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Abstract

We prove that if the interaction graph of a boolean network is without source and
without negative (resp. positive) circuit, then there are several stables states (resp. no
stable state) in the dynamics of the network.
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itive circuit, negative circuit, gene network.

1 Introduction

We consider a boolean network F': {0,1}" — {0,1}" and its interaction graph G(F) (the
nodes are the variables of the network, and the edges, which are directed and signed, denote
the positive and negative interactions present between these variables).

The question we focus on is: which dynamical properties of the network can be inferred
from its interaction graph? While studying gene networks, the biologist René Thomas
stated two general conjectures giving a partial answer to this question [18]. Informally, the
first (resp. second) conjecture states that the presence of a positive (resp. negative) circuit
in the interaction graph of a network is a necessary condition for the presence of several
stable states (resp. of sustained oscillations) in the dynamics of the network (the sign of a
circuit is the product of the signs of its edges). These conjectures have been recently proved
for boolean networks [9, 11, 12] (see [8, 14, 4, 2, 16] for proofs in the continuous case, and
[7] for a state of the art).

In this paper, we are interested by converses of these conjectures and thus by sufficient
conditions for the presence of several stable states or sustained oscillations. As main re-
sult, we show that: if each node of G(F) has a predecessor and if G(F') is without negative
(resp. positive) circuit, then F' has at least two fized points (resp. no fized point). A weaker
statement of this result has previously been proved by Aracena, Demongeot and Goles [1]
(in the restrictive context of boolean neural networks).



The boolean versions of the Thomas’ conjectures, and the converses proved here, are
useful in biology. In the context of gene networks, the first reliable experimental observa-
tions are often expressed in terms of interaction graphs [3]. Moreover, boolean models of
gene networks are expensively used since the 70’s [6, 17], and the presence of several stable
states (resp. sustained oscillations) in these networks is related to an important biological
phenomena: the cell differentiation process (resp. the homeostatis phenomena) [18, 17, 19].

2 Definitions

In this section, we state the definitions needed to formulate the main result and the boolean
versions of the Thomas’ conjectures. One of them (the second) will be used to prove the
main result.

2.1 Asynchronous state graph and attractors

Let us start with preliminary notations. As usual, 0 = 1 and 1 = 0. Then, for each point
z = (z1,...,2,) € {0,1}" and each i € {1,...,n}, we denote by z' the point of {0,1}"
that we obtain by switching the ith component of x:
T = (X1, Tiy ey Tp).

Now, consider a boolean network of n variables whose evolution is described by the
successive iterations of a map

F:{Ovl}n _>{071}n’ F(x):(fl(x)7afn(x))

Several iteration modes are possible: parallel, serial, asynchronous, etc. Here, we focus
on the asynchronous iterations used by Thomas to model the behavior of gene networks
[17, 19]. These iterations are usually visualized by a so called asynchronous state graph:

Definition 1 The asynchronous state graph of F, denoted T'(F), is the directed graph
whose set of nodes is {0,1}" and whose set of edges is

{(z,2") : 2 € {0,1}", i € {1,...,n}, fi(x) =z;}.

Naturally, the fixed points of F' have no successor in I'(F') and correspond to the stable
states of the system. In the following definition, we extend the notion of stable state to the
notion of attractor.

Definition 2 A trap domain of I'(F') is a non-empty subset A C X such that, for all edges
(x,y) of T'(F), if v € A then y € A. An attractor of I'(F) is a smallest trap domain with
respect to the inclusion relation. A cyclic attractor is an attractor of cardinality > 2.

The notion of attractor extends the notion of stable state in the sense that x is a stable
state if and only if {z} is an attractor. Observe also that attractors perform an attraction
in the weak sense that, from each node, there is always a path which leads to one of them.
Finally, note that cyclic attractors do not contain stable state. So, when the network is in
a cyclic attractor, it necessarily describes, ad infinitum, sustained oscillations.



