7 Y CENTRE NATIONAL
Universite DE LA RECHERCHE
N SCIENTIFIQUE

il'{" SOPHIA ANTIPGLIE
k

LABORATOIRE

13S

INFORMATIQUE, SIGNAUX ET SYSTEMES
DE SOPHIA ANTIPOLIS
UMR 6070

ON THE SEQUENTIAL CONSTRUCTION OF OPTIMUM
BOUNDED DESIGNS

Luc Pronzato
Projet TOpModel

Rapport de recherche
ISRN I13S/RR-2004-20-FR

Aot 2004

LABORATOIRE 13S: Les Algorithmes / Euclide B — 2000 route des Lucioles — B.P. 121 —
06903 Sophia-Antipolis Cedex, France — Tél. (33) 492 942 701 — Télécopie : (33) 492 942 898
http://ww.i3s.unice.fr/13S/ FR



On the sequential construction of optimum

bounded designs

Luc Pronzato

Laboratoire 135S, CNRS-UNSA, Bat. Fuclide, Les Algorithmes,

2000 route des Lucioles, BP 121, 06903 Sophia Antipolis cedex, France

Abstract

We consider a parameter estimation problem with independent observations, where
the experimental conditions X} form a sequence of independent random variables,
distributed with a probability measure u, and observed sequentially. The length
of the sequence (Xj) is N but only n < N observations can be made, with n a
proportion of N (n = |aN|, a € (0,1)). For ¢(-) a regular optimality criterion,
function of the Fisher information matrix, we show that a ¢-optimum sequential
strategy (by sequential we mean that the decision to observe Y} or not is taken
immediately after X is known) can be obtained from the construction of a ¢-
optimum constrained design measure &} < p/a, a problem for which we derive an
equivalence theorem of the minimax form. We show that a slight modification of
this sequential procedure generates an empirical design measure & such that ¢(&x)
tends to ¢(&), p-almost surely, as k tends to infinity. It is therefore possible to
sample asymptotically optimally (as if from &), without having to determine &
beforehand, or even without knowing p a priori. Some possible applications are

indicated.

Key words: sequential design, sampling, constrained design measure, bounded

design, equivalence theorem.
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1 Introduction

We consider a parameter estimation problem, with 6 the vector of parameters
to be estimated and X the experimental variables. We assume that the obser-
vations are independent, so that the Fisher information matrix is the sum of
rank-one matrices of the type f(X)f'(X). For instance, this may correspond

to estimation in a regression model, with independent observations

Yk = 77(9an) +€k’a (1)

where the ¢;’s are independently identically distributed (i.i.d.) with E{¢x} =0
and 6 € © is the unknown true value of the model parameters to be estimated,
with © an open subset of IR?. In this case, we write f(z) = dn(d, z)/00;, with
0° a given nominal value for 6 (§° need not be specified when 7(6, z) is linear
in x). Another possible situation is when one observes independent binary

responses Y;, € {0,1}, with Prob(Y, = 1]0, Xx) = n(0, Xx). In this case we
write f(z) = 9n(6, ) /065 {n(0°, Xi)[1 — n(6°, Xi)]} /2.

We shall assume that f(-) is continuous in x on X'. We consider design criteria
®(-) that are functions of the information matrix M, with ®[M] to be maxi-

mized, and generalized designs £ that are probability distributions on the set
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X. We denote = the set of such designs,
M(§) = [ f)f (0)¢(da)
X

and ¢(§) = P[M()], £ € =. We give in Appendix A a list of assumptions
on ¢ that will be used throughout the paper. We shall always assume that
® is strictly concave (Hgl), differentiable (Hg2) and increasing (He3). The

assumptions are discussed in the same appendix.

We consider the situation where the experimental conditions X, € X form
a sequence of i.i.d. variables, independent of (e), of length N. Only n < N
observations can be made. We focuss on the sequential problem, where, as
soon as a value X} becomes available, we must decide whether to observe Y}
or not. Notice the difference with a standard experimental design problem
where the X,’s can be chosen: here we can only decide to accept or reject
Xi. The paper is rather theoretically oriented, but many practical decision
problems could be formulated in this way. For instance, for some experiments
in nuclear physics events are selected according to the energy dissipated in a
detector (C.E.R.N., 1994), but the selection could be based on the information
content of the event, measured by its contribution to the information matrix;
in phase-I clinical trials, the volunteers could be selected according to their
size, weight, age, etc., all variables to be used to build a model for the tolerance
dose. Other possible developments are given in Section 5. Notice that the case
dim(#) = 1 corresponds to a variant of the secretary problem, see (Pronzato,

2001a).

Let p denote the probability measure of the X}’s, with (X, u, F) a probability
space over the o-field F of subsets of X', [y pu(dx) = 1, and (F,,) denote the

family of o-algebra generated by (Xi), 0 < k < n. In particular, we shall con-



sider, but not restrict our attention to, the case when p is atomless (for any
AX exists AX' C AX such that [,y pu(de) < [sp p(dz), with measures ab-
solutely continuous w.r.t. the Lebesgue measure as a special case). We assume

that p is such that

M) = E{f(X)fT(X0)} = [ f@)f T (@)u(dz)

X

exists, with —oo < ¢(u) < oo; a list of additional assumptions on p is given

in Appendix A.

Let (ux) denote the decision sequence: uy = 1 if we decide to observe Y}, with

experimental conditions X}, and up = 0 otherwise, with, for any admissible

policy,

N
uj €U; C{0,1}, j=1,...,N, > u;=n. (2)
j=1

(Note that X} is known when uy, is chosen.) The associated information matrix
My, is given by My, = S0 urf(Xi)fT(Xk). The sequential problem for

N finite corresponds to

maximise E{®(My,/n)} (3)

with respect to (u;) satisfying (2), the expectation E{-} being with respect to
the product measure p®" of Xi,..., Xy (we shall see that the concavity and
increasing properties of ® and ¢(i) < oo imply that E{®(My,,/n)} < oo for

any N,n, 0 <n < N, and any F;-measurable sequence (u;)).



