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Eric Wolsztynski' Eric Thierryf Luc Pronzato!
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Abstract

In regression problems where the density f of the errors is not known,
maximum likelihood is unapplicable, and the use of alternative techniques
(least squares, robust M-estimation,...) generally results in inefficient es-
timation of the parameters. We consider here an alternative parametric
estimator that was first presented in [13, 12], using an empirical estimate
of the entropy of the residuals as the criterion to minimize. Adaptivity of
this estimator, that is, the property for the estimator of remaining asymp-
totically efficient independently of the knowledge of f (see in particular
[16, 17, 4] and the review paper [10]), is discussed in [14], where we con-
sider a direct approach, as opposed to the Stone-Bickel 2-step estimator,
which involves a preliminary /n-consistent estimator. In the following we
give a detailed proof of consistency of the estimator and discuss the steps
mentioned in [14] to prove its adaptivity.

Keywords: adaptive estimation, efficiency, entropy, parameter esti-
mation, semi-parametric models, robustness, outliers

1 Semi-parametric minimum-entropy estimation
in nonlinear regression : problem statement

We consider the problem of parameter estimation in general nonlinear regression
models. The observations Y; for such models correspond to the measures made
from a parametric model n(6, ), which is a known function of 6 and the design
variable € X C IR?, corrupted by some additive noise € of density f :

Yl:n(éaXl)—i—Elv i=1...,n, (1)
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where 6 denotes the unknown value of the model parameters § € © C IRP.

We first introduce some notations. For F a function © — IR, VF(6) and V2F(6)
will denote its first and second order derivatives with respect to @, respectively
a p-dimensional vector and a p X p symmetric matrix. For g a function IR — IR,
the first, second and third order derivatives are simply denoted ¢’, ¢g” and ¢".
Also, the following assumptions will hold throughout the paper. We suppose
that § € int(©), © = int(0), and that 7(#,z) is bounded on © x X and two
times continuously differentiable w.r.t. § € int(0©) for any z € X, Vn(0,z) and
V21(0, x) being bounded on int(0) x X'. The additive noise (g;) forms a sequence
of independently and identically distributed (i.i.d.) random variables with prob-
ability density function (p.d.f.) f (with respect to the Lebesgue measure) that
we suppose to be symmetric about zero and of unbounded support. f is also as-
sumed two times continuously differentiable, having bounded derivatives f’(.),
f"() and f"'(.), and we suppose that the Fisher information for location

() = [ 1@/ du
exists. For a given measure p on the design variable x, the Fisher information
matrix Mp(0) associated with f and € is given by

M(6) = (/) /X V(0. 2)[Vi(0, 2)] T uldz) 2)

We suppose that Mg () has full rank and that the identifiability condition

/X 0(0,2) — (B, )P p(dz) =0 = 6= (3)

is satisfied.

We know that, under standard assumptions, the Maximum Likelihood (ML)
estimator 6}, is asymptotically efficient, that is,

V(03 — 0 SN (0, M1 (0)).

In the present context, f is not known further to the assumptions made above,
which implies that we are not in the classical situation where ML estimation is
possible, and we need an estimator that does not require the knowledge of f.
The model (1) is then called semi-parametric (as Stein first termed it in [16])
with 8 and f respectively its parametric and non-parametric parts, and f can
be considered as an infinite-dimensional nuisance parameter for the estimation
of #. The ultimate goal is then to define an estimator of 0 that is asymptotically
efficient, i.e. asymptotically normal with minimum variance without requiring
the knowledge of f. In general this proves to be difficult : the presence of a
nuisance parameter of infinite dimension induces the loss of efficiency.

One can refer to [14] for a review of the developments on adaptive estimation.
Our present goal is to provide a proof of consistency (along with other technical



results) of an estimator we presented earlier, which consists in minimizing the
entropy of a kernel estimate constructed from the symmetrized residuals in the
regression model (1). In the next section, we recall some definitions for p.d.f.
estimation and entropy estimation and we introduce some notations used later.
Section 3 contains the main result on the consistency of the estimator for the
simple location model. We also detail further technical points like convergence of
the second order derivative of the estimation criterion to the Fisher information
matrix (subsection 3.2 provides a brief reminder of the rather standard approach
we first considered for proving adaptivity, which motivated these developments).
Finally, some perspectives are given in section 4, where extension to the general
non-linear regression model is considered, although not in full details.

2 Estimation by minimizing the entropy of the
residuals

2.1 Entropy of the true density

Consider the residuals e;(#) obtained from the observations in the regression
model (1), B
ei(0) =Y —n(0, Xi) = ei +n(0, X;) —n(0, X) .

When f is known, the Maximum Likelihood estimator énM 7, minimizes
_ 1 <&
Hp(0) = —— > log flei(9)] (4)
i=1

with respect to 6 € ©. Since H, () = —(1/n) Y1, log f(s;) is an empirical
version of the (Shannon) entropy

oo

H() =~ [ loglfw)f(u)du,
— 00

an intuitive idea is to base the estimation criterion on entropy (minimizing the

entropy of the residuals forces them to gather). The density of e;(6), given X,

is

f€7 X (U) = f(u - n(éa Xl) + n(evxz))

Since entropy is invariant by translation, we shall consider the 2n symmetrized
residuals e;(0), —e;(0), with corresponding density given X;

2 () = 5 [ — (8, X))+ 0(6, X)) + F(u+n(B, X~ (6, X)] . (5)

Other techniques could be considered; we could for instance use un-symmetrized
residuals with the constraint that their median, or their mean, is zero; however,
symmetrization is conceptually simpler and requires less numerical calculation.



We can show that the entropy of the marginal distribution of the symmetrized
residuals,

£ = [ 12 @ntdo) ()
X
is minimum for § = . For this purpose we can use the following lemma

Lemma 1 ([1], Lemma 8.3.1 p.238) Let p(x) and q(z) be arbitrary proba-
bility density functions.

a. If — [ p(x)log q(z)du is finite, then — [°_p(z)logp(x)dx exists, and fur-

thermore

- / " p(a) log pla)de < / " pla) log g()d,

— 00 — 00

with equality if and only if p(x) = q(x) for almost all x (with respect to
Lebesgue measure).

b. If — [ p(x)logp(z)dx is finite, then — [*_p(x)logq(x)dx exists, and the
above inequality holds.

