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RESUME:

On considére la planifcation adaptative d'une expérieqtenale avec une contrainte de colt, en régression noivaéa
pour un modéle de type Bernoulli, avec une application asais<liniques. La convergence forte et la normalité asgtitpte
des estimateurs est démontrée pour une planification suoomaide expérimental fini, lorsque le colit moyen est imposé (e
le plan d’expérience converge vers le plan optimum sousraioé de codt) et lorsque I'objectif est de minimiser le tcddn
exemple avec un modele binaire bivarié est présenté.
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ABSTRACT.

Adaptive optimal design with a cost constraint is considebmth for nonlinear regression and Bernoulli type experits,
with application in clinical trials. The strong consistgrand asymptotic normality of the estimators is proved faigles over
a finite space, both when the cost level is fixed, and the adagésign converges to an optimum constrained design, aed wh
the objective is to minimize the cost. An example with a hist&r binary model is given.
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Abstract Adaptive optimal design with a cost constraint is considered, both for nonlinear regression
and Bernoulli type experiments, with application in clinical trials. The strong consistency and asymptotic
normality of the estimators is proved for designs over a finite space, both when the cost level is fixed, and
the adaptive design converges to an optimum constrained design, and when the objective is to minimize
the cost. An example with a bivariate binary model is given.
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1 Introduction and motivations

In the papers [5, 6] the authors make a stimulating step towards a clear formalization of the necessary
compromise between individual and collective ethics in experimental design for dose-finding studies. The
idea is to use a penalty function that accounts for poor efficacy and for toxicity, and to construct a
penalized D-optimal design (or cost-constrained D-optimal design, the cost being defined through the
penalty function, see [9, Chap. 4]). Using a parametric model for the dose/efficacy-toxicity responses
(Gumbel or Cox model as in [5] or a bivariate probit model as in [6]), the Fisher information matrix
can be calculated and optimal designs can be obtained through (now standard) algorithmic methods.
This shows a neat advantage over more standard approaches. Indeed, D-optimal design alone (and its
extensions to Bayesian, minimax and adaptive variants) favors collective ethics in the sense that future
patients will benefit from the information collected in the trials, but it neglects individual ethics in the
sense that the patients enroled in the trials may receive doses with low efficacy or high toxicity. In
contrast, dose-finding approaches based on up-and-down [20] or bandit methods [14] focuss on individual
ethics by determining the best dose associated with some predefined criterion (e.g., the probability of
efficacy and no toxicity) but may result in a poor learning from the trial and thus in poorly adapted
dosage regimen for future individuals. By a suitable tuning of the penalty function, the approach used in
[5, 6] makes a clear compromise between the efficient treatment of individuals in the trial (by preventing
the use of doses with low efficacy or high toxicity) and the precise estimation of the model parameters
(accompanied with measures of statistical accuracy), to be used for making efficient decisions for future
treatments. As such, it has a great potential in combining traditional phase I and phase II clinical trials
into a single one, thereby accelerating the drug development process.

The aim of the present paper is to build on this approach and improve it in two directions.

First, the penalized optimal design problem formulated in [5, 6] does not allow flexibility in setting
the balance between the information gained (in terms of precision of parameter estimation) and the cost
of the experiment (in terms of poor success for the patients enroled in the trial). Here we shall promote

another formulation for optimal design under a cost constraint, for which a scalar tuning parameter



sets the compromise between information and cost. We show that, for suitable penalty functions, by
increasing the weight set on the penalty one guarantees that all doses in the experiment have a small cost
(and concentrate around the optimal dose when this one is unique). This permits to avoid the extreme
doses generally suggested by experimental design for parameter estimation.

Second, whereas [5, 6] advocate the use of adaptive experimental design, the convergence of the
procedure (strong consistency of the estimator of the model parameters and convergence of the design
to the optimal one) is left as an open issue. This difficulty is usually overcome by considering an initial
experiment (non adaptive) that grows in size when the total number of observations increases. Although
this number is often severely limited in practise, we think it would be reassuring to know that for a given
initial experiment, adaptive design guarantees suitable asymptotic convergence properties. Using simple
arguments, we show that this is indeed the case when the design space is finite, which forms a rather
natural assumption in the context of clinical trials. Our results concern penalized D-optimal design
but also cover the case, more classical, of fully adaptive D-optimal design. The asymptotic distribution
of the parameter estimator is shown to be normal, with variance-covariance matrix given by inverse of
the usual information matrix, similarly to the non-adaptive case. Moreover, we show that, for suitable
penalty functions, when the weight given to the cost for bad treatment increases with the number of
patients enroled, the doses allocated converge to the optimal one while the parameters are still estimated
consistently.