For any sequence (u;) and any step k, 1 <k < N, a;, will denote the number

of observations already made; that is,

k—1
ap = Z Uj (4)
j=1

with a; = 0. The problem (3) corresponds to a discrete-time stochastic control
problem, where k represents time, (ag, My_1,4,,Xx) and u, € U, € {0,1}
respectively represent the state and control at time k. A strategy Sy, is
defined by a mapping (k,a, M, X) — u € {0,1}. For each k € {1,..., N}, the

optimal decision at step £ is obtained by solving:

max [Ex,,,{ max [Ex, ,{ max

ug €EUE Up4+1E€UEK+1 Up4+2E€UE+1
N
By (o [, mas (803w (607X Y
- - =1

where Ex;, {.} denotes the expectation with respect to X, distributed with the

measure j, and,
{0} ifa;=n,
Up=Ujla;) = {1} ifa;+N—j+1<n,

{0,1} otherwise.

The case d = dim(f) = 1 is considered in (Pronzato, 2001a). The optimal
(closed-loop) solution is given by a backward recurrence equation. Using re-
sults on extreme value distributions, a simple open-loop solution is proved to
be asymptotically optimal for N — oo with n fixed (for measures p absolutely
continuous with respect to the Lebesgue measure and such that the associ-

ated distribution function is a von Mises function). This extends the results

of Albright and Derman (1972) which concern the case n = [aN |, a € (0, 1).



In the multidimensional case d > 1, in general, the optimal solution cannot be
obtained in closed form. Open-loop feedback-optimal control is used in (Pron-
zato, 1999) and a heuristic one-step ahead decision rule in (Pronzato, 2001b),

without any result on the asymptotic performance of these strategies.

The asymptotics considered in this paper will only concern the case n =
laN |, a € (0,1), N — oo. The fact that n tends to infinity at the same
speed as N means that we shall obtain asymptotic performances that are
achieved p-almost surely (a.s.), contrary to (Pronzato, 2001a) which concerns
expected performances. The construction of a ¢-optimum constrained design
measure £ < p/a is considered in Section 2, where we derive an equivalence
theorem of the minimax form for ¢-optimality. In Section 2.2 we show that
this construction can be used to obtain an asymptotically optimal sequential
strategy. Conversely, we show in Section 3 that a slight modification of this
sequential strategy yields a procedure that generates a design measure &
such that ¢(&) — ¢(&), p-a.s., without requiring the prior knowledge of the
measure p. [llustrative examples are given in Section 4. Section 5 gives some

concluding remarks and suggests some extensions.

2 Constrained design measures and asymptotically optimum se-

quential strategies

Our candidate strategy will be obtained through the construction of a con-
strained ¢-optimum design measure (or optimum bounded design, or submea-

sure). We first give some results about constrained measures.



2.1  Optimum constrained design measures

Let D(u, ) denote the set of admissible measures satisfying

§(dr) < p(dx)/er, (5)

with [y &(dx) = 1, and & denote a ¢-optimum constrained design measure:
€2 maximises 6(€), € € D(u, a), with M(€) = [y f(x)/ T (1)E(dr). When &(.)
is strictly concave (Hg1), M(E) is unique although £ is not necessarily. We

shall denote
Po = 0(&) = P[M(E)] -

(H,1) implies ¢} > ¢(p) > —oo and (He3) implies ¢! < ¢(u/a) < oo.

The main result (Wynn, 1982; Sahm and Schwabe, 2001), presented in the
following theorem, states that X’ can be partitioned into three subsets &7,

X5, and X5, = X\<X1*,a U XQ*’Q), with £ =0 on XY, & = [/ o on X5, and

the directional derivative F'(§;,x) (see Appendix A) constant on X3 .

Theorem 1 The following statements are equivalent:

(i) & is a ¢p-optimum constrained design measure;

(ii) there exists a number ¢ such that F(&:, x) > ¢ for £ -almost all © and
F(&,x) <c for (u—a&l)-almost all x;

(i) there exist two subsets Xy, and X5, of X such that

e &, =0o0n A&7, and &, = /o on Xy o)
° infl‘e/’\f‘;’a F( Z,IE) >c2z Supxe.}\fl*a F( Z,IB),

o F(&,x)=con XS, = X\(Xl*,a U X2*,a)'



When g is atomless, u(X5,) = 0 and &, belongs to the following subclass of

D(u, a):
D(p, ) ={€ € D(p, ) | BA € F, §(A) = p(A)/er, {(X\A) =0},

see (Wynn, 1982; Fedorov, 1989; Fedorov and Hackl, 1997). The condition (ii)
of Theorem 1 is then formulated as Fg (&, z) separating the two sets A and
X\XZ, with

Ay =supp &, ={r e X /£ (x) > 0}
Also, we have in that case [y. Fo(£), @) p(dr) = [y Fo(&§), x)&5(dx) = 0,
see Fedorov (1989); Fedorov and Hackl (1997). Iterative algorithms of the
exchange type for the construction of an optimal constrained measure £ are

presented in the same references.

As can be seen from Theorem 1, the situation is more complicated when p has
discrete components. For a given &, consider the random variable Fg(&, X7)

and let F¢(-) denote the corresponding distribution function,

Fe(s) = pf / Fo(&,2) < 5}. (6)

The presence of atoms raises difficulty when there exists no s such that

FFe:(s) = 1 — a. Then, defining c,(§) as

Cal€) = min{s | Fe(s) > 1 - a) (7)

and



we get X7, = X;0(8)), 7= 1,2,3, and c,(},) is the constant ¢ of Theorem 1.