It gives
1) = =y [ | flu @0+ 6.0 vogls2 @] o] uia)

5 L stk n0) — o oioets2 ] ) i

Y

- [ | swodts ] wae) = ).
X —o00
Equality is obtained only if for p-almost all z and almost all u (Lebesgue)

f[u - 77(§7 CL‘) + 77(97‘7")] = f[u + 77(97 .’L‘) - 71(9795)] = f;(u) :

From the identifiability condition (3), this implies § = §. The same is true for
the conditional entropy of the symmetrized residuals

B2} = - [ | [ sztostszawldu) uas)

v

_/X UZ F(u) loglf(w)] du] pldr) = H(f),

with equality attained only if H(fZ,) = H(f) for p-almost all z, which again
implies @ = . Recall now the following classical result in information theory,
see, e.g., [1] p. 239. Consider a random variable B with conditional p.d.f. given
X f¢, and unconditional p.d.f. fZ. Then, H(B|X) = E,[H(f: )] < H(B) =
H(f?) (conditioning reduces entropy). We thus have

E{H(fex)} < H(fS).



Finally, we can perform a local study of H(f$) around § = 6. Direct calcu-
lations give

V()= =0, and V2 f3(u)g—g = ["(u) /X Vi(0,z) [V, 2)] " p(de).

The entropy of f; satisfies
VH() = - [ [log f2() VA (w) du

VH(f) = - /OO f%(ww;w)[w;(u)mu

- / [1 + log £ (u)] V£ (u) du.

Since (flog )" = (1 +1log f)f" + (f")?/f, we obtain
VH(f)jg=g =0, VPH(f5)jp—g = Mr(0), (7)

that is, the entropy H(f?) is locally concave with zero derivative at 6 = 6.
Similar results are obtained for the conditional entropy E, {H (f x)},

Vo e X, Vfés,z(“)w:é =0, VQ ;z(u)W:@ = f/l(u) vn(é7 ‘T) [vn(év x)]—l— )

and ~
VE{H(fx)}o—s =0, VE{H(fZx)}jo—s = Mr(f).

2.2 Estimating the entropy of the residuals
Neither H, () given by (4), H(f$) nor E, {H( ¢ x)} can be used as criteria for

e
parameter estimation, since f and @ are unknown. We thus need to define a
criterion approaching H(f?). We can construct an estimate of this last quantity
by simply plugging a symmetric kernel estimate f,‘f of fJ into the expression
of the exact entropy H(f?). For technical reasons (related to the proof of
consistency of the associated estimators) we introduce a truncation to [—A,,, A,
and the criterion to be minimized for the estimation of 6 is

1,(0) = — / log(f ()] f4 (u)du, (s)

where (4,) is a suitably (slowly) increasing sequence of positive numbers (to be
chosen in accordance with the decrease of the bandwidth h,, of the kernel esti-
mate f, see [13, 12]). Similarly, when a kernel estimate f9 of the conditional
distribution f7 v, can be constructed (that is, for designs with replications, see
[14]), we can plug it in H to approach E, {H(f; x)}.

A second estimator can be defined based on the empirical estimate (1/n)
>, log f(X;) which converges to H(f) from the law of large numbers. We also



plug in the kernel estimate of the density f, yielding the following criterion to
be minimized:

Fa(0) = — 3 log fA(X0), Q

Noting that using cross-validated kernels would reduce the bias for finite sam-
ples, we can also define a variant to that last estimator by

A, (6) =~ Y log [, (X) (10)
=1

where fnl uses all but the it* kernel.

Justifications of the estimators defined above can be found in [14]. In what
follows we only consider the estimator (10). Extension to (8) and (9) can be ob-
tained following similar steps. Only the case of the location model is considered,
extension to a general nonlinear regression model will be discussed elsewhere.

3 Estimation of location

3.1 Model and further assumptions

The observations satisty Y; = 0+¢;,i=1, ..., n, which are i.i.d. with density
f(z + 0). We consider the parameters § € © with © satisfying the following
assumption :

A1l © is a compact set with © C int(0), § € int(O).
We denote L = maxg, g)ceo |6 — 0’| the diameter of ©.

For any 6 € © we form the n residuals e;(#) =Y; —0,i=1,...,n, and use
the symmetrized sample —e;(0), e;(f) which yields the density

1

fol@)=f2"@) =5

2[f(x—|—§—0)—|—f(a:—§+9)]

(f2 depends on @ since the residuals are functions of the parameter, but we omit

the index in further notations whenever it does not affect clarity). We construct
the following estimate of f2(u)

Folw) = 3 (K + K () (1)

to be used to compute H, () given by (10), with




where K(.) satisfies the following standard conditions (see for instance [15]) :

Conditions K
K1 K(.) is symmetric about zero ;
K2 [% |u|K(u)du < oo ;

K3 K is two times continuously differentiable with derivatives of bounded vari-
ation ;

K4 the bandwidth h,, of the kernels satisfies h,, — 0, nh,, — oo as n — oo.

fg is then a kernel density estimate based on the 2n symmetrized residuals
+e;(6). A classical choice is the normal density K (u) = 1/v/2m exp (—u?/2).

We also define a smooth truncation for large residuals. Let U, be such that
U.(z) =U(z|/A, — 1) with

U(z)=1 for z<0,
U(z) =0 forz>1 (12)
U(z) varying smoothly between 0 and 1,

with U'(0) = U’(1) = 0, max, |U'(z)] = d1 < o0, max, |[U"(z)| = d2 < o0,
and (A,) a sequence of (slowly) increasing positive numbers. We consider a
truncated version of the estimator (10) using (12),

. 1 < .
Hy(0) = == log £ i[ei(0)] Unlei(9)] (13)
i=1
where fgz is similar to (11), but does not use e;(6), that is,
A 1
ni(u) = 3 (K5, i(u) + k5, (=) (14)
with

40 = 3 - RE

" =1
We shall make the following assumptions on f.
Conditions F
FO f is symmetric about 0, f(z) > 0Vz € IR and f(x) and |f'(z)| are bounded.
F1 [|log f(z)|f(z — a)dx < oo Va € [-2L,2L).

F2 there exists a positive constant C such that for any x > C, f satisfies
f(z) <1, f(z) and |f'(x)| are decreasing.



F2’ |f"(x)| and |f"(z)| are bounded for x € IR and decreasing for z > C.

