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RESUME :

Nous montrons que le nombre de choix du carr’e d’un graphe subcubique de degr’e moyen maximum inf’erieur ‘a 18 /7 est
au plus 6. Ceci implique que le carr’e d’un graphe planaire subcubique de maille au moins 9 est 6-choisissable. Ensuite, nous
montrons que le nombre de choix du carr’e d’un graphe planaire subcubique de maille au moins 13 est au plus 5.
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ABSTRACT:

We first show that the choose number of the square of a subcubic graph with maximum average degree less than 18/7 is at
most 6. As a corollary, we get that the choose number of the square of a planar graph with girth at least 9 is at most 6. We then
show that the choose number of the square of a subcubic planar graph with girth at least 13 is at most 5.
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Abstract

We show that the choose number of the square of a subcubic graph with maximum average degree
less than 18/7 is at most 6. As a corollary, we get that the choose number of the square of a planar
graph with girth at least 9 is at most 6. We then show that the choose number of the square of a
subcubic planar graph with girth at least 13 is at most 5.

1 Introduction

Let G be a (simple) graph.

Let v be a vertex of G. Its neighbourhood, denoted N¢(v) is the set of its neighbours, i.e. is vertices
y such that zy is an edge. The degree of a vertex v in G, denoted dg(v), is its number of neighbours.
Often, when the graph G is clearly understood from the context, we omit the subscript G.

A graph is subcubic if every vertex has degree at most 3.

Let p : V(G) — IN. A p-list-assignment is a list-assignment L such that L(v) = p(v) for any v € V(G).
G is p-choosable if it is L-colourable for any p-list-assignment. By extension , if k is an integer, we say
that G is k-choosable if it is p-choosable when p is the constant function with value k& (i. e. p(v) =k for
all v € V). The choose number of G is the smallest integer k such that G is k-choosable. Clearly the
choose number of G is at least as large as x(G) the chromatic number of G.

The square of G, is the graph G? with vertex set V(G) such that two vertices are linked by an edge
of G? if and only if x and y are at distance at most 2 in G (either xy is an edge or z and y share a
neighbour). Formally, E(G?) = {zy, (zy € E(G) or 32 € N(z) N N(y))}.

Wegner [4] proved that the square of a subcubic planar is 8-colourable. He also conjectured it is
7-colourable.

Conjecture 1 (Wegner [4]) Let G be a subcubic planar graph. Then x(G?) < 7.

*Partially supported by the Integrated Project IST-15964 AEOLUS



. 2vevie)Uv)  2|E(G)|
The average degree of G, denoted Ad(G) is V(G| VG

The mazimum average degree of G, denoted Mad(G), is max{Ad(H), H subgraph of G}.

In [1], Dvoidk, Skrekovski and Tancer proved that the choose number of the square of a subcubic
graph G is at most 4 if Mad(G) < 24/11 and G has no 5-cycle, at most 5 if Mad(G) < 7/3 and at most
6 if Mad(G) < 5/2.

A graph is called planar if it can be embedded in the plane. The girth of a graph is the smallest length
of a cycle in G. Planar graph with presrcibed girth have bounded maximum average degree:

e . . . . 4
Proposition 2 FEvery planar graph with girth at least g has maximum average degree less than 2 + 73

Hence the results of Dvoidk, Skrekovski and Tancer imply that the choose number of the square of a
planar graph with girth g is at most 6 if g > 13, at most 5 if ¢ > 14 and at most 4 if g > 24. The two
later results had been previously proved by Montassier and Raspaud [3].

In this paper, we improve some of these results. We first show (Theorem 4) that the choose number of
the square of a subcubic graph with maximum average degree less than 18/7 is at most 6. As a corollary,
we get that the choose number of the square of a planar graph with girth at least 9 is at most 6. We
then show (Theorem 9) that the choose number of the square of a subcubic planar graph with girth at
least 13 is at most 5.

2 The main results

The general frame of the proofs are classical. We consider a k-minimal graph, that is a subcubic graph
such that its square is not k-choosable, but the square of every proper subgraph is k-choosable. We
prove that some configurations (i.e. induced subgraphs) are forbidden in such a graph and then deduce
a contradiction.

An i-vertex is a vertex of degree i. We denote by V; the set of i-vertices of G and by v; its cardinality.
Let v be a vertex. An i-neighbour of v is a neighbour of v with degree i. The i-neighbourhood of v is
N;(v) = N(v) NV; and its i-degree is d;(v) = |N;(v)].