Consider the following transformation, which plays a key role in the definition
of ¢-optimum constrained design measures and for constructing asymptoti-

cally optimum sequential strategies, as we shall see in Sections 2.2 and 3.

pfocon Xoa(§)

. = = a— XQa
T<I>,a . 5 cz— Té’a(f) € D(:U'aa)ﬂ Tq’,a(é) Wu/a on X37a(€) ,

0 on & 4(§) .

Next theorem adds equivalent statements to those in Theorem 1, closer to the

standard formulation of the Kiefer-Wolfowitz (1960) Equivalence Theorem.

Theorem 2 The following statements are equivalent:
(i) & is a ¢p-optimum constrained design measure;
(i1) Fol§l; Toa(E3)] = 0;

(111) & minimises Fol&; To 0 (E)], £ € D(p, a);

(i) &, minimises max,ep(ua) Fol(&v), £ € D(p, a).

Proof. From Theorem 1, (i) gives T4 (%) = & which implies (ii). Take
any ¢ € = and denote £ an optimum constrained design measure. From the

definition of T 4,

Fol€: Too(§)] = Fo(&;v) for any v € D(p, o) (9)

and thus, F[&; Te.0(§)] > Fo(&; ). Concavity of ® then gives

VEEE, Fol&Toa(8)] 2 05 — 0(8). (10)



Since ¢F, > ¢(&), £ € D(u, o), (ii) implies (i). Equivalence between (i) and (iii)

is obvious from (10); (9) implies the equivalence between (iii) and (iv). O

Remark 3 Theorem 2 suggests algorithms for constructing optimum con-
strained design measures, either (i) by successive applications of the trans-
formation T, that is, using a recurrence of the form &' = Ty (&%), or
(i1) by repeating steps of suitable length vy in the direction of Te (§), that is,
EHL = (1 — 7)€% + 1T o (€F). While (i) may produce non-converging oscil-
lations, (ii) corresponds to a more classical steepest ascent algorithm, in the
same line as the procedure suggested by Fedorov (1989). (Note, however, that
the true steepest ascent direction is obtained by using the directional derivative
Go instead of Fg, see Molchanov and Zuyev (2001).) Since the main objec-
tive of the paper is the construction of a procedure that samples asymptotically
from &} without having to construct &2, we do not develop this algorithmic

construction of £, which may, however, deserve further study.

The optimum criterion value ¢, considered as a function of «, satisfies a
Lipschitz condition, as shown below. This property will be used in Section 2.2

and 3 to obtain asymptotically optimum strategies.

Theorem 4 For any «, (§ in (0,1), the associated ¢-optimum constrained

design measures £, and £ satisfy

0 — 3] < o ] mas l\ca@:;)r |cﬁ<§;>|] |

B 7«

with co (&) defined by (7).

Proof. Assume that § < «, which gives ¢ > ¢},.

10



Suppose first that ¢, (&) = c3(%). This implies X}, (&) = &;5(&) for j =

2,3, and
. B o fa— plXa(€)] B — plXas(El)
M(fa)‘&M[Tq”ﬁ@”{ NIRRT ) }
< [ f@f (@) pld)
X3,a(e%)
B a—f3

= o Mol €]+ ey [ f@f @ ). )

3,a(E8)

Suppose now that ¢, (&) < c3(%) and define V, g = {x / co (&) < Fo(&, x) <

c3(€5)}. We obtain

B plXs(€)]

M(€) = I MITaa(e2)] + 1 {1 b @@t

e
b [ 1@ @) )

0 lXaa(63) -

e | @ @), (12)

3,0(6%)
Fo(&5,x) > co(&F) gives Go(El,x) > Go(E;E) + ca(&l), so that, in both

a? «

cases, (11) and (12), we get

Co(€:€) 2 2 Gl Tan(€)] + * 2 10a(€1:€) + enlEl)]

that is
a—f3

Fol€h: Te p(€5)] < — ca(&) -

Concavity of ®(-) and (9) imply

05 < bg + Fo(&;&5) < dq + Fol€: Top(E0)] -

Therefore,

0<¢s— ¢ <—

11



The case # > « can be treated similarly. O

Remark 5 Developments similar to those used in the proof of Theorem 4 give
for0<pf<a<l1

R PN ()
a T a—p0 16}

so that ¢, is differentiable at a when ¢, (&) is continuous at the same point

(see Section 4 for an example).

2.2 An asymptotically optimum sequential strategy

For any strategy Sy, used to solve (3), with 0 < n < N, we denote ¥(Sy,,) =
®(My,,/n). We shall follow the same line as in (Albright and Derman, 1972),
which concerns the case d = 1, and use as a benchmark the infeasible, but
better-than-optimal, non sequential strategy Sy ,,, obtained by selecting the
n design points Xy, ..., X}, that maximise ®(My,/n) after the N points
X1,..., Xn have been observed. S, is thus a ¢-optimum design algorithm
that generates an exact n-point ¢-optimum design in the finite design space
{X1,...,Xn}. Obviously, for any N, n and any strategy S, sequential or

not,

U(Snn) < U(Sy) - (13)

Also, Sy, satisfies

Va € (0,1), limsup W(Sy |,n)) < (&), p-as. (14)

N—oo

12



with € < p/a an optimum constrained design measure. Consider now the

sequential strategy Sy, defined by

oo |if ag =n, reject Xj;

if N—k+1<n—ay, accept Xj;
accept Xy if Xj, € A7, ;

accept X with probability
otherwise,

Pg,oz—&—e = (Oé +e— M;,a—l—s)/ug,a—i—e if Xk € X?ia—i—e )

reject Xy if Xy € A%,

where 0 < e < 1—aq, ay is given by (4), X/, = Xjare(§hy) and 1, =
(X ), 7 = 1,2,3, see (8) and Theorem 1. In fact, we shall consider the

following, simpler, strategy, that may accept less than n points:

Sf\,’n : |if ap = n, reject Xy
accept Xy if Xy € A7, ;
accept X with probability

otherwise,

P3*,o¢+e = (Oé +é€— :Ué,a+e)/:u§,a+€ 1f Xk € XB*,aJre )

reject Xy if Xp € X7, -

Since there may be less than n terms in the information matrix obtained with

S5 and ®(-) is increasing, we have
V(Shn) < U(Shy)-

13



Denote by N,.. the number of points that would have been accepted if ig-
noring the constraint a;, < n (notice that these points are sampled from
Toare(&ire) = &440). It satisfies Nopo/N — a + €, p-as. as N tends to
infinity. Take n = |aN| and let N tend to infinity. The probability that
Nu+e < n infinitely often (i.0.) is zero. Therefore, asymptotically, _f\,’n stops

after n = [V | samples from &, have been collected, n < Ny, and

V(SN jan)) = Paye s f-as.

which gives
lim inf WS |an)) 2 Pose H-ass.

We may then let € tend to zero and use the continuity of ¢ with respect to a,

see Theorem 4, to obtain the following property directly from (13) and (14).

Theorem 6 The strategy SR,’n defined by (15) is asymptotically optimal for

n=|aN|, N =00, 0<a<l:

: 0 N * _ * _
dim W(SY o) = Jim WSy an)) = 0(6), p-a-s.

where £, < p/a is a g-optimum constrained measure and Sy, is the optimum
non sequential strategy that selects n points among N after these N points

have been observed.

The strategy S]({,,n is asymptotically optimum for the problem (3) when n =
laN |, @ € (0,1) and N — oo. However, it requires the construction of the
sets X7, j = 1,2,3, and thus of the ¢-optimum constrained design measure

€5 < pu/a. We shall see in Section 3 that it is possible to avoid this construction

while preserving asymptotic optimality.

14



2.3 A concentration inequality for \IJ(SXT,L(XNJ)

Theorem 6 does not say anything about the finite sample behavior of ¥(Sy,,,).
The following result on E{¥(Sy,,)} holds under very general conditions. The

proof in given in Appendix B.

Lemma 7 For a concave criterion ®(-), the non sequential strategy Sy, (that

is, a ¢-optimum algorithm for an exact design with n point in {X1,..., Xn})
satisfies
V(n,N), 0 <n< N, E{¥(Sy,)} < o(&n), (16)

with &, a ¢-optimum constrained design measure in D(u,n/N).

H,1 and He3 imply ¢(§) < oo for any design measure £ < p/a, o given in
(0,1), so that Lemma 7 implies that for any (n, N), 0 < n < N, and any

strategy Sy n:

E{®[Mnn/nl} = E{¥(Snn)} < E{U(Sy,)} < o(&n) < 0. (17)

It may be noticed that the upper bound ¢(&* /N) for the expected performance
E{WU(Sn.)} is not necessarily achievable when n is finite, N — oo and the
strategy Sy, is sequential, even in the case d = dim(#) = 1, see (Pronzato,

2001a).

Under more restrictive assumptions on p and ®(-), a concentration inequality
can be obtained for U(Sy | ,x ), to be used in Section 3. The proof is given in

Appendix B.

Theorem 8 Let (o) be a sequence in (0,1), with limy_o ap = a € (0,1).

15



Then, under He1-Hg5 and H,1-H,3,

Prob {xp(sN,LaNNJ) > E[U(S} jayn)] + i.0. } —0 (18)

for any [ such that 0 < 8 < 1/2 —2/~, with vy the constant in H,2.

3 Sampling asymptotically from a constrained measure

Consider the following modification of the strategy Sy, defined by (15): at
step k, we simply substitute the sets &j,(&p—1) for &7, j = 1,2,3, with
X; (&) defined by (8) and &y the empirical measure defined by the a;, design

points already selected. We thus define:

Sa(p) : |accept Xy, if Xy € Ao (§p—1);
accept X with probability
(19)
Pi(a) = {a — p[Xa (1)1} p[ X3 ,0(§r-1)] i Xy € X 0(Ek-1);

reject Xk if Xk € Xl,a(&k—l) .

(In practise, the first samples X}, are always accepted until M(&,_1) becomes
nonsingular, but this initialization has no effect on the asymptotic behavior

of Sa(p))-

Obviously, the sequence (¢y), with ¢, = ¢(&), is not monotonically increas-
ing, since (i) the step-length 1/(1+ay) when Xy is accepted and &;_; updated
is predetermined and (ii) X is random. While (i) is standard in the construc-

tion of optimum designs, (ii) is less common and forms a specific feature of

16



the context considered here. In order to eliminate the unboundedness case
encountered in the dichotomous theorem of Wu and Wynn (1978), which is
usually the main issue raised by (i), we introduce the assumption H,4 on ,

see Appendix A.

Theorem 9 Under Hel-Ho6 and H,1-H,4 the empirical measure &, defined

by the points accepted by the strateqy S, (1) satisfies

kh—{glo ¢k - ¢(§Z) » H=0.5., (20)

with £ < p/a a ¢-optimum constrained design measure.
The proof is given in Appendix B.

Remark 10 S,(u) takes a simpler form when p is atomless: we accept X,

when Fe,_ (Xy) > 1 — « and reject Xy, otherwise, with IFe(s) given by (6).

The behavior is asymptotically the same if we modify Sa(p) as follows: any

Xk € Xs0(&k—1) is accepted if ap/k < o and is rejected otherwise.

Coming back to the original problem, with n points only to be accepted among
N, we can adapt a and use, at step k, the strategy S,, (1), with

n — ag

T N—k+1’ (21)

ay,
and a; defined by (4). It coincides with the one-step-ahead rule suggested
in (Pronzato, 2001b): when ay = 0, X5 4, (§k—1) is empty, p[Xsq, (§e—1)] =0
and X}, is always rejected; when ag > 1, Xp,, (—1) = X and X} is always
accepted. From Theorems 6 and 9, although it is myopic this rule is asymp-

totically optimal when n = [aN], a € (0,1), N — .

