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RESUME :

Les techniques tensorielles sont utilisées de plus en plus en traitement du signal. En particulier, il est souvent utile de
transformer un tenseur en un autre qui soit le plus diagonal possible. Nous proposons un algorithme qui fournit 3 matrices
orthogonales, chacune opérant sur un des trois modes d’un tenseur d’ordre trois, de facon a maximiser sa trace. Un autre
algorithme est proposé pour maximiser la somme des carrés des éléments diagonaux. De tels algorithmes ont déja été proposés
dans le cas de tenseurs symétriques, et utilisés dans le cadre de 1’ Analyse en Composantes Indépendantes basée sur les cumulants.
Notre contribution réside dans 1’extension des algorithmes existants au cas non symétrique. On prouve que la solution peut étre
obtenue en un nombre fini de décompositions en éléments propres de faible dimension, et qu’aucune recherche exhaustive n’est
nécessaire.

MOTS CLES :
tenseur diagonalisation

ABSTRACT:

Tensor techniques are increasingly used in Signal Processing. In particular, it is often of interest to transform a tensor into
another that is as diagonal as possible. We propose an algorithm that yields 3 orthogonal matrices, each acting on every of the
three modes of a third order tensor, so that its trace is maximized. Another algorithm is proposed, which maximizes the sum of
squares of diagonal entries. Such algorithms have been already proposed in the case of symmetric tensors, and used in the frame
of cumulant-based Independent Component Analysis. Our contribution extends existing algorithms to the non symmetric case.
It is proved that the solution can be obtained within a finite number of low-dimensional eigenvalue decompositions, and that no
exhaustive search is necessary.
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tensor diagonalization
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Abstract

Tensor techniques are increasingly used in Signal Processing and
Factor Analysis. In particular, it is often of interest to transform a
tensor into another that is as diagonal as possible. We propose in this
paper an algebraic algorithm that yields 3 orthogonal matrices, each
acting on every of the three modes of a third order tensor, so that its
trace is mazimized. Another algorithm is proposed, which maximizes
the sum of squares of diagonal entries. Such algorithms have been al-
ready proposed in the case of symmetric tensors, and used in the frame
of cumulant-based Independent Component Analysis. Our contribution
ertends existing algorithms to the non symmetric case. It is proved that
the solution can be obtained within a finite number of low-dimensional
etgenvalue decompositions, and that no exhaustive search is necessary.

Keywords: tensor, canonical decomposition, Parafac, tensor rank, congru-
ent diagonalization.

1 Introduction

Tensors have been used in Signal Processing for more than a decade, first
more or less implicitly through High-Order Statistics [I8] [11], in particular
for Blind Techniques. Second, orthogonal Tensor Diagonalization has been
required in Independent Component Analysis [3]; such tensors were built
of cumulants and were symmetric. More recently, a deterministic Blind
Identification technique has been proposed and decomposes the data tensor
[19]; the decomposition was run iteratively with the help of an Alternating
Least Squares algorithm.



Tensors have thus become de facto useful tools in various application
areas including signal processing and data analysis, even if a reliable theo-
retical framework and associated numerical algorithms are still lacking.

After general statements related to tensors, including notation and ter-
minology we focus our discussion on the reduction to diagonal arrays by
orthogonal change of bases. In particular, our contribution concerns non
symmetric tensors, defined on the tensor product of three or more different
Euclidian spaces.

Outer product Let A; ; and By, be two arrays, of any dimensions. The
outer product of these two arrays is the array C whose entries are defined
as:

Ci.jko=Ai B

If arrays A and B have r4 and rp indices, respectively, then C has rq +1rp
indices. One denotes this outer product as:

C=AoB (1)

Now let T' be a L-way array of dimensions Ny, 1 < ¢ < L. This array
always admits a decomposition into a sum of outer products as:

T:Zuf})oug)o...ou(m (2)

()

where u,’ is a Ny x 1 array, Vr. This writing is not unique, especially if
nothing is imposed to limit the value of integer R.

Tensors If T takes its values in a field K, which can be the real or the
complex field, arrays uy) may be considered as vectors of the linear space
KN¢. Thus, as a combination of tensor products of vectors, T' may be
considered as a tensor. Under a linear change of coordinate system in each
space KM, defined by a matrix A(g), the tensor is represented by another
array, obtained by the multi-linear transform {A(l), AP A(L)}. Since it
is legitimate once a basis has been defined in the space, no distinction will
be made in the remainder between the tensor and its array representation.
Similarly, as soon as a canonical basis is fixed in the linear space KN1V2-Nt |
no distinction needs to be made between the tensor product between vec-
tors ul appearing in , and the array obtained by making the Kronecker
product between the u’’s considered as vectors of coordinates.



The number of indices necessary to describe the tensor coordinates is
called the order of the tensor. Thus, a tensor of order L has L dimensions,
Np.

The outer product between two tensors A and B is often referred to
as tensor product, and often denoted A ® B; we shall denote it as Ao B
because of a possible confusion. In fact, an array associated with a tensor
can always be stored in matrix format. Following this practice, the matrix
representation of the outer product A o B is given by the Kronecker product
of their corresponding matrix representations, and denoted as A ® B. We
found it less confusing to use different notations, especially when tensors are
of order larger than 2.

Consistency of terminology In physics, the rank of an array sometimes
refers to the number of indices minus 1. This is very confusing, since matrices
are particular tensors, and with this terminology they would always have
rank 1. Yet, the rank of a matrix refers to a totally different object, namely
the number of non zero singular values. Hence, it is mandatory to avoid this
inappropriate wording, and use order to refer to the number of indices.