The results presented are of rather general applicability and, although this work has been motivated
by considerations in the context of clinical trials, we show that they also cover the case of least-squares
estimation in nonlinear regression models, for which there exist even less consistency results than for
maximum likelihood estimation when the design is adaptive. In particular, the results of Sect. 3 and 4
form a major improvement over those in [26] where only linear regression models were considered.

Penalized optimal design for a fixed value of the model parameters (locally optimal design) is consid-
ered in Sect. 2. We show in particular that a scalar penalty coefficient can be used to make a suitable

compromise between learning (gaining information) and optimization (targeting the optimal dose), and



eventually force the design points to concentrate around the optimal one. Adaptive penalized D-optimal
design is introduced at the end of this section, its asymptotic properties are investigated in the rest of
the paper under the assumption that the design space is finite. Sect. 3 concerns the case where the
penalty coefficient is bounded. We show that when both the design and the coefficient are adapted to the
current estimated value of the model parameters, one guarantees the strong consistency and asymptotic
normality of the parameter estimator and the strong convergence of the design to the optimal one. Both
least-squares estimation in nonlinear regression and maximum-likelihood estimation in Bernoulli-type
experiments are considered. In Sect. 4, the penalty coefficient is allowed to grow to infinity. We show
that when the increase is not too fast, the strong consistency and asymptotic normality of the parameter
estimator are preserved, while at the same time the design asymptotically concentrates around points of
minimum cost. Some simulation results with a bivariate dose-response model are presented in Sect. 5.
Finally, Sect. 6 concludes and suggests several directions for further developments. The proofs of lemmas

and theorems are collected in an Appendix.

2 Penalized D-optimal design

2.1 Models, designs and constraints

Let X, a compact subset of R?, denote the admissible domain for the experimental variables = (design
points) and # € RP denote the (p-dimensional) vector of parameter of interest in a parametric model
generating the log-likelihood (Y, x;0) for the observation Y at the design point . We shall always
suppose that § € ©, a compact subset of RP. For N independent observations Y = (Y7,...,Yn) at
X = (x1,...,xzn) the log-likelihood at 6 is I(Y,X;0) = Zﬁill(}ﬁ,xi;e). Let M(X,0) denote the

corresponding Fisher information matrix,

Y, X;0)| &
M(X,0) = —IEy {(W} = ;N(iﬁi,e)-



When N(z;) denotes the number of observations made at @ = z;, we get the following normalized
information matrix per observation

N(zi)
N

M(E,0) = 1 M(X,0) = 3 S (e, 0),

i=1
where K is the number of distinct design points and ¢ is the design measure (a probability measure on
X)) that puts mass N(x;)/N at x;. Following the usual approximate design approach, we shall relax the
constraints on design measures and consider £ as any element of =, the set of probability measures on X,

so that
M(E0) = [ n(r.0)€(do).
x
In a regression model with independent and homoscedastic observations satisfying IEy(Y|z,0) =

n(z,0), with n(z, 0) differentiable with respect to 6 for any x, we have

On(,0) on(z,0)

w(z,0) =T 50 207 (1)

with Z = [ [0/ (t)/o(t)]® o(t) dt the Fisher information for location, where ¢(-) is the probability density
function of the observation errors and ¢'(-) its derivative.
In a dose-response problem with single response Y € {0,1} (efficacy or toxicity response at the dose

x for instance) and Prob{Y = 1|z,0} = w(x,0) we have
WY, 2;0) = Y log[n(z,0)] + (1 —Y)log[l — 7(,0)] (2)

so that, assuming 7(z, #) differentiable with respect to 6 for any z,

orn(x,0) On(x,0) 1
00 07T w(z,0)[1 —w(x,0)]" 3)

w(z,0) =

Bivariate extensions, where both efficacy and toxicity responses are observed at a dose x, are considered
in [5] (Gumbel and Cox models) and [6] (bivariate probit model). See also Example 2 below and Sect. 5.
Besides a few additional technical difficulties, the main difference with the single response case is the fact
that u(x,#) may have rank larger than one, so that less than p support points in £ may suffice to estimate
0 consistently. The same situation occurs for regression models when dim(n) > 1 so that (1) may have

rank larger than one. We shall always assume that p(z,0) is bounded on X.