17



When g is unknown, we can use S,(fix), or S,, (fix), at step k, with i the
empirical version of p (or a kernel estimate, or a parametric representation
g, » with ﬁk estimated from X7, ..., X}). The estimation of  does not depend
on the strategy that is used (which corresponds to a separation property in
control theory), and Theorem 9 still holds: we can thus asymptotically sample
from &, without constructing & beforehand and even without knowing x in

advance. Illustrative examples are presented in the next section.

Consider finally a nonlinear situation where the information matrix M de-
pends on the model parameters 8. When 6 can be estimated on line, it is
natural to replace the nominal value 8° by some estimate, 6% at step k. When
using least squares estimation in a nonlinear regression problem, consistency
and asymptotic normality of 6% will hold under H,4 (and additional condi-
tions on higher order derivatives of n(f,z) with respect to 6 and their tail
cross product, see Jennrich (1969)), and the sampling strategy S, (p) will be
such that ¢, converges p-a.s. to ¢[¢%(0)], with £%() < p/a an optimum con-
strained design measure for the true value 6 of the model parameters in (1).

This is illustrated by Example 13 below.

4 Examples

We take ®(-) = logdet(-) in all the examples below.

Example 11 We consider the quadratic regression model (0, X) = 60y +
0, X +0,X2. Let u,, correspond to the normal distribution N(0,1) and pq be the
discrete measure supported at the points {—1,—1/2,0,1/2,1} with respective

weights (1/8,1/4,1/4,1/4,1/8). We take p = 0.5u, + 0.5u4 and o = 0.1.

18



Fig. 1. Sensitivity function d(&},x) for the optimal constrained measure & in Ex-

ample 11.

Easy calculations show that the ¢-optimum constrained measure £ is equal to
u/a on X = (—oo, —a] U [a,00), with a ~ 1.5625, and puts the rest of its
weight, approximately 0.4091, at zero. Figure 1 presents a plot of the sensitivity
function d(&,x) = Fe(&5,2) +3 = fT(x)M™YE) f(z) and illustrates the
optimality of €. Figure 2, left, gives an histogram of the first 1,000 samples
accepted by Sy (fur), with fi, the empirical measure of the Xy ’s. The right part
of the figure presents ¢y, as a function of k, with the optimal value ¢§ ; indicated

by the dashed line. (Note the fast convergence of ¢y, the large value of N being

required only to have enough points for the histogram plot.)

Example 12 We consider again the case of a measure p having both discrete
and continuous components. The response of the regression model is n(6, X) =
0o + 0121 + Oazo, with O = (6y,01,02) and X being two-dimensional, X =
(1, x9). The continuous component (., corresponds to the normal distribution

N(0,1,), with Iy the 2-dimensional identity matriz, the discrete component jig
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Fig. 2. Left: histogram of the 1,000 first samples X}, accepted by S, (fix) in Example

11. Right: ¢}, as a function of k; the value of ¢ corresponds to the dashed line.
puts weight 1/4 at each one of the points (£1,+1). Define B(a) = {x / ||x| >

a}. When p = (1/2)(wn + pa) the results are as follows.

For 0 < a < 1/(2e), with e = exp(1), & = coincides with p,/(2a) on B(ay)

with aq = /2log[1/(20)]} > V2; ¢f = 2log(ma) with m, = [1/(2a)](1 +
az/2) exp(—az,/2).

For1/(2e) < a <1/(2e)+1/2, & = p/a on B(v/2) and & = 2[a—1/(2¢)]u/a

on the four points (£1,+1); ¢¥ = 2log[l + 1/(2eq)].

For1/(2e)+1/2 <a <1, & = p/a on B(by) with b, = \/210g[1/(2a —-1)] <

V2; ¢t = 2log(my) with my = [1/(2a)](1 + b2 /2) exp(—b%/2) + 1/(2a).

Figure 8 presents ¢ as a function of a (although it does not appear clearly
from the figure, ¢¥ tends to infinity when a tends to zero). Note that c, (&) is a
continuous function of a, so that ¢?, is differentiable with respect to ac. (It is not

always so. For instance, when y is the mizture of the two discrete distributions
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Fig. 3. ¢}, as a function of o in Example 12.

ta, as above, and !, that puts weights 1/4 at each of the points (£2,+£2),
with pn = (1/2) (g + 1), ¢k is not continuous, and ¢ not differentiable, at

«

a=1/2).

We take N = 10,000, n = 2,000 and use Sa, (tix), see (19,21), with fiy the
empirical measure of the Xy’s. Figure 4 (top) presents an histogram of the
2,000 points accepted by Sy, (tix), Figure 4 (bottom) gives ¢, as a function of
k, with the optimal value ¢§, ~ 1.3043 indicated by the dashed line. (Again,
notice the fast convergence of ¢y, the large value of N being required only to

have enough points for the histogram plot.)

Example 13 We consider now the nonlinear model used in (Box and Lucas,

1959), where

77(97 I‘) =

0, _192 lexp(—0ax) — exp(—612)].

We estimate 6 = (01,03) by LS, and use at step k the information matriz
corresponding to the current estimated value 6. The numerical values used
to generate the observations vy, correspond to § = (0.7,0.2) and the stan-

dard deviation of the measurement errors is 0.2. (With this value for 0, the
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Fig. 4. Top: histogram of the 2,000 points accepted by Sa, (k) in a sequence of
10,000 points; bottom: ¢y, as a function of k, the value of ¢, corresponds to the
dashed line (Example 12).

D-optimal experiment corresponds to performing the same number of obser-

vations at x ~ 1.23 and 6.86.)