F3 there exists a strictly increasing function B such that for all u € IR, B(u) >
Sup|y <y 1/f(y)-

Fa [(f'/f)*f < oo.

F5 [ (f'(x—a)/f(2))*f(z) < oo, [ (f'(z—a)/f(z))f(z) < oo,
J (@ —a)/f(x))*f(x) < o0 Va € [0,2L].

F6 [|f"(z)ldz < cc.

Notice that H,,(f) is two times continuously differentiable w.r.t. 6 € int(0).

. e . 0, .
Convergence in probability when n—oo will be denoted 2 (vg will be used when
the convergence is uniform with respect to 6), and convergence in distribution

will be denoted .

3.2 Three steps towards adaptivity and technical issues

Under common measurability conditions (see, e.g., Lemmas 2 and 3 of [8])
the standard, and rather general, approach for proving the consistency and
asymptotic normality of o minimizing some criterion ﬁn(ﬂ) can be decomposed
into three steps:

A) show that ft[ni(H)gﬁEH(@), n — oo, with H,,(0) continuous in 6 for any n,
and that H(0) < H(0) for any 6 # 0;

B) show that V2ﬁn(9)%V2H(9), n — 0o, with V2H () positive definite (= 0);

C) decompose VH,(9) into VH,(9)+ A, (), with \/ﬁV}_In(é)iN(O, M;) and
VA, (0)20 as n—oo.

The first two points are proved by Theorems 1 and 2, given in section 3.3
below. As mentioned in [14], the uniform convergence in (A) proves the weak
consistency of " ("56). (A) and (B) imply that the second order derivative
of the criterion taken at §™ converges to V2H, (6")2My = V2H(0) as n — oo,
and V2H (0) = Mg(0) from (7).

Finally, consider the following Taylor expansion of VFI”(Q) at 0 = 0",

VH,(0") =0 =VH,(0) + (6" — 0)"V2H[a,0" + (1 — a,)d],

with ay, € [0,1] (see [8] who uses a similar approach for LS estimation). (C)
then implies asymptotic normality, that is, /n (0" — é)id\/ (0,M;* M; M, ).
The adaptivity of §” would then directly follow from My 'M;M; ! = M7z(f),
the inverse of the Fisher information matrix (2).

One may notice that step (C) allows some freedom in the choice of the func-
tion H,(#), even though it would be natural to pick (4), for which the asymp-

totic normality \/ﬁVfIn(g)gN (0, M) holds under standard assumptions, with



M; = Mr(0) (asymptotic properties of the ML estimator). Also, according to
the review [2], \/n-consistency of H,(0) is difficult to obtain, but notice that it is
not a prerequisite for /n-consistency of 8™ (we only need \/nA, (8)20, n — o).

A key step to prove adaptivity of o at step (C) would be to show that

2 (k) (=)
SV ; kD i(ei) + kG i(—ei)

Un(e) SN(0,Z(f))

the term on the left-hand side being the major contribution to \/ﬁVﬁn(é) when
H,(0) is given by (13). The conditions required on the functions f, K and U
for this to hold are currently under investigation. The rest of this paper is
dedicated to proving points A and B.

3.3 Main results

The first result concerns the consistency of the estimator defined by the criterion
(13) and is given by the following theorem. Its proof is given in Appendix C.

Theorem 1 Consider observations having the density f(z —0), 6 € © with ©
satisfying A1, and with [ satisfying conditions FO-F2,F3,F4. Let (6,) be a
positive sequence such that 6, — 0, n76, — oo ¥V~ > 0. Let ﬁn be as defined
in (13) where the kernels K(.) satisfy KO-K4 with h, = n=%52 in K4 and
where U, satisfies (12) with B(3A,,) = n® with B(.) defined in F3. Then, for

a<1/3, f[n(G)%H(G), n — 0o.

Since H,,(#) is continuous in @ for any n and H(f) < H(6) for any 6 # 0,
Theorem 1 implies that the estimator minimizing (13) is consistent : 6750
when n — oo.

Similarly, with slightly stronger conditions on f, we can prove the following
concerning the second order derivative of the criterion. The proof is given in
Appendix C.

Theorem 2 Consider observations having the density f(x — 0), § € © with
© satisfying A1, and with [ satisfying all conditions F. Let (§,,) be a positive
sequence such that 6, — 0, n6, — oo ¥~ > 0. Let H, be as defined by (13),
where the kernels K (.) satisfy K with h, = n~%6, in K4 and where U,, satisfies
(12) with B(3A,) = n®/3 with B(.) defined in F3. Then, for a < 1/7 the

criterion H, satisfies v2ﬁn(0)%’v2ﬂ(0) as n — oo.
Note that under the conditions of Theorems 1 and 2,
V2H, (M) 2V H(9) = MG (0),

see (7).



4 Conclusion and extensions

Extension of the present approach to general non-linear models should be similar
to the results given here, and will be developed elsewhere. As explained in [14]
two situations can be considered in this case, involving either the conditional
entropy of residuals resulting from repetitions at fixed points, or the entropy of
all residuals mixed together. The main difference with the location problem is
in the introduction of dependency of the densities on the model function 7(0, X)
and thus on the regressors X. The general approach should however remain the
same.

The dependence of the kernel estimates (11) or (14) in # makes the derivation
of the asymptotic properties of §” minimizing (8) or (13) much more difficult
than for the minimizer of an approximation of the score-function used in ML
estimation, or equivalently the ML criterion (4). In particular, the adaptivity
of " is still an open question (see point C in section 3.2).

Several methods exist for entropy estimation, and each of them could be used
to define a minimum-entropy estimator. Some do not require kernel smoothing
of the empirical density of residuals, which could be considered as an advan-
tage over the plug-in estimates used in this paper, see, e.g., [18] for a sample-
spacing method and [9] for an approach relying on nearest neighbors (in par-
ticular, the latter applies for samples in any dimension k, and could be used
for minimum-entropy estimation in multiple regression where Y; is then a k-
dimensional vector). However, investigating the asymptotic properties of their
associated minimum-entropy estimators seems a very difficult task. Another di-
rection would be to consider recent developments in parametric estimation via
divergence minimization. In a parametric context (which, for regression models,
means that f is known), the asymptotically efficient estimator of [3], based on
minimizing Hellinger distance, requires smoothing of the empirical distribution
in order to compute its distance to a distribution with density. On the other
hand, the approach used by [5, 6] is based on a duality property that permits
to estimate the divergences of interest without requiring smoothing. The appli-
cation to the semi-parametric problem considered in the paper is an open and
motivating issue.