In its now traditional form, local optimal design consists in determining a measure £* that maximizes
a concave function ¥(-) of the Fisher information matrix M(E, 6) for a given value of §. We assume that
¥(.) is monotone for the Loewner ordering (therefore, ¥(aM) is a non-decreasing function of a € RT
for any non-negative definite matrix M) and shall pay special attention to local D-optimal design, for
which W(M) = logdet M. The extension to other global optimality criteria, such as [trace(M~1)]~!
for instance, can be obtained by following a similar route. The denomination ‘local’ in local optimal
design comes from the fact that in nonlinear situations M(¢, ) depends on 6 and the optimal design
thus depends on the value 6 that is chosen. Extensions to minimax and Bayesian (or average optimal
designs) are also considered in [6] (see also [23, 8, 29, 30, 1]). A natural and widely used approach to
face the problem of dependency into the unknown value of 8 is adaptive design. In its simplest form
(one-step adaptive locally optimal) the design points 1,2 ..., TN, ZN+1,-- . associated with a sequence
of observations are chosen sequentially, the determination of the point a1 being based on the value
0N estimated from the N previous observations. The asymptotic properties of estimators and designs
obtained via this procedure will be investigated in Sect. 3 and 4.

In many circumstances, besides the optimality criterion ¢ (£) = W[M(¢, )], it is desirable to introduce
a constraint of the form ®(&, 0) < C for the design measure. In dose-finding problems, the introduction of
such a constraint allows one to take individual ethical concerns into account. For instance, when both the
efficacy and toxicity responses are observed, one can relate ®(¢, ) to the probability of success (efficacy
and no toxicity) for a given dose, as done in [5, 6]. See also Example 2. We suppose that the cost function
®(&,0) is linear in &, that is

B(£.0) = /X o(,0) £(d)

and that ¢(z, 0) is bounded on X. The extension to nonlinear constraints is considered, e.g., in [4] and [9,
Chap. 4]. Also, we shall restrict our attention to the case where a single — scalar — constraint is present,
some of the issues caused by the presence of several constraints are addressed in the same references. See
also Sect. 6. Matrices are denoted by bold capital letters and we denote by ||A| the usual norm of A,

||| = [trace(ATA)Y2 = (32, {A}))/2.



2.2 Two equivalent formulations for maximizing information per cost-unit

Suppose that ¢(z,0) > 0 for all x € X. The approach used in [5, 6] formulates the problem as follows.

Problem P;(#): maximize the total information for N observations, that is, maximize W[NM(¢, 6)]

with respect to N and £ € = satisfying the total cost constraint

NﬂamzN[gmﬂmwwgc

For any &, the optimal value of N is N*(§) = C/®(&, 6) so that an optimal measure £* € = for P;(6)
maximizes U(C M(E,0)/P(E,0)].

Denote now v = N¢, which is a mesure on X not normalized to 1; we have [ yv(dz) = N which
becomes a free variable. Py () is then equivalent to the maximization of [M(v, 6)] under the constraint
®(v,0) < C. The constraint is saturated at the optimum, i.e. ®(v*,8) = C, which we can thus set as an
active constraint. Imposing ®(v,0) = C and defining &'(dz) = v(dx)¢(z,0)/C we obtain [, &'(dz) =1

and

_ 2.0) v(ds) = u(a:,@),xz,,
Mw.0) = [ peoyidn) = [ CHER ) = M€0).

The constraint design problem P;(6) is thus equivalent to a standard unconstrained one, with u(z,6)

simply replaced by C u(z,0)/¢(x,0). Call Py(6) this problem.
Problem P;(#): maximize ¥[M’' (¢, §)] with respect to & € E.