Valence In some disciplines (including physics), the distinction is made
between covariant and contravariant indices in array representations of ten-
sors. This is relevant when tensors are mappings from an Euclidian space
to another, and when their entries are not changed in the same way by a
change of basis. The scalar product between vectors may be seen as the
image of a vector of the primal space by a linear form of the dual space. A
contraction is always represented as a scalar product, hence by the action
of a linear form of the dual on a vector of the primal. Consequently, it
may be relevant to distinguish between indices corresponding to the primal
(covariant indices, appearing as subscripts) and those corresponding to the
dual (contravariant indices, appearing as superscripts).

In statistics, tensors of order L are generally symmetric, and are obtained
by taking Lth derivatives of some scalar function, like a characteristic func-
tion. All indices are thus of same nature. For computational purposes,
putting some indices as subscripts and others as superscripts may ease the
calculus [15].

In Data Analysis, it is somewhat less obvious, but it appears that there
is no general rule that could apply, and that could tell us that some indices
should be contravariant. On the contrary, there might be more than two
Euclidian spaces under consideration (e.g. unsymmetric tensors with non



equal dimensions) [19] [20]. Thus again, all indices should be of same nature
in a given array, unless reliably justified.

There is however one exception where the distinction might be relevant
in statistics, data analysis or signal processing. This occurs if variables take
their values in the complex field. In fact, complex conjugation may be seen as
a duality operation, which transforms a vector into a linear form in the dual.
More generally for a complex tensor, covariant indices would be transformed
into contravariant ones under a complex conjugation. Therefore, it may be
relevant and meaningful to make this distinction [14].

In order to simplify the presentation, mainly third order real tensors will
be subsequently considered. Let T' be a three-way tensor with entries Tj;p,
1<i<I,1<j<J,1<k<K. Such a 3-way tensor is of dimensions
IxJxK.

Change of basis For our purposes, tensors will merely denote arrays that
enjoy the so-called multi-linearity property by linear change of coordinates.
More precisely, let A, B and C be three matrices of size I' x I, J' x J, and
K’ x K, respectively. Then a tensor T is transformed into a tensor T” given
by:

Uk - Z AzEB]ka:n Tﬁmn (3)

Imn

Contraction Contraction is the operation that consists of summing over
one of the indices in an expression. For instance, for given tensors A and
B of orders a and 3, having a common kth dimension, one can define the
tensor C = A e, B of order oo + 3 — 2 as:

Cll a1 JB z : All N la .71 M- Jﬁ

nep=1

The contraction allows to define the inner product between two tensors of
same order and dimensions. For instance, for two third order tensors of
dimensions I x J x K, we have:

(A,B)=Ae ogB

This inner product induces the Frobenius norm:

1A]1* = = Al

ij..k



Note that attention must be paid when several tensors are involved in a
series of contractions, like:

AeBe(C
172
In fact, contraction denoted this way is not associative. As an illustration,
the multi-linearity property is often written as:

T =TeAeBeC
1273

but it means that the index k appearing in the contraction operation ej
corresponds to the kth index of tensor T', being understood that the sum-
mation is always performed on the second index of matrices A, B and C.
This is just a matter of convention. The contraction operation notation is
pleasant because compact, but must always be redefined every time it is
used in order to avoid any ambiguity.

Tensor rank Carroll and Chang [I] and Harshman [I3] independently
proposed a decomposition that they named CANDECOMP and PARAFAC,
respectively. More precisely, given a third order tensor T of size I x J x K,
this decomposition consists of writing with a minimal number R(T) of
terms:

R(T)
T:Zarobrocr (4)
r=1

In other words, there exist three matrices of size I x R, J x R, and K X R,
respectively, such that

R(T)
Tiji = Z Ay Bj Chy (5)

r=1

The rank of a given tensor T' (and by extension, of the array defining its
coordinates in a given basis) is the minimal integer R(T') such that decompo-
sition (}f5) —or more generally decomposition ([2)- is exactly satisfied. This
minimal decomposition is referred to as the tensor Canonical Decomposition

(CAND).

Symmetry A tensor is said to be symmetric if the value of its entries do
not change by any permutation of its indices: Tjj x = Ty(ij.p)- It is still
an open problem to prove that the rank of a symmetric tensor is the same
whether the constraint of symmetry is imposed in every rank-one tensor in
the CAND or not.



L N| 4 5 6 7 8 9 10

2 3
3 2 5 7 10 14 19 24 30 36
4 49 20 37 62 97

Table 1: Generic rank of unconstrained arrays of dimension N and order
L.

Generic rank An important fact to emphasize is that, contrary to matri-
ces, the rank of a tensor can exceed its dimensions. In order to demonstrate
this, one can consider random arrays that are generated by drawing inde-
pendently the entries according to a continuous distribution. We shall call
such arrays generic arrays. In the complex field, such arrays always have
the same rank with probability one [6].

For instance, a generic matrix of size I x J has a rank min(I, J). More-
oever, the generic rank of matrices is maximal. These statements do not
hold true anymore for higher order tensors.

As an example, a 8 x 8 x 8 tensor has generically a rank equal to 24 (cf.
table[l]in the complex field. This generic rank is obtained by computing the
CAND of a tensor whose entries are randomly drawn according to a contin-
uous probability distribution [9] [7]. For symmetric tensors, the number of
degrees of freedom is smaller, and so is the generic rank: a 8 x 8 x 8 tensor
has generically a rank equal to 15 in the complex field.