Appendix

Appendix A : useful expressions and inequalities

We indicate below the expressions of the first two derivatives of the true den-
sity of the residuals and of the kernel density estimators of f2, f¢(e;(6)) and
2, ;(€i(0)) w.r.t. 0, along with an upper bound on their distances. We also give
the first two derivatives of the kernel estimator

) (15)

. 1 & r-Y;
(@) =25 ZK( h
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of the true density f w.r.t. z. For e;(0) =Y; — 0, we have :

D) = —rwira-o) (16)
TN} = 20" (40— 20) (17)
ey} = - >or (B (18)
9 (0, 1< L (Yi+Y; —20
55 {fnile )} (n—1)h2 j_%ﬁK ( i ) (19)
g e} = S () (20)
22 (. 2 " s (Yi+Y; —20
i) = >R (T) 22
i) = SR (T )

Notice that

N . 1 x —e;i(0) z +e;(0) ffiz(r)
fg(f) - 31(90) ~ onh, {K< i > +K( B )} 0
yielding
sup |72(e:(0)) — 12 (es(o)] < 2+ 21O 2RO -y

In the same way we obtain :

sup 3 {Fteon ) = 35 {72 teuton} < 250+ T80 - ZE (o

and

9 (. 0% (. K"(0) K"(0) 4K"(0)
aplgge {00}~ s (2 ceion 1 <2750 250 < S0
(26)

Appendix B : two useful lemmas

In this appendix we give two lemmas that we refer to in the proofs of Theorems
1 and 2.

11



Lemma 2 (Dmitriev and Tarasenko, 1973, p.632) If f and its first r + 1
derivatives are bounded, and {e,} is a sequence of positive numbers such that
hn, = o(e,), there exists a positive constant ¢ < oo such that for sufficiently
large n,
Plsw a0 - 106 -0)] >} < o
y nha t1e2
Lemma 3 (Newey, 1991, Corollary 3.1) Consider a sequence of functions
q1(Y1,0) of the observations Y; and parameter vector 0 € ©. Define Q,(0) =
Yore @t (Y2, 0)/n and Q,(0) = >0 Elq:(Y2,0)]/n. Suppose that © is a compact
metric space and that for each 6 € ©, Q,(0) — Qn(0) = 0,(1). Let h(.) denote a
Junction h : [0,00) — [0,00) with h(0) = 0 and h continuous at 0, and suppose
there ezists a function by(Y;) such that Y E[b,(Y:)]/n = O(1), and |q:(Yz,0) —
(Y3, 0)| < be(Yy)h(d(6,0)) for 0,0 € 6. Then suppee |@n(6) — Qn(0)| = 0p(1).

We shall use this lemma with h(d(6,6)) = d(6,6) = |6 — 6|.

Appendix C : proofs of Theorems 1 and 2

Proof of Theorem 1. The proof is based on Lemmas 2 and 3. We can break
down the difference A, () = H,,(0) — H(#) into three separate terms A,,(6) =
AL(0) + A2(0) + A2 (0), with

BLO = =3 [log 2 eil®)) ~log £2(ei(0))] Ualei(0)
O =~ Y log f2(e(0) [Un(er(0)) — 1

B30) =~ > log ie(®) + [ fi(a)log f2(e)da
i=1

a) Uniform convergence of AL (6) to 0.
Applying Lemma 2, for h,, = o(e,,), there exists a positive constant ¢ such that
for g, as defined by (15),

C

P{sunlin ()~ -0 > 20 | <

nhne

Since the convergence is uniform over ©, shifting the densities g, and f by 6
does not change the last probability, and we can also write

P fO(x) — f° <
{S;lglfn(x) fe(@)] > €n} -
which yields for €], = ¢, + 2K(0)/(nh,), see (24),
A s C
P {flépi 2 (z) — fi(2)| > 5;1} < nhoeZ (27)

12



Suppose now that sup, 4 ; |fgz(x) — fé(x)] < e],. We have

IN

sup ALO) < sup {[log f1(61(6)) = log 2 (eu(0)| Un(es (0)

< sup ‘log f2 (x) —log fi(m)‘~
0,1, |z| <24, ’

For |z| < 24, |[v+(0—0)| < 24,+L, and f3(z) > 1/B(2A,+L) > 1/B(34,) =
1/B,, for n large enough (since A,, — oo and B is increasing). Recalling that
|log X| < [1/X — 1| + |X — 1|, we thus have

swp |72 4() ~ £2() [1() ¥ ftﬂ]

0,1, |x|<2A, "

1
/ Bn/
(1/3 - % ) E"( 1Bn€£«b)
B¢
_ ’ n&
= Bpe, <2+1 B )

and finally, for large n, assuming that B,e!, — 0, sup, |AL(9)| < 3B,e),. It
now only remains to set e, so that Bpel, — 0 as n — oo. Let B, = n%,
for some fixed positive . Then for §, — 0 as n — oo, Bpe, — 0 for any
en = n~%,. Fix now h, = n*aég, so that h, = o(e,) as required by Lemma
2. Then B, (nh,)"t = (n172262)~1 — 0 for o < 1/2. It is thus sufficient to
take av < 1/2 in order to obtain B¢}, = Byne, + B,K(0)/(nh,) — 0. Finally, «
must also satisfy ¢/(nh,e2) — 0 in (27), i.e. nt=3%62

» — 00, which is the case
when o < 1/3. Therefore, for a < 1/3, sup, |AL (6)]20, n — oo.

IN

sup [ A, (0))]
0

b) Uniform convergence of A2 (0) to 0.
Let us consider the expectation of the supremum of |AZ(6)].

£ [swlaie)] < v [Sgpiz o f (ex(6))| U ex(0)) 1|]
<k [}1 > sup flog 12 (e:(#))| 1V (e4(6)) - 1|]
i=1

= R, :/st;p|logf§(x)| |Up(z) — 1| f(z — 0+ 0)dzx .