The equivalence between P1(f) and Py(f) is further evidenced by considering the necessary and
sufficient conditions for optimality expressed by the Equivalence Theorem, see [19] for D-optimality and,
e.g., [31] for a general formulation. For P;(f) with ¢(§) = logdet[M(§,0)/®(&,0)], the measure £* is
optimal if and only if

Vo € X, trace[u(z, )M (£*,0)] <p

(4)

(note that the condition does not depend on the normalization constant [, £*(dx)). For Py(6) with



Y(&') =logdet M'(¢',0), £* is optimal in = if and only if

Vr € X, Ctrace ;g:z; M’fl(fl*,ﬁ) <p (5)

(note that M’ is proportional to C' which thus cancels out). The two conditions are equivalent: (5) can
be written as (4) by setting £*(dz) = C ™ (dx)/d(x, ).

One should note that the value of C' plays no role in the definition of optimal designs for P;(9),
P2(6). For the dose-response problem considered in [5, 6] this has the important consequence that the
prohibition of excessively low (with poor efficacy) or high (with high toxicity) doses can only be obtained
by an ad-hoc modification of the penalty function ¢(x,#). Indeed, this is the only way to modify the
optimal design and hopefully to change its support. This can be contrasted with the solution of the

constrained design problem that we present in the next section and then consider in all the rest of the

paper.

2.3 Maximizing information per observation under a cost constraint

A direct formulation of the optimal design problem under constraint is as follows.
Problem P3(#): maximize W[M(¢, 0)] with respect to £ € E under the constraint ®(£,6) < C.

We say that a design measure & € Z is f-admissible if ®(£,0) < C' and we suppose that a strictly
f-admissible measure exists in = (®(£,0) < C for some £ € Z). A necessary and sufficient condition for
the optimality of a f-admissible £* € E is the existence of A* > 0 such that A* [C' — ®(£*,0)] = 0 with
& = &*(\*) maximizing the design criterion Lg(&, \*) = U[M(¢,0)] + A* [C' — (&, 0)] (the Lagragian of
the problem) with respect to £ € 2. Moreover, the Lagrange coefficient A* minimizes L[£*(N), A] with
respect to A € RT. When ¥(-) = logdet(-), the necessary and sufficient condition for the optimality of a
f-admissible £* € = becomes

A - (e 0] =0

IN* >0 such that (6)

Vo € X, traceu(x, ()M~ (€%, 60)] < p+ N [6(x,6) — B(",0)]



In practice, £* can be determined by maximizing

Hy(€,A) = W[M(E, 0)] — A (&, 0) (7)

for an increasing sequence (\;) of Lagrange coefficients \, starting at Ay = 0 and stopping at the first
A; such that the associated optimal design £* satisfies ®(£*,0) < C, see, e.g., [24] (for C large enough,
the unconstrained optimal design for ¥(-) is optimal for the constrained problem). The parameter A
can thus be used to set the tradeoff between the maximization of W[M(¢, )] (gaining information) and
minimization of ®(¢,0) (reducing cost). Notice that maximizing Hy(&, \) for A > 0 is equivalent to
maximizing (1 — ) U[M(E,0)] + v [-P(&, 0)] with v = A/(1 4+ A) € [0,1). Also, when ¥(M) = log det M,
there is an obvious relation between the maximization of (7) and the solution of a problem in the form
P1(0). Indeed, one can write Hyp (&, X) = log det[M(€, 0) /P’ (€, 0)] with ®'(£,0) = exp[(A/p) @ (&, 8)] (which,
however, is not linear in &).

Similarly to the case of unconstrained optimal design with a strictly concave criterion, the optimal
matrix M(&*, 0) is unique when the function ¥(-) is strictly concave on the set of positive definite matrices.
Indeed, suppose that there exist two optimal designs &7, &5 in = for P5(6) such that M(&7F, 0) # M(&3,0).
The optimality of & and &5 implies W[M(&5,0)] = W[M(&5,0)] and ®(&7,6) = ®(&5,0) = C. Therefore
the Lagrange multipliers A of both solutions coincide, see (6), and &5, {5 maximize (7) for this A, that is,
maxeez Ho(§,\) = Ho(§5,\) = Hg(&, A). Take now any a in (0,1) and consider £ = (1 —a)&f +aés € E.
From the strict concavity of ¥(-) and the linearity in & of ®(¢, §), we obtain Hy(&, \) > (1—a) Ho(&F, N) +
aHy(&5,\) = Ho(&5,\) = Hyp(&5, N), which contradicts the optimality of £, &5. The optimal information

matrix is thus unique (but the optimal design measure £* is not necessarily).