Some properties of 6- and 5-minimal graphs have already been proved in [1]. The easy first one is
that Vo U V7 = 0, so G has minimum degree 2. This will allow us to use the following definitions for 6-
and 5-minimal graphs.

Definition 3 Let G be a subcubic graph with minimum degree 2.

A thread of G is a maximal induced path of G. In other words, it is a a path whose endvertices are
3-vertices and whose internal vertices are 2-vertices.

The kernel of G is the weighted graph K such that V(K) = V3(G) and zy is an edge in K with weight
1 if and only if  and y are connected by a thread of length [ in G. An edge of weight [ is also called
l-edge.

Let x be a 3-vertex of G. The type of x is the triple (I1,l2,13) such that [; < Iy <3 and the three
edges (A loop is counted twice.) incident to = have weight [1, lo and I3 in K. We denote by Y, 1,1,
the set of 3-vertices of type (I1,12,13) and v, 1, 1, its cardinality. Moreover, for every integer ¢, we define
Z; = Ul1+l2+l3:1‘ Yi, 1,05 and z; = |Zi|'

The number of vertices and edges and thus the average degree of a subcubic graph G with minimum
degree 2 may be easily expressed in terms of the z;:

Vel = Y s




20E(G)| = D iz
i>3
Zi i.Zi

Ad(G) = Zjigz;lz (1)
i>3 2 “i

2.1 6-choosability
The aim of this subsection is to prove the following result.
Theorem 4 Let G be a subcubic graph of maximum average degree d < 18/7. Then G? is 6-choosable.

In order to prove this theorem, we need to establish some properties of 6-minimal graphs. Some of
them have been proved in [1].

Lemma 5 (Dvoidk, Skrekovski and Tancer [1]) Let G be a 6-minimal graph. Then the following
hold:

1) all the edges of K have weight at most 2;
2) every 3-cycle of G has its vertices in V3;
3) every 4-cycle of G has at least three vertices in Vs;
4) a vertex of Ya 2.2 is not adjacent to a vertex of Y122UY229.
We will prove in Subsection 3.2 some new properties.
Lemma 6 Let G be a 6-minimal graph. Then the following hold:
5) if (v1,v2,v3,04,01) 1S a 4-cycle with vo € Vo then vy or vs is not in Zs;
6) a vertex of Y129 is adjacent to at most one vertex of Y122 by 2-edges.

Proof of Theorem 4. Let G be a 6-minimal planar graph. G has minimum degree 2, so its kernel K
is defined. Moreover by Lemma 5-1), Z; is empty for ¢ > 7 and Zs = Yo 22 and W5 = Y] 29.

Let us consider a vertex of Z4 = Y71 2. Its neighbour via the 2-edge is in Z4, U Z5 U Zs because a
vertex of Zz = Y7 1,1 is incident to no edge of weight 2.

For i = 4,5,6, let Z: be the set of vertices of Z; which are incident to a vertex of Z; by their unique
2-edge and z{ its cardinality. (Z3, Z3, Z9) is a partition of Z4 so 24 = 2§ + 23 + 28.

Hence Equation (1) becomes

626 + Bzs + 425 + 423 + 425 + 323
Ad(G):§z 5 36 5.5 3.1 .
5% + 225 + 520 + 520 + 524 + %3

By Lemma 5-4), the three neighbours of a vertex of Zg is not in Zg U Z5. So they must be in Z$. It
follows that 3z = 2. So
bzt 628 + 423 + 421 + 323
25+ 2204+ 220 + 32h 2y

Ad(G)

By Lemma 6-6), a vertex of Z5 is adjacent to at least one vertex of Z7. Thus z5 < 23.
But Ad(G) is decereasing as a function of 2° since 2§, 23, 2} and 23 are non-negative. It follows that

625 + 925 + 423 + 323 L 18

Ad(G) > .
@ 3+t ts — T



Remark 7 Theorem 4 is tight. Indeed, the graph J; depicted Figure 1 has average degree 18/7 and its
square is the complete graph on seven vertices K7 which is not 6-choosable (nor 6-colourable).

J7

Figure 1: The graph J7

Theorem 4 and Proposition 2 yield that the square of a planar graph with girth 9 is 6-choosable.

Corollary 8 The square of a planar graph with girth 9 is 6-choosable.