Since Up(r) — 1, n — oo, in order to prove that R, — 0, we simply show that
[ supg |log fi(z)|f(x — 6 + 0)dx is finite. Writing 2 = 6 — 6, we have |z| < L,
and from F2, forx > C + L,

flx=2)+ flz+2)

: fla=2) < |log f(w+ D)l - L).

h(z) = sup
|z|<L

log

13



F1 then implies

/ h(z)dr < co.
|z|>C+L

For |z| < C + L, we have

h(z) < sup {f(x)}

|z|<C+2L

et )|

h(z) thus has finite expectation since f is bounded and strictly positive from
FO. Therefore, E [supy |AZ(6)|] tends to 0 when n — oo, and Chebyshev’s in-

equality implies sup, A%(G)AO, that is, A%(G)%)O.
¢) Uniform convergence of A3(6) to 0.

For a fixed 6, for n — oo, from F1 the law of large numbers implies the following
pointwise consistency result

> log fr(-ei0) — [ log £2() (o~ 8+ ) = [ log (@) (@)
i=1

Therefore, for any 6, A?L(G)AO. We now prove the uniformity in 6 of the con-
vergence using Lemma 3. For any couple (0,0') € ©2,

log f2(ei(0)) —log f7(ei(¢')) = % {log fZ(ei(0))} é(e -0,
for some 0 = (1 —a)0+a b, a e (0,1), which yields
log 2 (ex(6)) —log (e8] < max LUZ2 L0y,

0eo  f20(cy(0))
veo f(Yi—0)+ f(Yi+6—20)

and, writing z = 2(0 — 0),

o) log £ (o0 AP Etal
log £2(ex(0) —log f2(eu(@)| < max =L S0 ¢,

In order to apply Lemma 3, we need to show that the function

o 2 (i + 2)
be) = ey e T e+ o)

has finite expectation. From F2, for z > C 4 2L,

_2Af -2

o) <=5

14



Assumption F4 implies [ |f'(z)|dz < oo, so that [ .o, b(2)f(2)dz < co.
On the other hand, [|

o] <C42L b(x) f(z)dx < oo is finite since |f’(z)| is bounded
from FO. We thus obtain A;O’L(H)%BO.

|
Proof of Theorem 2. The proof uses similar techniques to the ones used for the
proof of Theorem 1. R
The first order derivative of H,,(0) is given by

vﬁnw):—lZ[gg{ 0} 5 108 2 les0) 5 (Uales)

n, 4

We can break down the expression of the second order derivative of the criterion
H, () into four separate terms V2H, (0) = 2 6) + Vi (2)(0) + V%(3)(9) +
Vi(4)(0), with :

Vi) = -

viw = [0 eon)] UE(Q”

= (72 (eit0))’
20 (g) = _% ; % {20} Maae {Un(es(0))}

2
V00 = ——Zlogleez 89 {Un(ea(®)}

a) Uniform convergence of Vs, (1)(9) to — f $+9 e)f( +6—0)dx.
We can in turn decompose the first term of the bum 1nt0 four sub-terms :

Vi) = ET(0) + E5(0) + B (0) + Ea(0),
with
o - 23[R0 o),
BO - 53 s VO 1, ey ).
E3(0) = —Zaezf{sf; g?)}+/QfII(fcgJ(rze)_e)f(x—eJre)dx,
By 0) = /Wf(wéJr@)dx.

15



We show that B (0)%50 for j = 1,2, 3.
From Lemma 2, for h,, = o(e,,), there exists a positive constant ¢y such that

C2
5.2 °
nhez,

P {sup 6L() = 1 (= = )| > } <

Here again (as in the proof of Theorem 1, and using (17), (20) and (23)), we
can also write

p{supw {foteon} - o (@)} > 2} <

n-nz

which yields for ], = 2e,,, +4K"(0)/(nh3) (see (26))

C2

P{bupl T e} 2o getony > } T

Suppose now that sup; |§—; { 3 1(61(0))} - g—; {f(ei(®))}| < e, Suppose
also, as in the proof of Theorem 1, that sup; , |fgz(el(9)) — f2(e;(0))| < e, =
en + 2K(0)/(nhy,). For |z| < 24,, |x £ (0 — 0)| < 24, + L, and fi(x) >
1/B(2A, + L) > 1/B(3A,) = 1/B,, for n large enough (since 4,, — co and B
is increasing). Let S = sup, f”(z). Then, recalling (17),

G{fe e} 2 s,
su 1 su < nt 867 c(ei(0))} e
gp\En(e)l < p 7 8 75 (e:(0)) Un(ei())
< swlie {fm( <>>}—%{f§<ei<o»} g )
s 1
+eup 802 2 20 }’ 0))  f(ei(0)) Unlestf))
sup — na U, (e;(0
= T ey )
" X 7_ 1 _ 1 e
+sp2|(e) +0 = 00| 5 = | Une0)
E;lz su " Py n__ 1 _ 1
= e,i,le\lgmn Ag’i(z)+6,i,|z|E2An2|f( +0-9)| Ag,i(z) fg(z)‘
, 1 2Se! By,
< ¢
SO E ) (& )
1 , B2
= BT TR

n-=n

= (Byel, +28e,B2)(1 — Byel,) .

n

16



Considering this last expression, we need to set By, £y, and €/, so that Bye;,, —
0, Bnel, — 0 and B2/, — 0 as n — oo. For this, let §,, satisfy 6, — 0 and
nYd, — oo for any v > 0. For some o > 0, we then write €, = €,, = n™%),,
so that ¢, — 0 as n — oo. Since h,, = o(e,,) is necessary for Lemma 2, we fix
hyp =n=%62.
Then, by fixing B,, = n®/3, B,¢’, is of the same order as n=2%/3§,, 4+ (n'~42/352)~1,
Taking o < 3/4 is sufficient for this term to tend to 0 as n — oo.
Using the same approach, for large n, B¢/, behaves like n=%/3§,,+(n'=22/3§2)~1,
in which case choosing o < 3/5 leads to (n'=°%/352)~1 — 0, i.e. to B2e!, — 0.
Also, Byel,, behaves like n=2%/35, + (n!=102/368)=1 " In this case, taking
a < 3/10 allows convergence to 0 of this term.
On the other hand, o must also satisfy ¢/(nh,e2) — 0, i.e. , and
co/(nhieZ ) — 0, ie. n'~"§7 — oo. Taking a < 1/7 is sufficient for these
conditions to be satisfied. Taking o < 1/7 is therefore suitable for all terms to
tend to 0, that is, for E}l(e)‘ifo.