Let £*(A) denote an optimal design for Hyp(£, A) given by (7). One can easily check that both
T{M[E*(N), 0]} and ®[£*(N), 0] are non-increasing functions of A. Three questions (at least) naturally

arise concerning the tradeoff between maximization of ¥[M(E, §)] and minimization of ®(¢, ).
e (i) How fast does the cost ®(&, 6) decrease when \ increases?

e (ii) How big is the loss of information (decrease of W[M(&, 6)]) when ®(€,0) decreases?



e (iii) Can we force the costs ¢(Z;,0) to decrease for all support points &; of the optimal design £*(\)

by increasing A7

Suppose that u(x,0) and ¢(z,6) are continuous in = € X, with X a compact subset of R, and define

bp = g(él/lyl ¢(x,0), =" =2z2%(0) =arg g(él/rvl d(xz,0). (8)

We do not assume for the moment that «* is unique (but at least one such point exists in X’). For any

& € =, we also define
Ag(§) = B(&,0) — 95 -

Only the case of D-optimality is considered and we denote by &}, a D-optimal design that maxi-
mizes logdet M(,6) with respect to £ € =. We assume that Ag(£5) > 0 (otherwise £ maximizes
log det M(&,0) — AP (€, 0) for any A > 0) and that log det M(&5),6) > 0 (otherwise M(€, ) is singular for
any £ € E). We then have the following results concerning the three questions above. The proof is given

in Appendix.

Proposition 1 Let & = £*(\) be an optimal design that mazimises Ho(E, \) given by (7) with respect
to £ € E, with U(M) = logdet M. It satisfies
(i) Dg(§7) < p/A;

(i) for any & such that Ag(€) > 0, any a > 0 and any A > a/Ag(§),
log det M(£",0) > log det M(, 6) + plog{a/[As(§)]} —a, (9)

moreover, Amin[M(£*,0)] > §/(p + Ado — ¢}j]) for some positive constant §, with ¢y = maxzer ¢(x,0);

(iii) any support point T of £* satisfies
¢(2,0) — ¢5 < 284(Ex) trace[u(2, )M~ (Ex,0)], V&L € Z such that Ag(€x) > p/X. (10)

Property (i) shows the guaranteed cost-reduction obtained when A is increased and (ii) shows that
Amin[M(€%, 6)] decreases not faster than 1/X. A similar property will be obtained in Sect. 4 for adap-

tive design with an increasing sequence of penalty coefficients Ag; it is a central argument for obtaining

10



the strong consistency and asymptotic normality of estimators, see Theorem 4 and Corollary 2. No-
tice that taking £ = &5, in (9) ensures det M(£*,0) > det[M(£5), 0) exp(—a/p)] for A = a/Ag(£5)) and
log det M(£*,6) > log det M(&},,6) + plog[Ag(£%)/As(£5)] for any A > 0 (take a = AAg(€¥)).

Property (iii) shows that, for suitable penalty functions, the support of an optimal design for P3(#)
depends on C' or, equivalently, that the support of an optimal design for (7) depends on \. When a* is

unique, (iii) implies that if

there exist designs &) € Z such that Ag(£x) > p/A and

—1
Ve >0, limsup sup 2A9(§,\)trace[lu(x’9)1:/[ [x,0)]
A—oo [la—a*||>e o(x,0) — b

<1, (11)

then the supporting points of £* converge to z* as A — co. The choice of suitable designs &) is central for
testing if (11) is satisfied. Designs formed by points neighboring z* are good candidates, see Examples 1
and 2. Notice that, when rank[u(z,8)] < p, for (11) to be satisfied the £)’s must necessarily have support
points that approach x* as A — oco. Indeed, suppose that it is not the case. It means that there exists
~ > 0 such that, for all A larger than some g, the support points x(;) of &, satisfy ||xf\z) — x| > .
Replace X by X' = X\ B(z*,v) U {z*}, that is, remove the ball B(z*,v) = {x : ||z — z*|| < v} from X
but keep z*. Then, £, is a design measure on X’ for A > )¢ and (11) would indicate that the optimal
design £€* on A* is the delta measure §}, which is impossible since the optimal information matrix must
have full rank. The same is true if the designs £, have one support point at * and the others outside
the ball B(z*,v) for A larger than some Ag. Finally, note that the support points of £*(\) for X > A

must also satisfy (10) for the same & (since Ag(€x) > p/XN).