We assume that the experimental variables Xy, have a lognormal distribution:
log(X}) is normally distributed N'(1,0.25). Figure 5 gives an histogram of the
first 2,500 points accepted by S, (fu), with fi, the empirical measure of the
Xi’s, when a = 0.5. Easy calculation shows that ¢’ = 2 on [0,a] U [b, 00),

with a ~ 1.996 and b ~ 3.922, and ¢}, ~ —2.143.

5 Concluding remarks and further developments

Possible extensions of these results, that will be the subject of future work,

include the following situations.

First, there are cases where the design variables are not directly observed: an

22



Fig. 5. Histogram of the 2,500 first samples X}, accepted by S, (fix) in Example 13.

example is when one observes covariates Zy, with (Z,,) the family of o-algebra
generated by (Zy), 0 < k < n, and the conditional probability measure yu(-|Zx)
for the experimental conditions X, is known for any k. A sequential selection
strategy for this problem might reveal useful in phase-I clinical trials, where
covariates Zj, such as the size, weight and age of volunteers could be used for
their selection, in order to build a model of the tolerance dose as a function

of (unobserved) pharmacokinetic/pharmacodynamic variables X.

Second, applications to parameter estimation in dynamical systems, nonlin-
ear in particular, call for an extension to correlated design variables X,. A
simple example is when Xy, = (U, Ug_1, ..., Ug_m), with (U;) a random input
sequence for the system. Note, however, that when the model contains an au-
toregressive part, that is, when Xy = (Ug, Ug—1, ..., Up—m, Yi-1,. .., Ys—1), the
decision not to observe Y} implies that [ future experimental conditions are
unknown, which makes the problem much different from the one we considered

here and will require specific developments.

In the one dimensional case d = dim(f) = 1, asymptotic optimality of a strat-

egy similar to S,, (1), see (19,21), is proved in (Pronzato, 2001a) for N — oo
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with n fized, provided the tail of p is thin enough (von Mises distribution).
Extending Theorem 6 to the situation where n is fixed but d > 1 remains an
open issue. Note in particular that in this case, although (17) gives an up-
per bound on the expected performance, the optimal performance achievable
by a sequential strategy is unknown (not to speak about the optimal strat-
egy itself). Also, all intermediate situations, between n fixed and n = |aV ],
such as n = |log N|, or |[N?| with 8 < 1, etc., are of interest. A possible
application concerns the construction of optimum design algorithms. Indeed,
classical algorithms for the determination of £* (unconstrained) that maxi-
mizes ¢(-) rely on the determination at iteration k of a design point X}, that
maximizes Fg(&,_1,2) with respect to x € X, with &,_; the current design
measure. This (global) maximisation problem may prove cumbersome, espe-
cially if X is high dimensional, so that it is sometimes recommended to accept
any X}, such that Fg(&x—1, Xx) > 0, with § some small positive number, see
Fedorov and Hackl (1997), p. 49. A consequence of the results presented above
is that generating candidates X randomly with some suitably chosen mea-
sure i, with an acceptation rule such as (19), will ensure the convergence of
& to £, provided « tends to zero at a proper speed. Whether of not efficient

algorithms can be obtained in this way remains an open issue.

A Appendix (Assumptions and notations)

Hg1: @ is strictly concave and ®(M) > —oo for non singular M.
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H42: @ is linearly differentiable; that is, the directional derivative
f@(Ml, MQ) = h%}k{@[(l - E)Ml + EMQ] — @(Ml)}/G

satisfies Fp(&1; &) = Fo[M(&1), M(&)] = [y Fo(&1, x)&(dr) for any &, & with
#(&1) > —oo, where Fg(§,x) = Fg(&;0,) and ¢, is the Dirac measure sup-

ported at x. Similarly, we denote Go(Mi, My) = lim, o+ {®P[M; + €My] —
O(My)}/e, Gol&1;&2) = Go[M(&1), M(&)] and Go (&, 7) = Go(&; 02).

Hy3: @ is increasing: My — M non negative definite implies ®(My) > &(M;).

Hs4: ||f]| < R and Apin(M) > 1 > 0 imply Go(M, ffT) < §;(I)R?* for some
51([) < 0.

Hg5: One of the following properties is satisfied:

(i) there exists a function g;(-), from R to IR, such that lim, .1+ g;(a) = 0,
and ®(aM) < g;(a) + (M) for any non-negative definite M and any a > 1;
(i) there exists a function gs(+), from R* to IR™, such that lim, .1+ go(a) = 1,

and ®(aM) < go(a) (M) for any non-negative definite M and any a > 1.

Hg6: @ is two times differentiable. We denote by V2(M;, M,) the second

order directional derivative

0*@[(1 — )M, + yMy]

V2 (M17 Mg) - .
v 02 |y=0+

It satisfies, for any || f|| < R and M such that A\, (M) > 1> 0: V3(M, ffT) >

—80(1) — 82(1) R, for some dy(1) < oo and dy(l) < co.
H,1: —0o < ¢(p) < 0.

H,2: Prob{ || f/(X1)|| > R} = O(1/R") for some v > 4. Note that this implies
pa = [ lf(@)||* pldr) < oo, since pg = 4 [5° RProb{[|f(X1)[| > R}dR, see,
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e.g., Shorack (2000, p. 117).
H,,3: For any given o € (0,1), Amin[M(&)] =1 > 0.

H,4: For any given a € (0,1), there exists [ > 0 and € € (0, ) such that for

any design measure £ < p/(a — €), Amin[M(&)] > L.
Discussion of the assumptions.

In the case of D-optimality, where ®(M) = logdet M, we have Fg({,z) =
fHEM7 Q) f(x) — d, with d = dim(0), and Ge(¢,x) = f(2)M7(E)f(x).
Hy1-Hg4 are satisfied, with §;(l) = 1/1 in Hed. He5(i) is satisfied with
g1(a) = dloga. (More generally, note that concavity implies ®(aM) = ®[M +
(a —1)M] < (M) + (a — 1)Go(M, M) so that He5(i) is satisfied when
Go(M, M) is bounded for any non-negative definite M.) Concerning Hg6,
we have V2 (M, M) = — trace{[M;'(My — M;)]?} so that VE(M, ffT) =
—(f "ML+ 2(f "ML f) —d and Hg6 is satisfied with 6y = d, d5(1) = 1/1%.