We obtain uniform convergence of E%(6) to 0 using the same approach as in
point (b) of the proof of Theorem 1, showing that E[sup, |ES(0)|] converges to
0. We have

1-3a 54
n o

£ [sup 30

1 (| 0
< E l5%p n ; 802 {f }‘ fs ez ‘Un(ez(e)) - 1|‘|
<EE;MMWWQ W Sy Unlest0) -1

_ | (Y + 6 — 26))| Oy 1Y — NIV
- /%?f(_m+ﬂn+%4®mmze>lwm 0)d;

where we used (17). Since U, (z) — 1, x — 0o, we only need to show that

"ny. 0 _
I /Sup |£"(Yi + 6 — 20)]

P TV, — ) 1 (v 0 —20)) - DAY <0

Let z = 2(0 — 0); we have
_ |f"(z + 2)]
7= /Zs<112pL o)+ f(x+z)f(x)dx'

Using the assumptions F2 and F2’ that f(z) and |f”(x)| are decreasing for
x > C, we obtain for z > C' + 2L

Fl@+2)] (@ —2L)
SR T@ + fata) — f@)

17



This term has finite expectation since f” is integrable. The integral for |z| <
C + 2L is also finite since f(z) > 0 and |f”| is bounded. We can then conclude
using Chebyshev’s inequality that EZ (0)6/’30.

Pointwise convergence of EF () to 0 directly follows from the weak law of
large numbers : E§L(9)£>O when n — oo. To prove uniform convergence using
Lemma 3, we consider for any 6,6’ € © the difference

2 2
5 = ooz {F(ei(9)}y G {F2(ei(9))}
' fe(ei(8)) felei(d)
4f"(Y; — 20 + 0) 4f"(Y; — 20" +0)

fYi=0)+ f(Y;=20+60)  f(Y;i—0)+ f(Yi—20 +90)
= gi(?)*giw/)

g:(0)(0 — "),

for some § = (1 —a)f + a @, a € (0,1). We have

|6 ]

IN

max|g;/ ()16 - '

“8M(Yi—20+6)  8f"(Vi—20+0)['(Yi—20+0) |

6 |f(YVi—0)+f(Y;=204+0)  [f(Y;—0)+ f(Y;—20+0))
= AJ6-0|.

Now, rewriting z = 2(6 — 6),

_ Lf" (ei + 2)] Lf"(ei 4+ 2)[|f' (€ + 2)]
A < 8 A et o) S e £ fa t )P

i @D @+ 2)
A8 F@+ fa+ ol

by (0) — max L@+

zl<2l f(z) + flz +2)° bo(z) =

To apply Lemma 3, we thus need to show that these two functions have finite
expectation over x, i.e. that

/bl(x)f(x)d;v < 00, /bz(ac)f(x)dx < 00.
Consider first the function b;. Since |f"’(x)| is decreasing for z > C' from F2’,
we obtain for > C' + 2L
/" (x = 2L)]
fl@)

and f|3:|>C+2L by (z)f(z)dr < oo from F6 and F2’. The integral of b;(z)f(z)
for |z| < C + 2L is also finite since f(z) > 0 and |f"”| is bounded. Consider

b (z) <

18
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now the second function be. Since |f’(x)| and |f”(z)| are decreasing functions
for x > C from F2 and F2°, we have for x > C 4+ 2L

[f"(x = 2L) f'(x — 2L)|
(f (2))?

The Cauchy-Schwartz inequality gives

(e — 2L)f'(x — 2L)
/ ()2 fo)d

< [ (Pe22) o f (Le22) st

which is finite from F5. The integral of bs(z) f(x) for |z| < C + 2L is also finite
since f(x) > 0 and |f’| and |f”| are bounded. Lemma 3 then implies

bg(l‘) <

1/2

v2(1)2;£’n_>oo, M — 0+ 0)dz.
2 2 [ LD pa— 0+ 0)is

’ 1 2 _
b) Uniform convergence of vi® (0) to [ (“%(i)_e)) flx —0+0)dz.
The second term vi@)(e) of the decomposition of V2H,(#) can be treated
using the same approach as for the first term. We can decompose V?L(Q)(G) into

F(0) + F}(0) + F3(0) 4+ Fu(0), with

~ 2
o) (a%{fﬁ,i(ei(a))}) _(go{fg(ei(e))}>2 Uen(0).

Il
S

£2 i(es()) fe(ei(9))

FO) =~y LA HCION A A
w2\ Fed)
n 0 sei 2 /.Z' n_ 2 B
F?’)!L(e) — rrllz<00 {fe( (9))}> _/(f( +0 9)) f($—9+9)d.%‘7

Fi(0) = /(w)zf(x—e—l—@dx.

. . 0, .
First, it can be shown for n — oo that F7'(0) ~20, similarly to what was done
for the term E7(6). From Lemma 2, for h, = o(en,), there exists a positive
constant ¢; such that
¢

P {sup 60() — 1z — B)] > } <

= h3g2
nhies
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Using (16), (18) and (22), we can also write

p{s;lg;; {Foteon} o5 12 estON} | > } < e

which yields for €], = e,, +2K'(0)/(nh2) (see (25))

d (a4 9 (s /
P {i‘,%’ 55 {f1 (@00} = 55 {2 (00} > } <
Suppose now that
d | 9 s /
supl g {71 (0} - g5 UelesON}] <. (28)

From here, supposing, as in the proof of Theorem 1, that sup; , \f&i(ei(e)) -
fi(ei(9))] < e, = en + 2K(0)/(nhy,), the calculations are similar to those of
point (a) for the term E}(6). We have

sup ’Fi(&)‘
0

(ei(0))

o) £ 2 2
AU AN ES0)
< 2\ " e ‘(aefs<ei<9>> ) Jrlede
. o N Ul
< sl (G {#eon}) - (G Uzeon) e
1 1 0 2 .
+S}1£) (ﬁg i(ei(g))>2 - (f;(ei(e)))Q %{fe(ez(e))} Un(ei(0))
= wp| 2L o)} - 2 {f‘“’(ei(9))}’
8 0 (el 9 _Un(ei(6))
|2 e} + 2 (g }] o]
+ sup L 5 — L S| | f/(es(0) + 6 — t9| Un(e;(60))
e (fs,xei(e))) (fé(e(6)))
¢ (st ) S,
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+sup |[—— S I |£(ex(8) + 0 — 0)[ Un(es(9))

o (ffh i(ei(ﬁ))) )

o f2. e 0))]
+sup ! - ! ‘f’(e'(9)+§—9)’2U (es(9))
b (F0 o) (e’ e
< s e (2SI 0))
i,0,|2|<2A, le(z)‘
1 1 = 2
su — "(z+6-10
+i,9, \z\I<)2An ( Afw.(z)>2 (fes(z))z |f (z+ )‘
Notice that for |z|] < 24,
1 1 _ 1 1L
(f0 ()2 (fe(@))? o) fE@)| | () fia)
@)= f@)| )
= = - +
o @) f@) | fL () fi(@)

e B3 1
— |1+ —F].
1—-¢€l B, 1—-¢ B,

With F = sup, | f'(2)], |5 {f2(ei(0))} | < F and

3Fe! B2 F?¢! B3 1
. Fn 6 < ni n n n 1 .
b‘;p| () < (1 —¢! By)? + 1—¢ B, ( * 1—5;Bn>