For dose-response problems, the property (11) has the important consequence that excessively high or
low doses can be prohibited by choosing C small enough or, equivalently, A large enough. Its effectiveness
very much depends on the choice of the penalty function, and in particular on its local behavior around
z*. Contrary to what intuition might suggest, it requires the cost function ¢(-,8) to be sufficiently flat
around x*. Indeed, in that case a design & supported in the neighborhood of z* can at the same time have

a small cost ®(£, 0) and be dispersed enough to carry significant information through log det M (€, 8). This

11



is illustrated by examples below. The first one is simple enough to make the optimal designs calculable

explicitly.

2.4 Examples

Example 1
We take
1 1z 2?
plae) =1 =z <1xx2)— x 22 2 |
z? 2?2 23 2t
X =[-1,1], ¥(-) = logdet(-) and consider different penalty functions ¢(z), symmetric with respect to

2 = 0 (nothing depends on 6 in this example and we thus omit the dependence in 6 in the notation). For

all cases considered, the optimal designs £* are symmetric and take the form

&= , (12)

where the first row gives the support points and the second their respective weights. This gives det M(£*) =
a(1 — a)?2°% The D-optimal design £}, corresponds to z =1 and o = 1/3.

For ¢(x) = 1+ 229, q integer, the optimal designs for problems P; and P, correspond to a =
min{q/[3(g — 1)],1/2} and z = min{[3/(2¢ — 3)]'/?¢,1} (note that z < 1 only for ¢ > 4). The costs
d(x) =1+ 22+ 2" and ¢(x) = 1/(1 — 2?) respectively give the optimal designs defined by a = 3/5, z = 1
and o =5/9, z = /3/5.

The optimal designs £* for P53 obtained for various choices for ¢(-) are given in Table 1, together with
the optimal value A*(C) of the Lagrange coefficient associated with C. When there is no solution, it
means that \*(C) = co. When there is one, then ®(£*) = C.

In order to check if the support of £* concentrates around z* = 0 when \ increases (without computing

12



&), we use (10) with the design

-7 0 v
H=84(0) =

1/3 1/3 1/3
For ¢(x) = 229 we get A(£)) = 2729/3 and (10) then gives 229 < [4429/3] trace[u(2)M~1(£))]. Noticing
that trace[u(yt)M~1(&))] = P(t) = 3(1 — 3/2t% + 3/2t*) independently of v (a property of D-optimal
design for polynomial regression), we obtain that a support point # of £* must satisfy t2¢ < 4P(t)/3, with
t = &/v. For ¢ = 3 we obtain t < [1+(1+5"/2)2]%/2 /56 with 8 = 4+21/2, that is t < 2.2252. For ¢ = 4,
we get t < /2. Since we need to have A(£)) > p/A = 3/, we take v = [9/(2))]'/ 29 (which corresponds
toa =1 and &, = &, in the proof of Proposition 1-(ii)). Tt gives < Fmax With Zpmax =~ 2.860 A71/6
for ¢ = 3 and @max = Vv2[9/(2\)]Y/® ~ 1.707A\"Y/8 for ¢ = 4. When ¢ = 1,2 all ¢ are admissible and
Fmax = 00. We obtain in a similar way Zmax = oo for ¢(x) = 1+ 22 + .

Next case illustrates that it is the local behavior of ¢(z) around the minimum z* that influences the
support of £* when \ tends to infinity. Take ¢(x) = 1/(1 — 22), which tends to infinity for  tending
to £1 but is equal to 1 + 22 + 2% + O(2%) around z* = 0. Condition (10) then writes ¢(vt) — ¢(0) =
V2 /(1 — 422) < 2A(&)) P(t) = (4/3)y2P(t)/(1 — 4?). The bound obtained for t now depends on 7;
the best bound (minimum) for Z is Zmax =~ 0.9649, obtained at vy ~ 0.7385, and A(£y) > p/X imposes
A 2 3.7516. Therefore, we only learn from (10) that the support of &* is included in [—0.9649,0.9649]

for A large enough. This is consistent with the behavior of the support points —z, z of £* as A tends to

infinity, which do not converge to zero (limy .., 2 = 1/4/3, see Table 1). O
Next example is taken from [5] and concerns a problem with bivariate binary responses.
Example 2 : Cox model for efficacy-tozxicity response.