If the CAND is computed in the real field, then it may happen that
random tensors do not always have the same rank: the generic rank does
not exist, and we must talk about typical ranks. Typical ranks are the
collection of ranks that can be obtained with non zero probability. The
smallest typical rank computed in the real field is equal to the generic rank
computed in the complex field [6] [8]. Table [2[ and [l| report generic ranks
of tensors with equal dimensions, in the symmetric [7] and unconstrained
[9] cases, respectively. These values cannot be computed with the help of
simple arithmetic relations, unfortunately.

Another striking fact is that the maximal value of the tensor rank is
generally larger than the generic rank; it is however unknown for most values
of order and dimensions.

Uniqueness Uniqueness of the CAND is to be understood up to a scaling
and a permutation of the columns of each mode matrix. By counting the
number of degrees of freedom in both sides of (5)), one may naively think



L N| 4 5 6 7 8 9 10

2 3
3 2 4 5 8 10 12 15 19 22
4 3 6 10 15 21 30 42 55 72

Table 2: Generic rank of symmetric arrays of dimension N and order L.

that this would give generic uniqueness conditions. Unfortunately, this rule
is often true, but there are exceptions.

On the other hand, from , one can tell that the decomposition cannot
be unique if IJK < R(I+.J+ K —2). More generally, the number of degrees
of freedom of a rank-1 tensor of order r and dimensions IV; is:

Fir,N)=0)_N)-r+1 (6)
=1

because of scale ambiguities. A rule solely based on counting the number of
degrees of freedom would tell us that uniqueness of the CAND of a tensor
T is reached if and only if

R(T)[i]\fi —r+1] < ﬁNi
i=1 i=1

It turns out that this condition is sufficient. However, it does not give the
generic rank of tensors, as can be checked out by comparing the quantity
below (which is actually a lower bound) with the values reported in the

tables [2] or [1| for r € {3,4}:

R> nglNi
- Zglei —r+1

Congruent diagonalization If relation is invertible, that is, if ma-
trices A, B, and C are square and admit inverses A’, B’, and C’, then the
multi-linear transform (A’, B, C’) brings tensor T into a diagonal tensor
with ones in the diagonal.

We have thus a congruent transformation that diagonalizes T'.

It is clear that such a transformation may exist only if the rank of T is
at most equal to its smaller dimension. When it is not the case, it is still
possible to define a multi-linear invertible transform that minimizes all non
diagonal entries in the obtained tensor, T":

(A',B',C") = Arg Min_ [T’ — Diag(T") | (7)
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tensor T” is not diagonal, but as diagonal as possible, according to some
norm.

Orthogonal diagonalization We particularize now the congruent diag-
onalization to norm-preserving multi-linear transforms. Let U, V', and W
be three orthogonal real matrices (or unitary matrices in the complex field),
of size I x I, J x J, and K x K, respectively.

By the orthogonal change of bases defined by the triplet (U,V,W),
tensor G is transformed into a tensor 1" with entries:

ﬂjk = Z UipV}qu:erqr (8)

pgr

Under orthogonal transforms, the tensor Frobenius norm is invariant, so that
maximizing the sum of squares of diagonal entries is equivalent to minimizing
the non diagonal ones. Therefore, the criterion below is appropriate in order
to obtain a tensor as diagonal as possible [3]:

To(UV,W) =3 T}, (9)

Again, note that contrary to matrices, for which the Singular Value
Decomposition (SVD) yields an exact diagonal form via a maximization of
diagonal entries, criterion @ does not in general lead to a diagonal tensor.
The reason is not due to the criterion, but to the fact that tensors have
generically a rank that is larger than the smallest dimension [5]. Hence,
tensor diagonalization by change of bases (general congruent, or unitary)
can only be an approzimation.

2 Jacobi sweeping

Finding the absolute maximum of criterion @ is a complicated problem,
since these criteria are trigonometric functions in many variables. However,
we shall show in this paper that it is possible to solve several much simpler
problems in cascade instead.

The first step is to decompose each orthogonal matrix into a product
of plane rotations, the so-called Givens rotations, which is possible up to a
multiplicative diagonal matrix with unit modulus entries. By doing this, we
are left with a single unknown to characterize every Givens rotation. If all
Givens rotations are kept fixed except in one given plane in each mode, then
the optimization criterion reduces to a rational function in three variables,



Y(z,y,z), where we can decide that x, y and z denote the tangent of each
angle. For instance for the first mode:

ai-( £ 1) (1)

where ¢ and s denote cos(«) and sin(«), respectively. Of course, this proce-
dure is iterative, even if it is not a relaxation in the strict sense because the
optimization is executed over successive elements of a multiplicative group.

In order to be able to carry out such an optimization, it is necessary to
solve the problem in the 2-dimensional case, as for matrices. This sweeping
strategy, well known for matrices, has already been utilized for symmetric
tensors [12] [3], giving birth to the so-called CoM (Contrast Maximization)
algorithms. Stationary points of such Jacobi sweeping algorithms is ad-
dressed in Appendix.

3 Symmetric tensors

We recall in this section the main results that have been obtained so far for
orthogonal diagonalization of symmetic tensors; most of them are reported
in [3].

3.1 Maximization of the sum of squares

Invariance property First of all, it can be noticed that the Frobenius
norm of a tensor does not change under the action of orthogonal transforms.
For the sake of simplicity, let’s prove it in the case of real 3rd order tensors,
being understood that exactly the same proof can be derived for tensors of
any order (possibly complex, under unitary transforms).