Example 1 n =3 and the map F = (f1, fo, f3) : {0,1}% — {0,1}3 is defined by:

fi(z) =xo + a3
fa(x) = &1 + xox3 (boolean sum: 1+ 1 =1)
fo(x) = 1 (x223 4 T23)

The table of F' and its asynchronous state graph T'(F') are the following:

(0,0,0) | (0,1,0)
E0,0,l% El,l,Og 011l ——111
0,1,0 1,1,0
20,1715 21,1,03 01@110

1,0,0 0,0,1 ‘

e e 001 101
(1,0,1) | (1,0,0)
(1,1,0) | (1,0,0) 000/(— 100//
(1,1,1) | (1,1,1)

So T'(F') contains a stable state (the fized point (1,1,1)) and a cyclic attractor:

{(0,0,0),(0,1,0),(1,1,0),(1,0,0),(1,0,1)}.

2.2 Discrete Jacobian matrix and interaction graph

Let F be a map from {0,1}" into itself. In this section, we attach to F a signed directed
graph which describes the structure (or topology) of the network modeled by F'. As in [9],
this graph is defined from the Jacobian matrix of F.

Definition 3 The Jacobian matrix of F' at point x € {0,1}" is the following n x n matriz:

Fl(z) = (fij(z)),  fij(z) = w

(fij(z) is a discrete analogue of (9f;/0x;)(x).)

Definition 4 An interaction graph is a finite graph (V,E) where E C V x {—=1,1} x V.
An edge (j,s,1) € E is an edge from node j to node i of sign s.

Definition 5 We call interaction graph of I, and we denote by G(F'), the interaction graph
whose set of nodes is {1,...,n} and which contains a positive (resp. negative) edge from j
to i if there ezxists x € {0,1}" such that f;;j(x) is positive (resp. negative).

To illustrate this definition, assume that f;;(x) is positive and that z; = 0. Then,
fi(z) < fi(@7) so we can say that, at state z, an increase of z; induces an increase of f;. In
other words, j is an activator of ¢, and we have a positive edge from j to ¢ in G(F).

Remark 1 There is an edge from j to i if and only if f; depends on variable x;. Thus
node i has a predecessor if and only if f; is not constant.



Definition 6 A path of an interaction graph G is an non-empty sequence of edges

(jl) Sl)i1)7 (j27 82)i2)7 ceey (jTa ST)iT)a

such that iy, = jgy1 for 1 <k <r. Such a path is a path from j; to i, of length r. It is a
circuit if i, = j1 and elementary if the nodes j; are mutually distinct. Finally, its sign is
the product of the signs sy.

Remark 2 If G has a negative circuit, then G has an elementary negative circuit (this is
false for positive circuits, be careful!).

In the following, without explicit contra-indication, the considered circuits are always
elementary.

Example 2 The interaction graph of the map F : {0,1}3 — {0,1}3 of Ezample 1 is:

O 5@ )
N
-

Arrows —> and — correspond to positive and negative edges respectively. Arrows —>
indicate the presence of both a positive and a negative edge from one node to another (these
graphical conventions are used throughout the paper). This interaction graph contains 6
positive circuits (2 of length 1, 2 of length 2, and 2 of length 3) and 4 negative circuits (1
of length 1, 2 of length 2, and 1 of length 3).

3 Thomas’ conjectures and main result

We are interested by the following question: which properties on the asynchronous state
graph T'(F) (which contains 2" nodes) can be extract from the rather simple information
contained in the interaction graph G(F') (which only contains n nodes)? The following
boolean versions of the Thomas’ conjectures gives a partial answer to this question.

Theorem 1 (Boolean version of the Thomas’ conjectures)
Let F be a map from {0,1}" to itself.

1. If G(F) has no positive circuit then T'(F) has a unique attractors [11].

2. If G(F) has no negative circuit then I'(F') has no cyclic attractor [12].

This theorem gives necessary (but not sufficient) conditions on G(F') for I'(F) to have
several stable states or a cyclic attractor. Our main result gives sufficient (but not necessary)
conditions on G(F') for I'(F') to have these properties:

Theorem 2 (Main result)
Let F be a map from {0,1}" to itself, and suppose that each node of G(F') has a predecessor.