2.2 5-choosability

Dvofak, Skrekovski and Tancer [1] proved that the square of a subcubic graph G with maximum average
degree less than 7/3 is 5-choosable. This result is tight since the graph Js depicted Figure 2 has average
degree 7/3 and its square is the complete graph on six vertices K¢ which is not 5-choosable (nor 5-
colourable).

Js

Figure 2: The graph Jg

However, we will prove that the square of a planar graph with girth at least 13 is 5-choosable, which
improves the result of Montassier and Raspaud.

Theorem 9 The square of a planar graph with girth 13 is 5-choosable.

In order to prove this theorem, we need to establish some properties of 6-minimal graphs. Some of
them have been proved in [1].

Lemma 10 (Dvoidk, Skrekovski and Tancer [1]) Let G be a 5-minimal graph of girth 13. Then
the following hold:

1) all the edges of K have weight at most 3;
2) ifi > 8, Zg is empty.
We will prove in Subsection 3.3 some new properties.
Lemma 11 Let K be the G be a 5-minimal graph of girth at least 13. Then the following holds:

3) A vertex of Ya 23 and a vertex of Y193 UY2 23 are not linked by a 2-edge.



4) A vertex of Y133 and a vertex of Y123UY1 33 are not linked by a 1-edge.
5) A vertex of Ya 22 is not adjacent to three vertices of Y223 (by 2-edges).

Proof of Theorem 9. Let G be a 5-minimal planar graph with girth at least 13. G has minimum degree
2, so its kernel K is defined. Moreover, by Lemma 10-1), Z7 = Y323 U Y1 3.3, so

Z7 = Y223+ Y1,3,3- (2)

Let us count the number ey of 2-edges incident to vertices of Y5 2 3. Since 2-edges may not link two
vertices of type (2,2, 3) according to Lemma 11-3), we have ea = 2y 2 3. Moreover, the end of such edges
which is not in Y5 5 3 has to be in Y5 29 U Y] 30 U Zy by Lemmas 10 and 11-3). Furthermore, a vertex of
Y522 is incident to at most two edges of es according to Lemma 11-5) and a vertex of Y7 22 (resp. Z4)
is incident to at most two (resp. one) 2-edges. Therefore eq < 2y3 2.2 + 2y1,2,2 + 24. So,

2y223 < 2y222+2y1,22+ 21 (3)

Let us now count the number e; of 1-edges incident to vertices of Y7 3 3. Since 1-edges may not link
two vertices of type (1,3, 3) according to Lemma 11-4), we have e; = yi1 3,3. Moreover, the end of such
edges which is not in Y5 5 3 has to be in Y720 UY1 13U Z4 U Z3 by Lemmas 10 and 11-4). Furthermore,
vertices of Y1 90 (resp. Yi13U Zy, Z3) are incident to at most one (resp. two, three) 1-edges. Thus
e1 <y1,2,2 +2y1,1,3 + 224 + 323. So,

Y1,3,3 < Y1,2,2 + 291,13 + 224 + 323 (4)

2 x (4) + (3) yields 2y223 + 2y1,3.3 < 2y2.22 + 4y1,2,2 + 4y1.1,3 + 524 + 623. Hence by Equation 2,
227 < 22 + 425 + 524 + 623, sO

5
27 < zg + 225 + 524 + 3z3.
Now by Equation 1 the average degree of G is

_ Tz7 4+ 626 + 525 + 424 + 323

Ad(G) = 3 = 3 .
27+ 526 + 225 + 524 + 23

As a function of z7 this is a decreasing function (on R™), so it is minimum when z; is maximum that
is equal to zg + 225 + %z4 + 323. So, :

1326 + 1925 + 24 + 2423 26

Ad(G) >
( )_ %Zﬁ+825+924+1023 1

This contradicts the fact that G has girth 13 by Proposition 2. 0

It is very likely that using the method below, one can prove that a graph G with maximum average

degree less than % is 5-choosable unless it contains Jg as an induced subgraph. However, this will require

the tedious study of a large number of configurations.

3 Proofs of Lemmas 6 and 11

In order, to prove Lemmas 6 and 11, we need the following lemma proved in [1]. Let S be a set of vertices
of a k-minimal graph G. The function pg : S — N is defined by ps(v) = k — [Ng2(v) \ S|. Then pg(v)
represents the minimum number of available colours at a vertex v € S once we have precoloured the
square of G — S. Hence if (G — S)? is 6-choosable, (G — S)? = G? — S (in particular, it happens when two
distinct vertices of G — S have no common neighbour in S) and G[S]? is ps-choosable, one can extend
any k-list-colouring of G — H into a k-list-colouring of G.