Let @Q be an orthogonal matrix, that is, Zj QijQjr = Oik, where §;; is
null except when the two indices are equal, in which case é;; = 1. Then a
symmetric tensor G is transformed into a tensor T, whose entries can be
written, according to the multi-linearity property, as:

Tijr = Z QitQjmQinGemn

Imn

Next, the calculation of ||T'||? yields

Z Tgk = Z Z Z QZ[QM' Z Qijjm’ ; anan’GﬂmnGé’m’n’

ik Imn /m/'n’ 1 J



which leads eventually to:

Z Tszk = Z Z ee' O Onn Gomn Gorm/ne

ijk Imn 'm'n’

by using the fact that @ is orthogonal. This is nothing but Y, G7 = =
G2

The consequence is that, as for matrices, minimizing the sum of squares
of non diagonal terms is equivalent to the maximization of the sum of squares
of diagonal ones, hence the optimization criterion:

T1(Q) = Z | Tyl (10)

Symmetry property Now consider the 2-dimensional case. First observe

that
Qa-r2=qll (] 7 )= (] 7)) Qe

In other words, when changing the rotation angle a into o — 7/2, the tan-
gent x is transformed into —1/x, so that (77 1,75, 2) is transformed into
(=T2.2,T1.1). Define the optimization criterion s(x) = T(Qla]), with
x = tan(«). Then the above symmetry property means:

Po(—=1/z) = 2(x)

This allows not only to reduce the the domain to search for stationary points,
but also allows to reduce the degree of the polynomial to root. In fact, it
can be seen that 15(z) is a rational function in z of the form

Po(z) = (1'3_(3;)2)2

where p(z) is a polynomial of degree 2r in z, if symmetric tensors of order r
are considered. The equation defining stationary points is given by w(z) =
(1+22)p'(z) — 4xp(x) This polynomial is of degree 27, and not 2r + 1 as one
may think at first glance. For r € {3,4} such polynomials (of degree 6 or
8) are generally not solvable algebraically. But it turns out that they are in

the present case, because of the particular symmetry property that we just
pointed out.
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Algebraic solution Since w(x) = 0 must yield the same roots as %" w(—1/z) =
0, the roots x; can be paired:

w(r)=2a" H(x —ap)(x + a:i) =z 1_[(:132 — & — 1)
k=1 K k=1

if we define §, = x;—1/xp. So let the new variable { = x—1/xz. Then, besides
possible roots at the origin, which can be easily checked out, polynomial w(z)
vanishes if and only if polynomial

r

Q) =] -

k=1

vanishes. This polynomial is now of degree r only, and can be solved al-
gebraically. Once roots & have been calculated, roots (zj, —1/xj) can be
deduced by rooting the polynomial 2% — ¢, — 1 = 0.

For symmetric tensors of order r = 3, one obtains a polynomial of degree
2 (and not 3 as expected) [3:

Q3(&9) =da &+ di € — 4 dy, (11)
with
as = Ghy + G,
az = 6(G122 G2z — G111 G112),
a1 = 9(Giyy + G315) 4 6 (G112 Gaza + G111 G122);
do = a2/6 = Gi22Gaz2 — G111 G112,
d1 == a1/3 — as.

For symmetric tensors of order » = 4, one obtains the polynomial of

degree 4 [3] [2]: \

Q&g) =) el (12)

=0

11



with

bi = Gh1+ Ghog,

b3 = —8(Gi111 G2 — Gi222 G2222),

by = 4bs+t+ 2w,

by = 4b3—2uw,

bo = 2(bg+t+2w+36G2 0 +2G1111 Goozo
+ 32 G112 G1222);

cy = —b3/8 = G111 Gi112 — G2z G222,

C3 = 2b4—b2/4 = b4—(t—|—2w)/4,

C2 3b3/2—3[)1/8 = 3uv/4,
c1 = bg—bo/Q,
Cco — 51/2 = 2b3— uv.

where

= 16 (Gl + Giam),
G111 + G222 — 6 G122,
4 (G222 — Gi112),

w = 6G1122 (G111 + G2222).

[T~
Il

As a conclusion, thanks to symmetry properties, we have been able to
solve algebraically the search for absolute extrema of Y, r = 3,4.

3.2 Maximization of the trace

Under some assumptions involving the signs of rank-one terms [16], it is
legitimate to drop the squares. This can be easily shown under the following
assumptions: (i) tensor T is of even order, (ii) it is exactly diagonalizable
by congruent transform, (iii) its diagonal form contains entries having the
same sign €.

Proof. Without restricting the generality, let’s derive the proof in the
case of a 4th order tensor. Define the optimization criterion

T1(U) = Z | T (13)

Then, by assumption (ii) and using the multilinearity property, there exist
a diagonal tensor D and an invertible matrix A such that

4
Tiiii = Y Al Djij
j

12



Yet, by assumption (iii), Djj;; = ¢|Djjj;j|- As a consequence, Tj; =
£ A%\Djjjj\, which shows that |Tj;i;| = €T54:. Hence, T1(U) = e trace{T'},
which completes the proof. If € > 0, one can thus maximize the trace in
order to diagonalize T' (and minimize its trace if £ < 0).

This result a priori does not hold true for 3rd order tensors. We describe
now an algebraic approach allowing to compute the absolute extrema of the
trace of a fourth order tensor.

Consider a symmetric tensor G of dimension 2 x 2 x 2 x 2. After an
orthogonal transform defined by the matrix:

Q_l (1:;;)
V1422 \ -zl

Since the expressions are quite simple in the present case, let’s give them
explicitly. Tensor G is transformed into a tensor T whose diagonal entries

are:
[T1111 } _ 1 [ G111 + 42Gri12 + 622Gz + 423G 1292 + 24 Ga220
Th222 (1+22)2 | Gunat — 423Gii12 + 622G1122 — 4G 1292 + G222

The criterion to maximize (or minimize) is 1 (z) = T1111 + Th202, that we can
denote 1 (z) = p(z)/(1+22%)2. This time, p(z) is of degree 4. Now stationary
points of ¥(x) are given by the roots of w(z) = (1+22)p/(x) — 4xp(x), which
is actually of degree 4. Thus its roots can be algebraically computed, by
resorting to Ferrari’s algorithm for instance.