1. If G(F) has no negative circuit then F' has at least two fized points.

2. If G(F') has no positive circuit then F' has no fized point.

(The condition “each node has a predecessor” is rather weak: it means that each com-
ponent f; of F'is not constant. Note also that this condition implies the presence of at least
one circuit in G(F).)

Theorem 2 has been proved by Aracena Demongeot and Goles [1] under additional as-
sumptions. The map F' is supposed to be a Hopfield’s boolean neural network [5] (this
implies that G(F') cannot have both a positive and a negative edge from one node to
another) and, more importantly, a rather stronger hypothesis is used to arrive to the con-
clusion of the first point: it is the absence of a negative circuit in the undirected version of
G(F), that is, in the interaction graph which contains a positive (resp. negative) edge from
j to i if G(F') contains a positive (resp. negative) edge from j to i or from 7 to j.

Example 3 Consider the following interaction graph:

O—@
Qy/

Each node has a predecessor and there is no negative circuit (but its undirected version
contains negative circuits, 1 —> 3 —> 2 — 1 for instance). According to Theorem 2, all
the maps from {0,1}3 to itself whose interaction graph is the one above have at least two
fized points. There exists in fact (exactly) two maps with such an interaction graph: the
maps F' and H defined, with the boolean sum (1 +1=1), by:

fi(z) =3 hi(x) = x3
fg(x) = X9T1 + X3T1 and hg(ﬂ:) = x3T1 + X2X1
f3(x) = 21 hs(x) = 1

The fized points of F are (0,0,0), (0,1,0) and (1,1,1). Those of H are (0,0,0), (1,0,1)
and (1,1,1). So F' and H have indeed more than two fized points.

The following two examples show that the conditions for the presence of several fixed
points or the absence of fixed point given by Theorem 2 are not necessary.

Example 4 n = 2. The map F and its interaction graph G(F) are the following:

G(F)

)
)
| Co—@
)

F has two fized points, but G(F') has a node without predecessor and a negative circuit.



Example 5 n = 2. The map F and the resulting interaction graph G(F') are the following:

G(F)

)
)
% Co—@

4 Proof of Theorem 2

Let us state few additional notations. If (j,s,7) is an edge of a interaction graph G, we
abusively write (4, s,7) € G. Then, we set:

0=-1 and 1=1.

The following lemma (obvious for boolean neural networks [1]) play a crucial role in the
proof of both points of Theorem 2. See Figure 1 for an illustration.

Lemma 1 Let
F:{0,1}" —{0,1}", z€{0,1}", ie{l,...,n} and a€{0,1}.
If fi is not constant and if, for all edges (j,s,i) € G(F'), we have a = s- I, then f;i(x) = a.

Proof —Suppose that the conditions of the lemma are satisfied and suppose that a = 1
(the demonstration is similar when a = 0). We first prove that

Vy € {071}n7 fz(y) < fz(x) (1)

We reason by induction on the Hamming distance between x and y, that is, on the number
d(z,y) of j € {1,...,n} such that z; # y;. If d(z,y) = 0 then it is obvious that f;(y) <
fi(x). Otherwise, we suppose that f;(z) < f;(x) for all z such that d(z,z) < d(z,y) and we
suppose, by contradiction, that f;(z) < fi(y). Since d(z,y) > 0, there exists j € {1,...,n}
such that z; # y;. Hence d(z,3’) < d(x,y) and so, by hypothesis,

Hi(F) < filx) < fily).

If y; =1 then §; —y; = —1 thus f;;(y) > 0 and we deduce that (j,1,%) is an edge of G(F).
Consequently, @ = Z; so x; = 1 = y;, a contradiction. If y; = 0 we similarly arrive to a
contradiction. So (1) is proved and we deduce that if, f;(z) = 0, then f; = cst = 0. Since
fi # cst, we deduce that f;(x) = 1. O

4.1 First point

We now prove the first point of Theorem 2. Let us say that an interaction graph G is
strongly connected if, for all distinct nodes i, j, it contains a path from j to 7.