Lemma 12 (Dvoidk, Skrekovski and Tancer [1]) Let S be a set of vertices of a k-minimal graph
G. If (G — S8)? = G? — S, then G*[S] is not ps-choosable.

In order to use Lemma 12, we need some results on the choosability of some graphs.

3.1 Some choosability tools

Definition 13 Let z and y be two vertices of a graph G. An (z — y)-ordering of G is an ordering such
that 2 is the minimum and y the maximum. An (z,y— z)-ordering is an ordering such that z is minimum,
y is the second minimum and z is maximum.

Let 0 = (v1 < va,... < v,) be an ordering of the vertices of G. o is p-greedy if for every i, |N(v;) N
{v1,...,vi—1}| < p(v;). It is p-nice if for every i except n, |N(v;) N {v1,...,vi_1}] < p(v;) and d(v,) =
p(vy). It is p-good if for every 3 < i < n, |N(v;) N {v1,...,vic1}] — e(vi) < p(v;) with e(v;) = 1if v; is
adjacent to both v; and ve and €(v;) = 0 otherwise.

The greedy algorithm according to greedy, nice and good orderings yields the following three lemmas.
Lemma 14 If G has a p-greedy ordering then G is p-choosable.

Proof. Applying the greedy algorithm according to the p-greedy ordering gives the desired colouring.
O

Lemma 15 Let xy be an edge of graph G and L be a p-list-assignment of G. If L(z) ¢ L(y) and G has
a p-nice (x — y)-ordering, then G is L-colourable.

Proof. Let a be a colour in L(z) \ L(y). Proceed the greedy algorithm starting by assigning a to x.
The only vertex which has not more colour in its list than previously coloured neighbours is y for which
|L(y)| = d(y). But since a ¢ L(y), at most d(y) — 1 colours of L(y) are assigned to the neighbours of y.
Hence one can colour y. O

Lemma 16 Let x, y and z be three vertices of a graph G = (V, E) such that vy ¢ E, xz,yz € E. If
L(z) N L(y) # 0 and G has a p-good (z,y — z)-ordering, then G is L-colourable.

Proof. Let a be a colour in L(z) N L(y) and 0 = (v1 < va,... < v,) be a p-good (z,y — z)-ordering. (In
particular, v; = z, vo = y and v,, = 2.) Proceed the greedy algorithm according to ¢ starting by assigning
a to x and y. For every 3 < i < n, the number of colours assigned to already coloured neighbours of
v; is at most |N(v;) N {vy,...,v;—1}| — €(v;) since v1 and v are coloured the same. Hence the greedy
algorithm gives an L-colouring. O

Remark 17 Note that under the condition zz,yz € E, a p-nice ordering is also a p-good ordering.

Definition 18 The blocks of a graph are its maximal 2-connected components. A connected graph is
said to be a Gallai tree if each of its blocks are either complete graphs or odd cycles.

Theorem 19 (trouver si c’est Lovasz, Borodin, erdos et al) Let G be a connected graph. Then G
is d-choosable if and only if G is not a Gallai tree.

Lemma 20 Let G = (V, E) be a graph andp : V(G) — IN. Let S be a set of vertices such that p(v) > d(v)
for allv € S. If G[S] is not a Gallai tree and G — S is p-choosable then G is p-choosable.



Proof. Let L be a p-list-assignment of G. Since G — S is p-choosable, its admits a p-colouring c. Let us
now extend it to S. The list I(v) = L(v) \ {c(w),w € N(v) \ S} of available colours of a vertex v € S is
of size at least p’(v) = p(v) — [N (v)\ S| > dgg)(v). Since G[S] is not a Gallai tree, by Theorem 19, G[S]
is p’-choosable and thus I-colourable. So, G is L-colourable. O

A 4-regular graph is cycle+triangles if it is the edge union of a Hamiltonian cycle and triangles.

Theorem 21 (Fleishner and Stiebitz [2]) Every cycle+triangles graph is 3-choosable.

3.2 Proof of Lemma 6

Lemma 22 Let ¢ > 4 and Caq = (v1,...,02q,v1) be the 2q-cycle and p defined by p(v;) = 4 if i is odd
and p(v;) = 3 otherwise. Then C3, is p-choosable.