This presentation of the solution hides an important property, so that
it is not clear whether the maximization is still feasible algebraically in the
complex case, where we have two unknowns. It turns out that it is indeed
feasible, as demonstrated in [4]. Let’s then present another solution in the
real case following the same lines.

Notice that cos? 2a = (1 + z* — 222)(1 + 22) 2, sin? 2o = 422(1 + 22) 72,
and that sin2acos2a = 2(x — 23)(1 + 2%)72. By plugging back these ex-
pressions in that of 1(x), one can notice that the criterion may be viewed
as a quadratic form:

b(x) = v" < Guin + G222 G222 — Gz ) »
Gia2o — Gz 3Gui22 + (Giinn + Gazoz)/2

where vector v = [cos 2a, sin2a]. The angle « of the rotation can thus be
found by computing the eigenvalue decomposition of this 2 x 2 matrix, and
then solving a simple trigonometric equation.

13



In fact, as in section [3.1] we have rooted two lower degree polynomi-
als, instead of rooting w(z) directly. Bear in mind that the computational
complexity is an important issue, since in dimension N the elementary max-
imization will be executed N (N — 1)/2 times per sweep, and that there will
be in general several sweeps (experimental results suggest O(\/N ) sweeps as
a rule of thumb).

4 Unsymmetric tensors

In this section, we try to derive similar results for tensors of more general
form. The Jacobi sweeping technique clearly holds, and it suffices to ad-
dress the 2-dimensional problem. For the sake of convenience and without
restricting too much the generality, we shall limit our attention mainly to
the 2 x 2 x 2 tensors.

Even if, as far as diagonalization is concerned, maximizing the trace
is not meaningful for 3rd order unsymmetric tensors (except perhaps for
a quite restricted subset), we start with the least difficult problem: the
minimization of the trace. For this purpose, consider the criterion:

TW(U,V,W) = ZTm = trace{T'} (14)

Remind that the goal is to devise an routine that is able to solve the 2-
dimensional problem with a computational complexity as small as possible
(the routine is called every time a pair is processed, that is, many times
within a sweep). Therefore, it is desirable to find the absolute mazimum in
a non iterative manner.

4.1 Maximization of the trace

By using the multi-linear relation , and after some simple manipulations,
the trace of a two-dimensional tensor can be written after an orthogonal
change of bases:

V(4221 + )1+ 22) i (2,9,2) = g7 ¢ (15)
where ¢ = [zyz, zy, 22, yz, x, y, 2z, 1]7 and

9" = [Ga2 — G111, G221 + G112, G212 + G121, G122 + Gan
Ga11 — G122, G121 — G212, G112 — G221, G111 + Ga2)

14



Stationary points of criterion v (x,y, z) are thus solutions of the polynomial
system below:

(94yz + g6y + g7z + gs)r — (91y2 + g2y + g3z + g5) = 0 (16)
(9322 + gsx + g7z + g8)y — (122 + gox + g4z + gs) = 0 (17)
(g2xy + g5 + g6y + 98)2 — (g12y + 932 + gay +g7) =0 (18)

where g; denote the entries of vector g. This system can be alternatively
written as

9:¢=0,9,(=0,9;¢(=0 (19)

with obvious notation for vectors g,, g, and g,. This system could be solved
by resorting to standard elimination tools [10], and would yield 27 solutions
for the triplet (z,y, z). This would be computationally intensive and would
ignore the particular structure of the system, namely its sparsity.

4.1.1 Algebraic solution via resultants

The idea consists of remarking that the system is multi-linear in vari-
ables z,y, z, so that one variable can be easily eliminated. In other words,
gr¢ can be written as a,(x,y) z + by (z,y) where

az(z,y) = (9axy + g7 — g1y — g3) (20)
bz(z,y) = (96xy + 98T — g2y — g5) (21)

We have similar expressions for g, and g,. For instance, the elimination of
z yields a system of 2 polynomial equations of degree 4 in two unknowns:

ayby —az by, =0, ayby —a;b, =0 (22)

hence having at most 16 distinct solutions. This is a great progress, and
this system can be solved with the help of resultants. To be more concrete,
this resultant is a determinant of the form

where A(y), B(y), C(y), D(y) are polynomials of degree 2 in y, such that
ay by —az by = A(y)z?+ B(y)xz+C(y) and a, by —az b, = D(y)z* + E(y)x +
F(y). Note that the system was particular, since only nine monomials
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of degree 4 in two variables were present over the fifteen possible ones.
The system was indeed sparse, which makes it possible to have a so small
resultant. The rooting of this resultant of degree 8 yields the values of y. By
plugging them back in , one gets two possible solutions for z, for every
value of y, and hence 16 solutions for (z,y). The corresponding value of z
is eventually obtained by using .

The last step is to find one of the two absolute maxima. In order to do
this, we just need to compute Yi(z,y, z) at every of the 16 solutions, and
pick up the one that yields the maximum.