Take now ®(M) = — trace(AMP), with p a positive integer and A a pos-
itive definite matrix (Kiefer’s ®,-class of optimality criteria). We can as-
sume that A = I;, the d-dimensional identity matrix, by a linear trans-
formation on X. We have Fo(My, M,) = ptrace[M; ?*V (M, — M,)] and
Go(M, ffT) = pf TM~P+D f Hgl-He4 are satisfied, with §,(1) = p/IP*! in
Hy4. Hg5(ii) is satisfied with go(a) = a=% We also have V2 (M, M,) =
DY arbmpiaap>1 trace[Mi*(My — M;)M; (M, — My )], see Wu and Wynn
(1978), and easy calculation gives V3 (M, ffT) = =p >4 ipmpio.aps1[(f M)
(fTM=2f)] +2p(p + 1) fTM~P+H) f — p(p + 1) traceM~P. Therefore, Hg6 is

satisfied with 6o(1) = p(p + 1)/17, 65(1) = p/1P*2.
H,1-H,4 are satisfied for instance when: (i) the functions f(z) are linearly
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independent on any open subset of X' with finite Lebesgue measure, (ii) x4 has
a component absolutely continuous with respect to the Lebesgue measure,
with density ¢, (iii) the mass of this component of yu is larger than 1 — a + €
(that is, the mass of the discrete components is less than a — ¢€), and (iv) X

is compact or ¢(x) is exponentially decreasing when ||z| — oc.

B Appendix (Proofs)

Proof of Lemma 7. The strategy Sy, satisfies ¥(Sy,,) = ®(My,,) with
1 N
i=1

where J, € {0,1} defines the decision function (the decision to accept X;

depends on the rest of the sequence). Therefore,

B, = [ {310 @l = e N # | T ().

o li=l
Using the fact that decisions are invariant by any permutation of the sequence,

we get
B(My,.} = [ /(@)f T (@) (de) = M(g,)

where

Since J, € {0,1}, &y, (dx) satisfies £y, (dr) < (N/n)p(dz). This implies

P[M(Ex )] < @(&,n)- Concavity of @(+) finally gives
E{®(M}y,)} < ®[E{M},}] < ®(&;/n)
which concludes the proof. O

27



Proof of Theorem 8.
We shall need the following lemma.

Lemma 14 Let (o) be a sequence in (0,1), with limy_ ax, = o € (0,1).
Then, under Hel-Hgb,

im V(SN ayn)) = P p-a.s.

N—o0

Proof of Lemma 14. From Hg3, for ny <ny < N, ¥(Sy,,,) = (Mjy,,,) <
®[(na/n1)MYy,,,], with M}, defined as in the proof of Lemma 7. Since ay —
a, for any € such that 0 < € < min(a, 1 — «) and for N large enough, o — € <

any < a + €. This implies that there exists Ny such that, for any N > N,

o+ €
d(M; <o A
( N,I_ocNNJ) = <Oé — € N,|_(o¢+e)Nj>
and
o+ €
6 o <0 (2 N )
( N,L(a—e)NJ) = o — € N,lanyN]

Hg5(i) then gives

o+ €
o — €

) < QMY o)

N o+ €
< O(My |(aran)) T 01 ( )

o — €

o( *N,L(a—e)NJ) — 0 <

and thus, from Theorem 6,

) . . o+ €
hjf\lffljolip P(My jann)) S boie + 01 (a — 6)
o+ €

= () SO 1)
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p-a.s. The continuity of ¢} with respect to «, see Theorem 4, and lim, ,;+
gi(a) = 0 give limy . ®(My |, n|) = &5 p-a.s. When Hg5(ii) is satisfied,

we obtain

. . a+e€ N
lim sup @(MN)LQNNJ) <9 < ) Dove

N—oo o — €

a+e\171 . o .
[92( —eﬂ Po—e Slminf &My o, n))

a
p-a.s., and the continuity of ¢* with respect to o together with lim, 1+ g2(a) =

1 give imy—oo @(MYy |0 n)) = as pras. O

We return to the proof of Theorem 8.

Consider the matrix My, | associated with the strategy Sy |, n)- Strict
concavity of ®(-) (Hel) and limy—c U(Sy | ayn)) = @4 p-a.s., see Lemma
14, imply My .o~ — MI(E) pras. H,3 then gives Apin(My o n) —
Amin[M(EE)] = 1%, p-a.s. Therefore, there exists Ny (p-a.s.), such that for

any N > ]\[07 )\min(M}kV,l_aNNJ) > 12/2

Define MY, |, v (i, X) as the matrix obtained from My , v by substituting

X for the point X; of the sequence. Hp1-Hg3 imply

1% N * 1 *
PMY, 0w (G, X)] < @My o n)) + mg‘P[MN,LaNNJaf(X)fT(X)]'

Hg4 gives for N > Ny

1% . * 1 * 2
OIMY vy (1 X)] < & N,LQNNJ)+m61(la/2)llf(X)ll- (B.1)

Consider the event £(A,N) = (max—1__n ||f(X;)]] < ANY), with 4" €

-----

(1/7,1/4) where ~ is the constant in H,2 (y > 4).