Lemma 2 If G is a strongly connected interaction graph without negative circuit, then all
the paths from a given node to another given node have the same sign.



0\/ 1\/
1 %@ = filz)=1 0 %@ = fi(z) =0
1/ 0/
0 1

Figure 1: Illustration of Lemma 1.

Proof —Suppose that the conditions of the lemma are satisfied but that there exists both
a positive and a negative path from node j to node i, denoted by P+ and P~ respectively.
Since G is strongly connected, there exists a path @ from i to j. If Q is positive (resp.
negative) then the concatenation of P~ (resp. P*) and @ forms a negative circuit which is
not necessarily elementary. We deduce from Remark 2 that G has an elementary negative
circuit, a contradiction. U

For each =z € {0,1}", set © = (Z1,...,%n). Using arguments found in [1]|, we prove the

Lemma 3 Let F' be a map from {0,1}" to itself. If F' is not constant, if G(F') is strongly
connected, and if G(F') has no negative circuit, then F' has at least two fixed points. More
precisely, there exists x € {0,1}" such that © and T are fized points of F.

Proof —Suppose that the conditions of the lemma are satisfied. We first show that:
FEach node of G(F') has a predecessor. (2)

Indeed, suppose that there exists a node ¢ without predecessor. If there exists a node j # i
then there is no path from j to i so G(F) is not strongly connected. We deduce that n = 1.
Hence, G(F') has no edge so F' = cst, a contradiction.

For i = 1,...,n, let P; be an elementary path from 1 to i (according to (2) and the
strongly connectivity of G(F'), such a path exists). Then, consider the point x € {0,1}"
such that Z; is the sign of P; (i = 1,...,n). We show that,

V(j,s,z’) S G(F), Ti=8- 53]'. (3)

Let (j,s,7) be an edge of G(F'). Then, the concatenation of P; and (j,s,¢) forms a path
from 1 to i of sign Z; - s. According to the previous lemma, this path and P; have the same
sign, i.e., Z; = s- ;. So (3) is proved, and it follows that, for y = z, we have:

Y(4,s,1) € G(F), Yi = S Yj. (4)

We then deduce from (2), (3), (4) and Lemma 1, that = and y are fixed points of F. O



Remark 3 The proof gives a very efficient way to compute, from the interaction graph of
the network, the opposite fixed points x and . It is sufficient to build a spanning tree of the
interaction graph and to compute the sign of the paths starting from the root. For instance,
consider the following strongly connected interaction graph which has no negative circuit:

o
S A
0 ¥
SN

Put the first variable in state 1, and put the other variables i in state 1 (resp. 0) when, in
the highlighted spanning tree of root 1, the path from 1 to i is positive (resp. negative):

According to the previous proof, the point x = (1,0,0,0,1,1) defined in this way, and the
opposite point T = (0,1,1,1,0,0), are fized points of any map F whose interaction graph
is the one above (there are 648 maps with this interaction graph). This property can be
“graphically verified” using the previous figure and Figure 1.

Let G be an interaction graph, let V be the set of nodes of (G, and let ~ be the
equivalence relation on V defined by ¢ ~ j if ¢ = j or if there exists a path from ¢ to j and
a path from j to i. Equivalence classes of ~ are called strongly connected components of G.
It is easy to see that there exists a strongly connected component I without input edge,
i.e., such that there is no (j,s,i) € G with j ¢ I and i € I. (Indeed, if each component
has an input edge, we can build a circuit whose nodes belong to distinct components, a
contradiction.)

Lemma 4 Let F' be a map from {0,1}" to itself such that each node of G(F') has a prede-
cessor. If G(F') has no negative circuit then I'(F') has at least two attractors.

Proof —Suppose that the conditions of the lemma are satisfied, and let I be a strongly
connected component of G(F') without input edge. Without loss of generality, suppose that

I={1,...,m}.

If m = n then G(F) is strongly connected. So, according to the previous lemma, F' has
two fixed points and it follows that I'(F") has two attractors. So suppose that m < n and
let us (abusively) denote by 0 the (n — m)-tuple whose all components are zero.