4.1.2 Algebraic solution via heuristic manipulations

An algebraic solution can be obtained by first eliminate one of the variables,
just as in the reultant based approach, say x, then the stationary points has
to satisfy the equations

A(z)+ B(2)y+ C(2)? = 0 (23)
D(z) + B(2)y + F(2)y? =

where A, B,C, D, E, F are 2nd order degree polynomials in z. This is equiv-
alent to the equation

F(2) (A(z) + B(z)y + C(2)y?) = C(2) (D(2) + E(z)y + F(2)y?) = 0%
(F(Z)A(z) — C’(z)D(z)) + (F(Z)B(z) — C'(Z)E(z))y = 0
G(z)+H(z)y = 0
where G, H are 4th order degree polynomials in z.
Assume that H(z) # 0 then
G(2)

Substitute into we get

2
A(z) + B(z) <—f[((i))> +C(2) (— Iiii;) =0
A(2)H(2)? = B(2)G(2)H(z) + C(2)G(2)* =0

(24)

which is a 10th order degree polynomial in z.

In summary to find the maximum we need to solve a 10th order degree
polynomial in z next calculate two 4th order degree polynomials in z ten
times in order to find the corresponding y and finally the corresponding x
can be found from . This approach reduces the number of roots to 10.

16



4.1.3 Eigenvector approach

This approach, sometimes attributed to Macaulay, is based on results bor-
rowed from Algebraic Geometry. In order to introduce them, first define the
concept of ideal, in the ring R of polynomials in several variables.

Ideal An ideal 7 is a subring of R, such that V¢ € 7 and Vp € R, then
the product pg € 7.

Consider a system P of polynomial equations in several variables, g, () =
0, 1 <n < N, where each polynomial g, (x) is of global degree d,,. Here x
stands for the set of unknowns {z,}2_;. Now denote Z the ideal spanned
by {g.)N_,. The problem is to find the variety associated with this ideal,
assuming that it is zero-dimensional (which means that the variety is con-
stituted of a finite number of points). We know from a Bézout theorem that
if the number of solutions of P is finite, then it must be at most equal to
the product of the degrees, [[,, d,.

The first key result is that any ideal of R is finitely generated, which
means that there exists a family of polynomials 1 < ¢,,1 < n < N, such
that V¢ € Z, 3p, € R, ¢ = >, PnGn. In other words, any ideal is entirely
characterized by a finite generating family (g;)I ;, often called basis of the
ideal. This is known as Hilbert’s basis theorem. An ideal may have many
different bases.

Quotient Then we define the quotient ring modulo Z, denoted A = R /Z,
as the set of equivalence classes as follows: two polynomials p; and py belong
to the same class, which we write p1 = po, iff p1 — po € 7.

Dual Next, R and hence A are also linear spaces. We can then define the
dual space A. For this purpose, let p; and ps be two polynomials of the
same class, p; we have by definition p; — po € Z. Let £ be a linear form of
A. This form maps p to a number ¢(p), and hence p; and pa to the same
number. By linearity, ¢(p1) = ¢(p2) yields £(p; — p2) = 0. Thus, we see that
A is the subspace of R of linear forms vanishing on Z.

In particular, let 1, be the linear form that maps a polynomial to its
value at a point «, p(a). because of what we have just seen, 1, is in A iff o
is a common root of P, that is:

I € As gu(a) =0,Yn e {1,..N} (25)
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Multiplication operator For any fixed polynomial a of A, define now
the multiplication operator M,, which maps any polynomial p of A to the
product M, (p) = pa.

The transpose operator M? is, by definition of the transposition, map-
ping any linear form ¢ of A to the linear form M7l defined by:

Vg € A, Myl(q) = {(Ma(q)) = £(qa).

Eigenvalue decomposition The key result on which eigenvalue tech-
niques are based is the following: eigenvectors of M7 are the linear forms
14, where a is any root of P. Let’s prove this result. By definition of M7,
we have Vg € R:

Mgza(Q) = Za(Ma(Q)) = Ioz(qa) = (I(Oé)]a(q)

As a consequence, M 1, = a(a)1,, which indeed shows that forms 1, are
eigenvectors of M associated with eigenvalues a(). Note that from (25)),
« needs to be a root of P in order for 1, to belong to A.

Basis To summarize, in order to solve polynomial system P, it is sufficient
to build a matrix representing operator MY in an appropriate basis of fl,
and then to compute all its eigenvectors. If eigenvalues are distinct (which
will occur generically), each eigenvector will yield a solution.

This approach is attractive if the construction of this matrix is not too
time consuming. In particular, if we have a series of similar polynomial
systems to solve, in which most of the work can be done once for all sym-
bolically, the numerical computations will be limited to a minimum, that is,
mainly to the calculation of the eigenvalue decomposition.

One possibility to build the basis is suggested in [17]. It is formed of all
monomials of the form [], azg’“, where 0 < G, < di — 1. Other bases could be
thought of, but independently of the basis chosen, we know that the matrix
obtained will be of size at most (and generically equal to) [], d,. The
matrix representing the multiplication operator M} will always have that
size. The conditioning of the EVD calculation, and also the computational
effort necessary to build the matrix itself, will depend on the choice of the
basis.

Algebraic maximization of the trace Let’s turn now to our practical
application, and assume the basis

B = {17 x? $2? y? 'Tyv $2y7 z? xz? $2Z7 yZ> xyz7 nyZ}
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The eliminiation of the monomial xyz is indeed possible in two of the three
equations in system (L6{18)), so that [[,, dn, = 12.

4.2 Maximization of the absolute trace

Let the contrast function be
(U, V, W) =) |Kiii| = trace{|K|}. (26)

Assume that r(K) > 2 then

2
VY, = Z sign(Kii)V Ky
i—1

2
= ZSzVKz
=1

_ + (VK1 +VKy), s =352
+ (VKl — VKQ) s S1 = —89
The minimizer of can be found by evaluating the stationary points of
VKl + VKQ and VKl - YKQ

_When r(K) =1 then T; = s;VK; =0 < VK; = 0 which implies that
VY1 =VY; =0. Hence max ), |Ky;| = max ), Kyj; when r(K) = 1.