Proof. The set S of vertices v for which p(v) > des, (v) is the set of v; with odd indices. C3,[S] is a

g-cycle and thus is not a Gallai tree if ¢ > 4. Moreover ng — S is also a g-cycle and is 3-choosable. Hence
Lemma 20 gives the result. O

Proposition 23 Let P; = (v1,...,v7) be a path and p the function defined by p(v1) = p(va) = p(ve) =
p(v7) =2, p(vg) = p(vs) = 4 and p(vy) = 3. Then P? is p-choosable.

Proof. Since (va < v4 < v < v7 < v5 < v3 < v1) is p-nice, by Lemma 15, we may assume that
L(v1) = L(v2), and by symmetry of P; and p that L(vg) = L(v7).

Since (v1 < v4 < V3 < vg < V7 < V5 < v3) is p-good, by Lemma 16, we may assume that L(vi)NL(vs) =
(), and by symmetry L(v7) N L(vy) = 0.

Now one can find ¢(v1) € L(v1), c(ve) in L(ve) \ {c(v1)}, c(ve) in L(vg), c(vr) in L(vr) \ {c(ves)},
c(vz) in L(vs) \ {c(v1),c(v2)}, and ¢(vs) in L(vs) \ {c(vs), c(vs), c(v7)}. Now since L(v1) N L(vy) = and
L(v1) = L(va), c(v2) ¢ L(vs). Analogously, c(ve) ¢ L(vs). Hence, = L(vg) \ {c(v2), c(vs), c(vs), c(vs) } =
L(vg) \ {c(v3),c(vs)} # 0. So, one can choose ¢(v4) in this set to get an L-colouring ¢ of PZ. O

Lemma 24 For1<1¢ <17, let F; be the graphs and p; be the function depicted Figure 3.
a) F2 U {vqvs,v5v6, 0604} is p1-choosable.
b) F2U{vivs} and F§ U {vsv7} are pa-choosable.
¢) Fi U {vyvs} is p3-choosable.
d) F} is 6-choosable.
e) F2 U {vivs} is ps-choosable.
f) FZU{vivy} and FZ U {vsv7} are pg-choosable.
g) F? U {vqvs} is pr-choosable.
h) FZ is 6-choosable.
i) Fg is pg-choosable.
3) Fi U {vgvio} is pio-choosable.

k) FZ is p11-choosable.



1) F2 U {vavg} and FZ U{veve} are pi2-choosable.

m) F% U {vgvs} is p13-choosable.

n) F124 U {v4vs, vgg, Vovs } 18 p14-choosable.

0) FZ% U {vsvs} is p15-choosable.

p) F?5 is 6-choosable.

q) FZ is pi7-choosable.

Proof.

a) In F2 U {v4vs,v506, v601}, (v < v5 < v4 < v3 < v; < v3) is pi-greedy. So by Lemma 14,
F2 U {v4vs, v5v6, 0604} is p1-choosable.

b) In FfU{v4vr}, (v2 < v4 < v7 < v < v5 < v3 < v1) is pe-nice and pa(va) > p2(v1). So by Lemma 15,
FZ U{v4v7} is pa-choosable.
By symmetry, one shows that F¥ U {v1v4} is p2-choosable.

c) In FZ U {vgus}, (va < wg < vy < vy <vg < v5 < v3 < v1) is p3-nice and pz(v2) > p3(v1). So by
Lemma 15, F§ U {vqv7} is ps-choosable.

d) Let L be a 6-list-assignment of FZ. (v3 < va < v4 < vg < vg < v5 < v7 < v1) is 6-nice. Thus, by

Lemma 15, we may assume that L(vs) = L(v1). Now, (vs < v1 < vg < vg4 < vg < vg < v7 < v3)
is 6-nice. Hence F} is L-colourable according to Lemma 16 if L(vs) N L(v1) # @ or Lemma 15
otherwise.

In F2U{v1vs}, (v1 < vs < vg < vg < v3) is ps-greedy. So by Lemma 14, F2U{vyv5} is ps-choosable.

In F2U{vgvr}, (v2 < 04 < v7 < v < v5 < v3 < v1) is pe-nice and pg(va) > pe(v1). So by Lemma 15,
F2 U {v4v7} is pg-choosable.

By symmetry, one shows that Fg U {v1v4} is ps-choosable.

In F? U {vqvs}. (v2 < vy <wg < v5 < v7 < vg < v3 < v1) is pr-nice and pr(v2) > pr(v1). So by
Lemma 15, F? U {v4vg} is pr-choosable.