Consider the map H from {0,1}™ to itself defined by:
vz e {0,1}™, hi(z) = fi(z1,...,2m,0) (i=1,...,m).

Since, I has no input edge, for all < € I, f; only depends on the variables z; such that j € 1.
It means that, for all = € {0,1}",

fz(ﬂj‘) = fi(:l?l,... ,ZEm,O) = hi(:ltl,...,xm) (Z = 1,... ,m)

and thus that

fw(l’) = fl-j(arl,. .. ,$m,0) = hij(xl, . 737m) (Z,_] = 1, . ,m).

Hence, the set of edges of G(H) is the set of edges (j,s,i) € G(F) such that i,j € I. It
is then clear that G(H) is strongly connected and without negative circuit. Furthermore,
since f; # cst, we have hy # cst and so H # cst.

Hence, following Lemma 3, H has at least two fixed points, say a and (. Let
A={ze{0,1}": (z1,...,2m) = a},

and let us show that A is a trap domain of I'(F'). Suppose that (z,y) is an edge of I'(F')
with x € A, and let i be the index of {1,...,n} such that y = z° and f;(x) = #;. Since if
¢ € I we have

filx) = filx1, ... xm, 0) = hi(x1, ..., 2m) = hi(a) = a; = x4,

we deduce that ¢ ¢ I. Thus

(Y1, Ym) = (1, ., xm) = @,

that is, y € A. Consequently, A is a trap domain of I'(F). So, by definition, A contains (at
least) one attractor. We show similarly that

B={zxec{0,1}": (x1,...,2,) = 3}

contains an attractor. Since a # (3, A and B are disjointed, and we deduce that I'(F') has
two attractors. U

We are now in position to conclude. Suppose that each node of G(F') has a predecessor
and that G(F) has no negative circuit. According to the previous lemma, G(F') has two
attractors, and according to (the second point of) Theorem 1, these attractors are not
cyclic. So I'(F') has two attractors of cardinality 1, i.e., F' has two fixed points.

4.2 Second point

The proof of the second point follows the reasoning used by Aracena et al in [1, Theorem 2].
Let F' be a map from {0,1}" to itself such that each node of G(F') has a predecessor and
such that G(F') has no positive circuit. By contradiction, suppose, that = is a fixed point
of F. Let y = Z and let 7 be any element of {1,...,n}. We have f;(x) = z; # y; and, since
i has a predecessor in G(F'), f; # cst. So, following Lemma 1, there exists an edge (j, s, 1)



in G(f) such that g; # s - 2; and thus such that s = Z; - ;. We can thus construct, in this
way, a circuit

(jl7 Slail)a (j27 827i2)7 ey (j?“7 Srair)

where s, = 2;, - 7;, for k=1,...,r. By setting j,41 = j1, the sign of this circuit is

T T T T
H Sk = H T, Ty, = H T gy = H T, Zj, >0,
k=1 k=1 k=1 k=1
a contradiction.

5 Conclusion

We have establish sufficient conditions on the interaction graph of a boolean network for
the presence of several fixed points or the absence of fixed point in the dynamics of the
network. The considered interaction graph G(F') gives a very coarse information about the
dynamics of the system. Our aim is now to establish more subtle sufficient conditions by
considering the local interactions graphs of the system, i.e., the interactions graphs G(F)(x)
defined in each point z as follow: G(F')(x) has a positive (resp. negative) edge from j to
i if fi;(x) is positive (resp. negative). Let us remark that, thanks to this notion of local
interaction graphs, the following strong boolean version of the first Thomas’ conjecture has
been proved [9, 11]: if G(F)(x) has no positive circuit for all x € {0,1}", then F has at
most one fixed point. Note also that local sufficient conditions for the multistationarity or
the presence of oscillations have been discussed in [15, 10]. Among several other directions
of research, we also would like to establish sufficient conditions the presence of at least k
attractors (1 < k£ < 2"). In other words, we would like to express, from the interaction
graph, a lower bound on the number of attractors. The tools used in |1, 13] to establish
upper bounds on the number of attractors may be useful to achieve this goal.
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