4.3 Maximization of the sum of squares

Now consider criterion Yo(U,V, W) defined in (9). Its numerator is not
multi-linear in the unknowns anymore, neither the equations defining its
stationary points.

Symmetry properties As in section we can try to make use of sym-
metry properties. As before, observe that

0 —1 0 -1
Qo -2 =Qiad (g )= (] 7)) @l
In other words, when changing the rotation angles «; in each of the three

modes into o; — /2, (z,y,2) is transformed into (—1/z,—1/y,—1/z), so
that (1111, Tha2) is transformed into (—T522,7111). The consequence is that

1,02(—1/:6, _1/y7 _1/2) = 1#2(3672/7 Z)
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which allows to reduce the search for stationary points. In fact, if (x4, Yo, 20)
is a stationary point then so is (—1/zo, —1/y0, —1/20).

Unfortunately, contrary to the symmetric case, it is not obvious to reduce
the degree of the polynomial system by using this symmetry property, even
at even orders. Only the domain of search is divided by half.

Algebraic solution When U,V and W are restricted to be plane rota-
tions the functional @D can be expressed as the rational function

2

a”kx yjz
, E : , i €R 27
(9,2 5 1+x2 1+ 2)(1+ 22) @i,k (27)

The stationary points of are the solutions to

CAPICHED) 2 iyd ok
oz p1 D i k=0 MigkT'Y’ 2
0Y2(z,y,z _ _ 2 i, 7k _
VYs(z,y,2) = 7231,1’ Ll =1 p | = | S0 Bipa’y’z" | =0
T2 (z,y, 2 P .
72((93;1;2) b3 Zi7j7k:0 VijkL Y’ 2

where (151, Bijk, Yijk € R. Let I =< p1,p2,p3 >C Rz, y, 2] denote the ideal
generated by p1, p2 and p3 and where R[z, y, z] denotes the set of polynomials
in x,y and z with coefficients in R.

Furthermore let G = {g;}{_; C R[z,y, 2] be a Grobner basis of I wrt. the
lexographic ordering >y > z. If I, = I NR[y, 2] and I, = I N R[z] then
according to the elimination theorem G,. = G N Ry, 2] and G, = G N R[¢]
are grobner bases for the ideals I, and I, respectively.

Since I =< p1,p2,p3 >=< ¢1,...,9s > implies that V(p1,p2,p3) =
V(gi,---,9s), where V(I) = {(z,y,2) € R3|f(x,y,2) = OVf € I}, the
problem to solve p; = ps = p3 = 0 when given the Grébner basis G of I can
be solved by backsubstitution since the new system ¢g; = --- = g5 = 0 can
be put into a triangular form.

Numerical solutions Due to the complexity of optimizing the functional
@ some suboptimal solutions will be considered next. First an algorithm
called ALS1 will be presented. The ALS1 algorithm will estimate U,V and
W in the successive manner:

(U, v w1y _ (u® vO wi=Dy . (u®) vO w)

where the upper index denotes the iteration number.
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We have the equivalence

2

8T2($,y, Z) i
gr2\%4,2) 0= B2i=0 .8 eR, 28
Ox y=7,2=% ;ﬂ A (28)

and hence finding the stationary points is equivalent to solving a second
degree polynomial. Due to symmetry of similar expressions are obtained
when setting the partial derivative of wrt. y or z equal to zero.

Another possibility is to estimate two out of the three transform matrices
simultaneously and this approach will be called ALS2. In this scheme the
transform matrices will be estimated in the successive manner

(U(lfl)’ V(Z), W(z) _ (U(Z), V(’L)7 W(Z+1)) N (U(l+1)7 V(1+1)7 W(Z+1))

Assume that x is fixed, then the candidates for the pair (y, z) can be found
via the equivalence

8T2(.’L‘, Y, Z) 2 - 2 '
— | = 0 & Z iyl 2 = Zai(z)yz —0 (29
Y = i,7,k=0 i=0
0Yo(x,y, 2) B 2 e 2 -
T 0z s 0 ® ;Oawy 2 —; (=)' =0 (30)
1,],R= =

where a;(z) and b;(z) are second degree polynomials in z. Applying the
method of resultants we end up with the polynomial

8

Res(Y,, To.,y) = »_ %2’
=0

The roots of this eight degree polynomial can be estimated by an EVD of its

corresponding companion matrix. After the roots has been estimated they

will be plugged back into and hence estimating the corresponding ¥ is

reduced to finding the roots of a second degree polynomial. Again due to

symmetry of similar expressions are obtained when fixing y or z.
Other ways to find the roots will be reported in a future report.

5 Computer results

To diagonalize a tensor T € RV*NXN with N > 2 a cyclic Jacobi-diagonali-
zation approch is taken. In each step a 2 x 2 x 2-tensor, denoted T is
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approximately diagonalized and the 2 X 2 transform matrices that approxi-
mately diagonalizes T are denoted U V and W and they are estimated in
an iterative manner as described earlier.

T is extracted from T as follows:

rf(: 1) = [ Tppp Tpap } T( 52) = { Tppa Trag }
Topp Toap Topa Togaq

Let K € RVXNXN be the transformed tensor after each step then
K=TeUeVeW
1 2 3
where

U = 51,n(5 n,j + 5i,p5p,j (61,1 — 1) + 5i,q5q,j (62,2 — 1) + 5i,p(5q,jﬁ1,2 + 5i,q5p’jﬁ2’1
vV = (517”5” + (5'7p(5pj(V1 1— 1) + 6; q(qu(Vg 9 — 1) + 6; p5q le 9+ 0; q(5p jVQ 1
W = 51‘7”(5”]4—54;5 J(W11—1)~|—5lq5 J(W22—1)+51p(5 7]W12+5@q(5 7jVV21

It should be noted that this algorithm is monotonic since ||K||* = [|T||?,
Kf,pp + Kgqq > Tgpp + quq and K2, = T2, i # p, q.