Conditionally on £(A, N),
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1

Amin MR | o ) (85 X)] > Amain My |0y v)) — TawN] 2%y ||u||=X1[ THX))?
* 1 2 2 /
> )\min( N,LaNNj) - LO‘NNJA N7
Since 7/ < 1/2, there exists N; (u-a.s.) such that
VN > Nl, /\min[ %AQNNJ (’L,X)] > l;/4
Using Hy1-Hg4 again, we get
1 /
(M; < O[MY L X))+ ———61 (15 /4) A> N> . B.2
( N,LaNNJ> = [ N,|lanN| (Z, )] + LOCNNJ 1( a/ ) ( )

Combining (B.1) and (B.2), we get on £(A,N) for N > N; and ||f(X)| <
AN

. . . 1 ) /
[ O[MY v (1, X)] = (MY 0 n))| < m&(%/@f‘ﬁj\f27 :

The bounded difference inequality, see (McDiarmid, 1989) and Theorem 2.2

of Devroye and Lugosi (2001), then gives, on £(A, N):
Prob {¢<M7V,LaNNj) > E{®(My, o ynp)} + t] < exp[—h(N, )],
with

. 2t2 LO&NNJ
M = N @)

Assume that there exists A such that £(A, N) is true for any N. Then, taking

t=ty = [aN]|]™? with 0 < 8 < (1 — 44')/2, we obtain

Prob {@( N,LaNNj) 2 E{@( Nyl_OCNNJ)} + W 1.0. } =0.

We finally show that such an A exists p-a.s. Assumption H,2 implies

Prob{||f(X,)]| > N7} <

30



for some 7" > 0. Since ¢ > 1 [/ € (1/7,1/4)], Theorem 3.5.1, p. 169 of

Embrechts et al. (1997) gives

.....

which completes the proof. O

Proof of Theorem 9.

From Hg2, Hg6, the empirical design measure &, generated by S, (u) satisfies

the recurrence

1
b = ¢(§k) = dr—1 + [1 T mf‘ﬂb(ﬁk—h)(kﬁ) X

[IXz,k (Xk) + I[O’Pk(a)} (Z>IX3,k (Xk’)] )

Fo (&1, Xi) +

where ay is defined by (4), Z is a random variable uniformly distributed in

[0,1], Z4(-) denotes the indicator function of the set A, and

Ho (&1, X, 7) = V(1 = )M (&) +7F(Xe) fT(Xk), f(X0) ST (X))
for some v € [0,1/(1 + ax)].
Since X} is accepted with probability «, ar/k — o p-a.s. as k — oo.

From H,4, there exists K, (p-a.s.) such that for any k > Ko, Amin[M(&x—1)] >
1/2. Since Auin [(1=7)M(§—1)+7f (Xi) ST (Xi)] = [1-1/(14ar)] Amin[M(§-1)]
there exists K7 (u-a.s.) such that for & > K7, Apin[(1 — )M (&—1) + 7. (Xk)
fT(Xy)] > /4. From Hg6, this implies He (&1, Xy, y) > —00(1/4) — 52(1/4)

|f(X3)||*. We can now compute a lower bound on E{¢y|F;_1}. Notice that

E{Fo (&1, X0) T, (X0) + Zio, (0] (2) Ty (Xi) | | Fie 1} =
aFy [€k71§ T@,a(fkq)]
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which gives for £ > K7,

N | So(L/4) + 62(1/4) pa
o Folék—1:To0(&k-1)] — 2(1 + ay)?

E{¢r|Fr-1} > dp—1 +

with py = [ ||f(@)||*(dz), and py < oo from H,2. Using (10), we obtain

o do(L/4) + 6a(L/4) pa '

E{¢w| Fr_1} > br—1 + T ar (05, — Pr—1) — 2(1 + a)?

Assume that limsup ¢5, < ¢’ — 9 for some § > 0. This gives

ad

E{¢| Fro1} > dp—1 + m

(B.3)
for k large enough. E{|¢|} is bounded [from (17), Hs1 and H,4|. The martin-
gale convergence theorem then says that ¢, converges p-a.s. to a finite limit,
which contradicts (B.3). Therefore, limsup,_, . ¢r > ¢%. At the same time,

lim sup;,_, o & < limy_,o (S} = ¢! p-a.s. from Lemma 14, so that

yAk+1 )

limsup ¢y, = ¢, , p-a.s. (B.4)
k—o00
Define T'(B) = inf{k / ¢ > ¢%, + B/k”}, for some ' > 0. On (T(B) = o)

and for k > K7, we have

«a B do(L/4) + 6a(1/4) 1 '

E{¢} — - o~ Pr-
{6, — k| Fr1} < ¢ — ox 1+1+6Lk e 2(1 + ay,)?

Introduce a new variable w;, defined by

B Oo(L/4) + 02(L/4)pa |
1 +a) 2(1 + a;)? 7

k
=1

it satisfies sup, E{|wi|} < oo and E{wy|Fr-_1} < wg-_1, therefore, from the
martingale convergence theorem, there exists ws < 00 such that w, — wso

(p-a.s.) as k — oo. Since YF  1/[i% (1 + a;)] and S, 1/(1 + a;)? converge
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p-a.s., on (T'(B) = 00) ¢y, tends to a finite limit ¢, p-a.s., and ¢o, = ¢%, from
(B.4).

Finally, we only need to show that Prob{U¥_,(T'(B) = o0)} = 1 to complete

the proof. Define oy, = ay41/k. Using Theorem 8 and (16), we get

PI‘Ob {¢k Z ¢:¢k + LO[}{IJB 10} = 0 . <B5)

Kolmogorov’s Theorem, see, e.g., Shiryaev (1996, p. 389), gives
(ajp1 — ka)/(VElogk) — 0 p-a.s.

Therefore, there exists Ky (p-a.s.) such that, for any k£ > Ky, |ap — a| <

log k/\/k. Theorem 4 then gives
* * 1
¢Ock < ¢a + W
for k larger than some K3. Combining this with (B.5) we get
Prob > oF ! L =0
Iro ¢k_¢a+w+mlo = s

so that, Prob{U%_,(T'(B) = o0)} = 1 when ' = min(1/4, 3), which completes

the proof. O
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