We thus need to show that &), B, — 0, e/, B3 — 0 and ], B2 — 0 when n — ooc.
As previously, we define ¢,, such that §, — 0, n?d, — oo as n — oo. Fixing
a > 0, we write &,, = £, = n~%§, and h, = n~%§2 so that h,/e, — 0 as
necessary for Lemma 2. Now, let B,, = n®/3.

B3e!, behaves for large n like 6, + (n' 72*62)~!. Choosing o < 1/2 then ensures
that B3¢/, — 0.

The second term B2e/, behaves like n=%/35,, + (n!=82/351)=1. We then need
to take o < 3/8 to obtain Bie), — 0.

Also, B,el, tends to 0 for o < 3/4 as before.

On the other hand, o must also satisfy ¢/(nh,e2) — 0, i.e. n!73%§% — oo, and
c1/(nhde? ) — 0, ie. n'75*5 — oco. Taking o < 1/5 is sufficient for these
conditions to be satisfied.

Taking o < 1/5 therefore gives F,}(@)%EO. Notice that o < 1/7 from point (a)
is therefore admissible here.
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The proof for uniform convergence of F2(6) to 0 is similar to that of E2(6).
Here,

£ [sup 70

- (5’9 (2 (e:(0))}

fg(ez(e)) > (Un(ei(e)) - 1)

IN
=
0

Sy
ko]
\

fe(ei(0))

FYi+8—26) v oy
/S‘ép4<f<m9‘)+f<méza>) Un ¥ = 6) =11 £(¥: = B)dY;

n 0 (fs(e ? ]
< B|1y e (09 o *””) (Unes8)) ~ 1)

where we used (16). Since Uy, (z) — 1, z — 00, we only need to show that

F(Yi+ 0 —26) ? _
z= /b“p<f<y A 2@) f¥: = 0)dY; < co.

Writing z = 2(6 — ), we have

1- [ o (5t o

and for z > C + 2L we have from F2 that

. < et 2) > ) (f’(w - 2L>>2
sl<2r \f (@) + fz + 2) f(z)
which has finite expectation from F5. The integral for || < C'+ 2L is also finite
since f(xz) > 0 and |f’| is bounded. We can then conclude using Chebyshev’s
inequality that F2 (9)(2/’50.
The proof for uniform convergence of F3(6) to 0 is similar to that of E3(6).
Here again, the pointwise convergence of F2(#) to 0 directly follows from the

weak law of large numbers. In order to prove uniform convergence using Lemma,
3, we consider the following difference §;

O o] L[ L
5, [92 {feu(e))}] e, [aez{feu(e))}} TP
R ) ALY, - 200 + )]
M=)+ f(Yi+0-20)2  [f(Y:—0)+ f(Y; + 0 — 20')]2
— 0(6) ~ 0.®)
= @8,
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for some § = (1 —a)f + a#’, a € (0,1). We have :
6] < max|gi(6)][6 —¢']
0

‘—16f’( — 204 0)f"(Y; — 20 + 0)

g [F(Y; = 0) + f(V; — 20+ 6)]?
16 [f’(Y,» —2§+(§)}3
+ _ SN
[f(Y; = 0)+ f(Yi —20+0)]3
- A9
Rewriting z = 2(f — 6), we have
| et 2t ) et a)p
SR v o ey s R 5 A P ey T
Let
|f (@ + 2)|f" (= + 2)| |f'(z +2)]?

SR A TE R ras) S 1 s o

The function bs is identical to the function by in point (a), which has finite
expectation under F2, F2’ and F5. From F2, for x > C + 2L, we have

|f'(z = 2L)°
(f(=))®

The Cauchy-Schwartz inequality then gives

Jocomerse < [[ (25520 s [ (LY ]

which is also finite from F5. The integral of by(z)f(z) for |z| < C + 2L is also
finite since f(x) > 0 and |f’| is bounded. The difference ¢; is thus bounded by

. . 0,
a function that has finite expectation. Lemma 3 then implies FJ (6)~20.
We can therefore conclude that

V2 ()%, / <W>2 Fle—0+0)da

¢) Uniform convergence of v2e) (0) to 0.
We can break down this term into

b4((E) <

0 £
v 2o [E @O} 2 peon] o 3
Vi) nz[ 7 ) @) | 78 UneON}
. naa{feez ))}teH -
; 7 () 00 @O
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By construction, for A’(z) < d; as assumed with (12),
dy/Ay. From this,

N} <

o i o s
o G {FdeO)} 8 o))
Slép ‘VEL 3 (9)} < An S;:lg) f ( ( )) BQfCS(ei(e)) X I\Gi(9)|<2An
4—2d1 Z su {f ei(0))} x 1 (29)
A, n p 69 e 7/ f les (0)]<2A,
From the weak law of large numbers, for n — oo,
1 D ! X g — 0 —
*Zsup e sogy 2 [P
|f'(z +6—0)| 3

— [swlre 8- o)z

which is finite from F2. The second term of the right-hand-side of (29) therefore
converges to 0 with A1 when n — oo. Assume as in the proof of Theorem 1

that sup;, o |fﬁz(el(9)) — fi(ei(0))| < el, =en+2K(0)/(nhy,), and suppose that
(28) holds. Using again F = sup, |f'(2)], | % {f3(e:(0))}| < F from (16), and

0 (@) — f3(x)
fg,i(x)ff )

11
fg,i(ff) fe(=)

and the first term of (29) satisfies

S{R@OD} 2 (o)