Let L be a pg-list-assignment of FZ2, (v; < vy < v4 < v6 < v < v7 < v5 < v3) is ps-greedy, so by
Lemma 15, we may assume that L(v1) = L(v3). Now (v3 < v1 < v2 < vg < vg < vg < v7 < Us), SO
by Lemma 16, FZ is L-colourable.

In FZ, (v4 < va < vg < v1 < v3 < v5) is po-nice and pg(vy) > po(vs). So by Lemma 15, F§ is
po-choosable.

Let L be a pyo-list-assignment of FZ)U{vgvig}. (v2 < vg < 019 < vg < v < 04 < v7 < v5 < V3 < V1)
is pro-nice. Thus, by Lemma 15, we may assume that L(ve) C L(v1). Analogously, by symmetry,
we may assume that L(vy) C L(vs) and L(vy) C L(vs). It follows that L(vi) N L(vs) # 0. Because
(11 < vy < v < vy < V2 < vg < Vg < U7 < vy < v3) is pro-good, by Lemma 16, F7) U {vgvio} is
L-colourable.

In FZ, (v6 < v5 < vy < vg < vg < v4 < v3 < vy < v1) is pr1-greedy. So by Lemma 14, F3? is
p11-choosable.



Figure 3: The graphs F; and functions p; for 1 <i <12



)

Let L be a pio-list-assignment of F'4 U {vavg}. Then (vy < vg < vg < vg4 < v8 < v7 < v5 < v3 < V1)
and (v2 < vg < vg < Vg < vy < V7 < U5 < V1 < v3) are pro-nice so by Lemma 15, we may assume
that L(ve) C L(vs) N L(vy). Moreover, (vy < v2 < v9 < vg < vg < V7 < v5 < v1 < v3) IS pig-nice
so by Lemma 15, we may assume that L(vs) C L(vs). It follows that L(v1) N L(vy) # 0. Thus,
by Lemma 16, since (v1 < vy < v3 < vg < vg < U6 < v7 < v5 < v3) is p12-good, FZ U {vavg} is
L-colourable.

By symmetry, one shows that F%, U {vgvg} is pia-choosable.

In FZ U {vgvs}, (va < vg < vy < vg < v7 < v5 < v3 < v1) is prz-nice and p13(va) > p13(v1). So by
Lemma 15, F3 U {vsvs} is p13-colourable.

Let L be a pig-list-assignment of FZ U {vqvs, vgvg, vova} (v1 < v8 < vg < v4 < V3 < vg < v7 <
vs < v3) is pig-nice. So by Lemma 15, L(v1) = L(vs). Now, (v4 < v1 < 18 < v9 < vg < vg <
vy < v5 < v3) is pig-nice. Hence Ff4 U {vqvs, vgvg, vgvs } is L-colourable according to Lemma 16 if
L(vs) N L(v1) # 0 or Lemma 15 otherwise.

In FZ U {vgug}. (v < vg < vy < 03 <1 < v3 < v5 < v7) is prs-nice and p15(ve) > p15(v7). So by
Lemma 15, F& U {vqvs} is p15-choosable.

Let L be a 6-list-assignment of FZ. (v2 < vg < v19 < v8 < U6 < v4 < v7 < v5 < v3 < v1) is
6-nice. Thus, by Lemma 15, we may assume that L(vy) = L(v1). Analogously, by symmetry, we
may assume that L(ve) = L(vs) = L(vg). It follows that L(v1) = L(vy4). Because (v1 < vg < v19 <
Vg < vy < Vg < Vg < vy < U5 < v3) is 6-good, by Lemma 16, F126 is L-colourable.

In FZ. (vg < vg < vg < wg < vg < v5 < v3 < v7 < v1) is pir-greedy, so by Lemma 14, F? is
p17-choosable.

|

Proof of Lemma 6.

5)] Suppose for a contradiction that v; and vs are in Z5. Let vs (resp. wvg) be the neighbour of
vy (resp. w3) distinct from ve and vy. By Lemma 5-2), vs # vg. (G[S],ps) = (Fi,p1) and G2[S] C
F? U {v4vs,v506, 0604 }. So Lemma 24 contradicts Lemma 12.

