assumption can
be illustrated by relating c;(¢x) to the mean heart frequency and c3(t) to the respiration
frequency when the heart period is recorded under increasing exercise conditions. In this
case the approximation

cs(te) _ es(tryn)

c1(tk) ¥ (trs1) (67)

is valid. Then A is approximated by

cs(tx
Cl(tk)

N
Q

21k —c5 +7) + ¢4 (68)

The simplification of B is obtained using the approximation of the derivative with regards

to k of any function F'(t;)k such that
(F(tx)k) & F(ter)(k +1) — F(te)k (69)
where () stands for the derivation. Then B is given by:
(M M
1 C3(tk)> (Cg(tk)>
B=_—|-|2rk——= + | —F c 70
2 [ ( ci(tr) c1(tr) ° (70)

Renaming the quantity A as ¢(k), we can point out the relation between B and (k) such

that:

et
B %wm(k) - <Clgk;> (71)

Using the previous assumption related to ¢i(tx) and c3(tx), the second term in (71) can be
neglected.

Using (66), (68) and (71), the heart period hAp(k) can then be expressed as:

™ C2 . M .
hp(k) ~ ﬁ12(tk) + 251(1%) sin <<P 2(k)> sin (o(k)) (72)
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VIII. ArPENDIX C

Using (45), the derivative of the instantaneous phase ¢(k) with respect to the index k

is given by:

GV (k) = 1) @k + 7 — c5) & ("’3“)) 4 olle)y, (73)

dt C1 (t) t=t), C1 (tk)

It is common to approximate [3] the ¢, as a trend plus a small variation, which could be

neglected. Then (40) can be approximated by:

2T

tr &
k C1 (tk)

k (74)

then the derivative t,(cl) is:

2m
t](cl) ~ tk+1 — 1 = m (75)

since substituting (74) in (42) gives B, (tx) = 27/ (tg+1 — tx)- The second derivative in (73) is

d <C3(t)> _ “la(t) - Gl (76)
dt \ c1(t) it 2 (ty) s

In (73), the terms 7w and c¢5 can be neglected when k increases, then using (76), (74) and

(75) we get the product:

ﬁl (tk) dC3 (t) C3 (t) dCl (t) C3 (tk)
1) ~ -
oD (k) o ( i o) d ) . +ﬁ1(tk)cl(tk) (77)
Finally, using a second definition of £ (t;) as:
_ d _ dCl (t) B
p = lawn) = (GH-aw) (79
the expression (77) becomes:
Bulte) , (des(t) d
M ~ — -
w7~ (T e0)| = e (79

which is the instantaneous period of the modulating function at each time of occurence .
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Fig. 1. Magnified section of ecg(t) generated by (26)
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Fig. 2. The heart period signal hp(k). Note the spike of noise at epoch k =850
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Fig. 3. The trend po(k) or T'(k) of the heart period
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Fig. 4. The variability m(k) of the heart period after the preprocessing stage
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Fig. 5. The real (solid line) and the estimated (dotted line) simulated instantaneous respiratory frequency
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Fig. 6. The amplitude Arsa of the variability signal m(k) for the first simulation
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Fig. 7. The real (thick line) and the estimated (thin line) amplitude crga of the first simulated respiration.

Note the difference of shape with Agg4 in fig. 6
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Fig. 8. The amplitude Arsa of the variability signal m(k) for the second simulation
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Fig. 9. The real (thick line) and the estimated (thin line) amplitude cgsa of the second simulated respiration.
Note the difference of shape with Agga in fig. 8
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