The outline of the cyclic Jacobi diagonalization algorithm can be seen
in algorithm (1| where the function bests Q\TV(T) tries to diagonalize the
subtensor based on either the ALS1 algorlthm or the ALS2 algorithm.

To see if the cyclic Jacobi diagonalization algorithm is capable of approxi-
mately diagonalizing an arbitrary tensor some simulations will be conducted.
A measure of how diagonal a tensor is, is the following

Zgj,k:l T?jk

In the first simulation, a tensor T € R3*#*8 with elements randomly
drawn from a uniform distribution is diagonalized. In the first case a tensor
were Ty, € U(—=100,100) and in the second case a tensor with T, €
U(0,100) are diagonalized and the results can be seen in figure and
respectively.

In the second simulation the objective is to try to diagonalize the tensor
T =% u,0v,ow, where u;, v;, w; € U(—100,100) in the first case and
u;, vi, w; € U(0,100) in the second case. The results can be seen in figure
and respectively.

Finally a diagonalization of an orthogonally diagonizable tensor has been
carried out where U, V and W consists of orthonormal bases of the subspace
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Algorithm 1 Cyclic Jacobi Diagonalization
forp=1to N —1do
forg=p+1to N do
'i‘(:,:,l) _ [ $p7p,p gpvq,p ] ’ ’T(:,:,2) _ [ $p7p7q $p7q,q ]
PP 4P P T+ 4,94

[U, V, W] = beSth\A,’{;\V (T)

U = E,\nén,j + (Si,pépJ(Ul,l - 1) + 5i7q5q7]’(U2,2 - 1) + 5¢7p(5q7jU172 +
0iq0p,;U21 R R R
V= 0innj + 0iplp;(Via — 1) + 0ig0q,i (Va2 — 1) + 0ipdg; V12 +
0i,q0pj Va1 - - -
W = (51'7/\71571’]‘ + 5i,p5p,j (W1’1 — 1) + 5i,q5q,j (WQ’Q — 1) -+ 5i,p5q’jW172 -+
5i,q5p,j 2,1
T=TeUeVeW
1 2 3
X =UX
Y=VY
Z=WZ
end for
end for

spanned by the columns of random matrices contained in R®*® and their
entries are elements in U(—100,100) in the first case and U(0, 100) in the
second case. The results can be seen in figure and respectively.

1 2 3 4 5 B 7 8 9 10
sweep sweep

(a) Ti;x € U(—100, 100) (b) Ty;x € U(0,100)

Figure 1: Diagonalization of a random tensor.
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sweep sweep

(a) g, vy, w; € U(—-100,100) (b) wy, vi, w; € U(0,100)

Figure 2: Diagonalization of the random tensor of size 8 x 8 x 8, T =
8
Y e Up OV, O W,

ool 09

08
08f

o7

06

06
05

0s5f 0

0.4 L L L L L L I L

sweep sweep

(a) Real valued orthogonally diagonizable(b) Nonnegative valued orthogonally diago-
tensor. nizable tensor.

Figure 3: Diagonalization of an orthogonally diagonizable tensor.

Another —equivalent— diagonality measure is the following
N 2 N 2
Zi,j,k:l Tz’jk - Zn:l Tnnn
N 2 :
Zi,j,lczl Tk

Furthermore the performance of the algorithms will be measured on the

off(T) =
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complexity of the algorithms which is measured by the number of multipli-
cations used by the given algorithm.

To compare the different 2 x 2 x 2-tensor diagonalization algorithms, the
performance will be measured on tensors in R?*°*5 5 T = D + E, where
D is an orthogonally diagonalizable tensor and E € R3*%5 is a random
tensor where E;;, € pU(—100,100), and where the real positive parameter
p controls the noise level. D is generated as D = Zizl u, o v, o w,, where
U,V and W consists of the orthonormal bases of the subspaces spanned by
the columns of random matrices contained in R®* and which entries are
randomly drawn elements in U(—100, 100).

In the first simulation the algorithms W2111 sweep 5 times. The perfor-

E
HD||||2 IP
the plotted curves are the average values over 5 runs.

ALSI refers to the sum of squares tensor diagonalization algorithm where
only one plane rotation are estimated at the time whereas the ALS2res and
ALS2heu refers to the sum of squares ALS2 tensor diagonalization algo-
rithms where the resultant and the heuristic solution has been used re-
spectively and in both case two plane rotations are estimated at the time.
Similary TraceRes and TraceHeu refers to the absolute trace tensor diag-
onalization algorithms where the resultant and the heuristic solution has
been used respectively.

mance of the algorithm as a function of can be seen at figure |4| where

0.14

012

01r

00GF

off(T)

0.06 -

Qb ———— ALS2Res ||

ALSZ2Heu
ALS1

TraceRes
TraceHeu

1] 01 0.2 0.3 0.4 045 0.6 07 0.8 09 1
IEIRAIDIR

0oz

0

Figure 4: The average diagonalization of random tensors T = D + E as a
|E[J

function of .
D]

The computational complexity of various algorithms will be studied in a

25



forthcoming report, as well as stationary values of the Jacobi CoM algorithm
in the unsymmetric case (the symmetric case has already reported in [3]).
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