Suppose for a contradiction that, in K, a vertex vy of Y7 22 is adjacent to two vertices of Y7 22 v
and vg by 2-edges. According to 5), va # vg. Let vs and vs be the 2-neighbours of v4 common with
vy and wvg respectively, and vy (resp. v7) be the neighbour of vy (resp. wg) not adjacent to vy. Set
S = {’Ul, cen ,’U6,’U7}.

e Assume that vvy is an edge. For i € {1,4, 7}, let w; be the neighbour of v; not in S. (G[S],ps) =

(F2,p2) and G?[S] C F2 U {v1v4,v4v7,v107}. Thus, by Lemmas 24 and 12, w1 = wy; = vs. Let
T = SU{vs}. If vg # wy, then (G[T],pr) = (F3,p3) and G?[T] C F2 U {vsvs}. So Lemma 24
contradicts Lemma 12. If not then G[T] = G = Fy, so G is 6-choosable, by Lemma 24. This is a
contradiction.

Assume that v; = vy, Clearly (G — S)? = G? — S because every vertex of C' has at most one
neighbour in G — S. Moreover C has no chord by Lemma 5-2), C? = G?[S]. Finally ps(v;) = 4
if i is even and pg(v;) = 3 otherwise. C? is a cycle+triangle graph, thus, by Theorem 21, it is
3-choosable and so pg-choosable. This contradicts Lemma, 12.

e Assume that v; # vy. For i € {1,2,4,6,7}, let w; be the neighbour of v; not in S. Let W =

{wla W2, Wy, We, U)7}.
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Suppose first that W N.S # . Since G is simple, w1 # v2 and wy # vg and by Lemma 5-3), wy # vy
and wy # vq. Moreover, by (5), w1 # vg and wy # va. Then, by symmetry, we only need to consider
the cases wy = v4 and wy = vg.

— Suppose that we = vs. Set R = {v1,vs,v3,vs4,v3}, then (G[R],pr) = (F»,p2) and G*[R] C
F37 U {vivs}. Thus Lemma 24 contradicts Lemma 12.

— Suppose that wy = vs. Then (G[S],ps) = (F3,p3). If wy # wy then G2[S] C F? U {viv4} or
G?[S] C F? U {vqv7}. So Lemma 24 contradicts Lemma 12.
Hence we may assume that wy = wy = vg. Let T = S U {vg}. If vg # wy, then (G[T],pr) =
(Fy,ps) and G?[T] C F? U {v4vs}. So Lemma 24 contradicts Lemma 12. If vg = wy then
G = G[T) = F5 which, according to Lemma 24, is 6-choosable, a contradiction.

Hence, we may assume that W NS = (.

Note that by Lemma 5-2), wy # we and wg # wy.

Suppose w1 = wy = vs. Then let R = {v1,v9,v3,v4,v5,vs} and ws the neighbour of vs. Then
(G[R],pr) = (Fs,ps)- Recall that wy # vs. So G*[R] = F3. Thus Lemma 24 contradicts Lemma 12.
Therefore, we may assume that wy # w4 and, by symmetry, wy # wy.

Suppose w; = wr. Let T'= SU{vs}. Then G[T] is the cycle Cs and py is the function p defined in
Lemma 22. So by Lemmas 22 and 12, G?[T] # C2. It follows that either ws = wg or wy = wg with
wg be the neighbour of vg not in S.

— Suppose wy = wg = vg and wy = wg = vig. Set W = {vy,...v10}. If vovig ¢ E(G) then
(GIW],pw) = (Fr,p7) and G*[W] C F? U {vgv10}; so Lemma 24 contradicts Lemma 12. If
not, G = G[W] = Fy3, so G? is 6-choosable, according to Lemma 24, a contradiction.

— Suppose wy = wy = we = vg. Setting U = {v1,...v9}, we have G[U] = Fy and G?[U] = FZ.
Hence Lemma 24 contradicts Lemma 12.

By symmetry, we get a contradiction if wo = wg = ws, we = wg = wg Or Wy = Wg = Ws.

— Suppose wy = wg = vg, Wy # Vg, W # vy and wy # we. Setting U = {vy,...v9}, we have
(G[U),pu) = (Fo,p9) and G*[U] C F§ U {vavg} or G?[U] C F2 U {vgvg}. Hence Lemma 24
contradicts Lemma 12.

By symmetry, we get a contradiction if we = wg = vy, wy # vg, ws # vg and w4 F# ws.

Therefore, we may assume that w; # wy.

Suppose that wy = wg = vs. Let T = S U {vg}. Then (G[T],pr) = (Fi0,p10), and G*[T] C
Ffo U {vqvg}, since wy, wy and wy are distinet vertices. Hence Lemma 24 contradicts Lemma 12.
Therefore, we may assume that we # wg.