)

2d
Tl sup; ¢ 0 - (e (0 X I‘Ci(a)|<2An
: @) 20)
2dy 0 (s 0 .4 1
< -1 _ (e _ . _
< Tl {fn,xez(e))} a0 O
+ su = ez X Iei n
i7£ fn’i(ei(e) fs ez | ‘ {f ] le;(0)]<2A
2d; , 1
< — |sup €, =——— X I},
— A’I’L i7£ ni fs)z(el(o)) | 1(9)|<2An
+Sllp ! - 1 |f/(€(9)+é—9)|><] (0)|<2A
0o | J0i(ei(0)  Fele®)) ] ey
< 24 sup e !
- An 3,0, |z|<2A, " fﬁ,l(x)
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1 1 =
+  sup - fllx+0—6
0,0, lel<24, | fO (x)  [(2) 17 )
! !/ R2
< % Enan 6TLBn F
S A, T-Bnel T1-Bel

which converges to 0 in probability with A1 when n — oo, provided that
! B, — 0 and ¢/,B2 — 0 as in points (a) and (b). We can therefore conclude

that V,ZL(3)(9) %)O for the choices of B, ,, h, made before.

d) Uniform convergence of Vi@ (0) to 0.
We decompose this term into

VO0) = > [loa £ (ex(0) — log f2(ex(0))] g (Unlei(®)
i=1
I 9?
2> log £2(ex(6)) s {Un(ex(6))) (30)
i=1

For n — oo, it follows directly from the weak law of large numbers that
I _
> suplog £2(ex(6)| > [ sup log (@) o+~ O)d
i=1

which is finite, as shown in point (b) of the proof of Theorem 1. By construction,
with A”(z) < dy as assumed with (12), |(§9—922 {Un(ei(0))}| < da/A2. Therefore,
considering the second term of the right-hand-side of (30),

sup 20

0

" 2
iglogf;*(ei(e))(feg{Un(ei(9>>}| <t

% ; s[glp | log fS(ev(a)”

with A2 when n — co. Consider now the first term of the right-hand-side of
(30). We have

n

L3 [log 2 es(0)) o 52 (ex(6)] 30 {Un<ei<e>>}|

i=1

sup
0

d £ s
< B sw g fl (@)~ log £2()
n 1,0, |z|<24,
. 1 1
< sup 0 (x) — fi(x ‘ -t =
AL i, el<24, 1T (@) (@) f8 () f?(w)‘
<

dy 1
e <BL —e B")
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which converges to 0, as shown in the proof of Theorem 1. In conclusion, both
terms of the breakdown of sup,

Vo (9)‘ tend to 0 as n — oo, which implies
VZM)(H)WO for the choices of B, €y, h, made before

e) Uniform convergence of v2W(e 0) + vz () to VZH(0).

So far we have proved that V5 (1)(0) + V2 (2) (0) ~ e ~2 E4(0) + Fy(0). Tt remains to
show that E4(0) + Fy(0) = V2H (). We have

E4(0) + Fu(0)

:_g/f%?;;_wf@—9+emx+/[ﬂ@2¥;4ﬁrf@

Writing z =2 +60 — 0, z—v =2 — 6 + 6, we obtain

— 0+ 0)da.

__ [z A"(2)*f (=)
Ea(6) + F(0) = f(2)+ f(z— v)d " / (f(2) + f(z — u))Qd D

Define now

A, PEIE-v)

A2) dz{2f<z>+f<zv>}
2" f(z—v) 2/ (—v) 2SS - )
CES CED R CETiCED)

yielding
T CY s J Y POy
[CESICEDE 2/A( ) +4/ GESICED

Substituting this last expression in (31), we obtain

Eu(0) + Fy(6) = /A )z + 4 sz
[ APOfE)
/ [f(2) + f(z = v)]gf( )

Now, since, from FO, F2,

f@)fle—v) _  f(z)
f@)+ flz—v)

0
(@) —lz|—oo Y,
I+ 7w
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we have

[ o= Pyl e

Furthermore, using the mapping y = —z + v, and since by hypothesis f is
symmetric about 0 (and thus f’ is antisymmetric, i.e. f'(—z) = —f'(z)), we
have

AP (== v) A (- )
T = z—v)dz = dy,
/[f<z>+f<z—v>ff( ) /m e op 0

which, rewriting, gives

Af'(2) 1 (z = v)
1=
/[f( )+ f(z=0)]

0.

5f(2)dz

From this we obtain

_IHT [,
2 1)+ 7 —v)

From the last expression of E4(0) + F4(6), we thus have

E4(0) + Fu(0) = W‘l‘/ f(jj;,fzz—:))ff( i

(2)
z)f’(z—v (z — )
/f )Jrf(Z*U /f Jrfz—v
&z =)
I )+f(Z—v

E4(0) + Fu(0) = / fllx—10 +Jf££)(x +60—6)

Consider now the second order derivative of H(#) w.r.t. 0

dz . (32)

2 O s ()
ViH(0) = - / %{f:(@}(ulogf:(x))m / de

Notice that

1@~ 840+ (@ 45— 0)] = o (2 (w)).

l\D\H

G @) =

Using this last result we can write

[ G U@ (4 0g 2 o
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d2

= | g @)} (1 +log fo(2)) da
d ., N d ., S|
= [Feeorosne)| - [(Fe) g e
We can rewrite the first term of this last expression as
d too
U s @)
TR R N 2 CHC); e
]+ ( N ><2x/fe()1g\/fe())]oo

Here, [L {f:(2)}] irz = 0 from FO and F2, and within the second term of the
sum, the square of the first factor integrates to the Fisher information, which
is finite, while the second factor tends to zero since zlogz — 0 as z — 0 and
f2(z) — 0 as |z| — oo. Therefore £ {f3(z)}log f3(z) — 0 as |z| — oco. Finally,
it remains from (33) that

vin = [, [ G,

fe(x) fé ()
_ /(f’(z§+0)+f’(z+§0))2dz
Afe(x)
_/(f’(x—9+9)—f’(x+9—9))2dx
4fe(x)
_ f’(m—é+0)f’($+§—0)dx
fe(x) '

Comparing this last result to (32), we obtain
E4(0) + Fu(6) = V3H(0),

i.e.
V2, () %2 V2H ()

with the choices of B,,, h,, indicated in the theorem.
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