Suppose that w; = wg = vg and we = w; = vg. Let U = S U {vs,v9}. If vgvg ¢ E(G) then
(GlU),pu) = (Fi1,p11), and G*[U] C F} U {vsvs, vsvg, vgusa}. If not, then (G[U], py) = (Fia, p1a),
and G?[U] = F%. In both cases, Lemma 24 contradicts Lemma 12.

Therefore, we may assume that w; # wg or we # wr. By symmetry, we may assume that wy # wr.

Suppose w1 = wg = vg. Let T = S U {vs} and let wg be the neighbour of vg not in S. Then
(G[T), pr) = (Fia,p12) and G?[T] C F% U {vsvs}. Hence Lemma 24 contradicts Lemma 12.
Therefore, we may assume that wy # wg.

Hence we have wy # wy, we, wr, wa # we, w7 and wy # wy then G[S]? = G?[S]. Thus Proposition 23
contradicts Lemma 12.

O
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3.3 Proof of Lemma 11
Definition 25 For 1 < j <4, let I; and g; be the graphs and function depicted Figure 4

Vi Vo V3 vy Vi Vo V3 Ve Vg Vg
o0 0 0 o L L L 4 ]
2 3 2 2 2 4 ZI 4 2 3 2
l1 o Va®2
5}
2 Uy
4 Vl y]_
@
4 5
2
g w

Figure 4: The graphs I; and functions ¢;, 1 < j <4

Lemma 26 For1 < j <4, Ij2 is q;-choosable.
Proof.

e Let L be a qp-list-assignment of I2. (v4s < vz < v; < v2) and (v < v3 < v4 < v2) are gi-nice,
so by Lemma 15, we may assume that L(v1) U L(vs4) C L(ve). Hence L(v1) N L(vg) # 0. But
(v4 < w1 < w3 < vg) is qi-good. Thus by Lemma 16, I? is L-colourable.

e Let L be a go-list-assignment of I3.

Suppose first that L(vs) ¢ L(v1)U L(vg). Then choose ¢(vs) in L(vs) \ (L(v1) U L(vg)) and ¢(vy) €
L(vg) \ {c(v3)}. Since I? is gi-choosable, one can extend c¢ to {vs,vs,v7,vs}. Then one can find
c(v2) € L(v2) \ {c(v3), c(va), c(vs)} and c(v1) € L(v1) \ {e(ve), c(vs)} = L(v1) \ {e(v2)}. So, we may
assume that L(vs) C L(v1) U L(vg), so L(vs) = L(v1) U L(vg) and L(vy) N L(vg) = 0.

Now colour vz and vg the same colour ¢ € L(vg). Then proceed greedily according to (v4 < vg <
vy < vs < vy < v1). It is possible since cg ¢ L(v1).

e Let L be a gs-list-assignment of I3. Assign to vs a colour ¢5 in L(vs) \ (L(vi) U L(vg)) and to
ve a colour in L(vg) \ (L(vs) U {c5}). Then colour the remaining vertices greedily according to
(v3 < vy < vy <wp <y <vg < vy <wg) to get an L-colouring of I3.

e Let L be gy-list-assignment of I7. Pick c(y1) in L(y1)\ L(w1), c(y2) in L(y2)\ (L(w2)U{c(v1)}), c(ys)
in L(ys) \ (L(ws) U {c(v1), c(ve)}) and c(x) in L(z) \ {c(v1), c(va), c(v3)}. Since I? is g1-choosable,
one can extend ¢ to a colouring of I3.

12



Proof of Lemma 6.

3) Suppose that a vertex vz of Y5 9 3 and vg of Y1 o 3 are adjacent via a 2-edge in K. Then the subgraph
of G induced by vs, vg and the 2-vertices of their incident threads is I5. Since G has girth at least
13, then G?[I] = I3 and (G — V(I2))? = G? — V(I3), so Lemma 26 contradicts Lemma 12.

4) Suppose that a vertex vs of Y; 3 3 and vg of Y7 2 3 are adjacent via a 1-edge in K. Then the subgraph
of G induced by vs, vg and the 2-vertices of their incident threads is I3. Then Lemma 26 contradicts
Lemma 12.

5) Suppose that a vertex z of Y329 is adjacent to three vertices v, ve and vs of Y223 in K. Then
the subgraph of G induced by x, vy, vs, v3 and the 2-vertices of their incident threads is I;. Then
Lemma 26 contradicts Lemma 12.

O
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