For Y (respectively Z) the binary indicator of efficiency (resp. of toxicity) at dose x for a model with

parameters 6, we write Prob{Y =y, Z = z|z,0} = 7,.(2,0), Y,y, Z, z € {0, 1}, with

et11+bi @
0)
7T11(1‘, 1 + eao: +bor + eaotbix + e11 +bisx
e®10+bio @
7T10(1‘79) =

1 + eao: +bor + e®10+bigx + e811 +birz
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P(x) C A*(C) o z

1+ a2 5/3<C 0 1/3 1
1<C0<5/3 &y 2-C 1
<1 00 — no solution —
1+ 2* 5/3<C 0 1/3 1
4/3<C <53 i 2-C 1
1<C<4/3  3/]2(C—-1) 2/3 [3(C —1)]'/*
<1 00 — no solution —
1+ af 5/3<C 0 1/3 1
3/2<C<5/3  wontio 2-C 1
1<C<3/2 1/(C—1) 1/2 [2(C —1))1/6
<1 00 — no solution —
1+a8 5/3<C 0 1/3 1
14/9<C<5/3  onie 2-C 1
1<C<14/9  3/[4(C —1)] 4/9 [9(C —1)/5]'/8
<1 00 — no solution —
1+2%+ 2% 7/3<C 0 1/3 1
1<C<7/3 e 3-0)/2 1
<1 00 — no solution —
1/(1— 22 1<C 2 c BC-—2)'/2
c(C-1) 3C—2 [CORE
<1 0 — no solution —

Table 1: Optimal designs &* for problem Pj3 in Example 1, see (12).
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e01+bos @

mo1(x, 0
01( ) ) 1 4 e@1+bor x4 caio+bipz 4 garitbir

—1
7TOO(1'7 9) — (1 + e %01 Tbor @ + edotbow + ed11+bis 1)

and 0 = (ai1,b11,a10,b10, ao1,b01) . The log-likelihood function of a single observation (Y, Z) at dose
x is then (Y, Z,x;0) = Y Zlogmi(z,0) + Y (1 — Z)logmo(x,0) + (1 — Y)Zlogme1(x,0) + (1 - Y)(1 —
Z)log moo(x,0) and elementary calculations show that the contribution to the Fisher information matrix

is
op' (z,0)
00

op(x,0)

(P_l(m,G) +[1 —m(z,0) — m1o(z,0) — 7701(37>9)]_111T> o007

p(x,0) =
where p(z,0) = [m11(x,0), m10(2,0), 701 (2,0)] T, P(x,0) = diag{p(z,0)} and 1 = (1,1,1)". Note that
p(z,0) is generally of rank 3. As in [5], we take 6 = (3,3,4,2,0,1)T and X the finite set {z(}) ... 20D}
where the doses (V) are equally spaced in the interval [—3,3]. We choose a cost function related to the

probability m19(z, 8) of efficacy and no toxicity and take
¢, 0) = {1y (2,0) — [maxmo(z,0)] 7'} (13)

The Optimal Safe Dose (OSD) minimizing ¢(z,6), is (%) = —0.6. Using the condition (10) with the
test designs &y 1, giving weights (1 — a)/2,a and (1 — a)/2 at ™, 2®) and (%) respectively, and &, o,
giving weights 1 — 8 and 8 at ® and z(® respectively, we obtain that the support of &*(N) is included
in {x(4), z®), x(G)} for a 2 0.9993 and 3 2 0.4508, showing that the optimal designs concentrate on three
doses around the optimal one when A is large enough. The D-optimal design (corresponding to A = 0), is
supported on (1), 2™ £®) and 219 with associated weights 0.3318,0.3721,0.1259 and 0.1701. Figure
1 presents the optimal designs £*(A) for A varying between 0 and 100 along the horizontal axis. The
weight associated with each (¥ on the vertical axis is proportional to the thickness of the plot.

The figure indicates that for A > 75 the optimum designs are supported on z(*) and 2 only, with
weights approximately 1/2 each, that is, all patients in the trial receive a dose close to the optimal one,
z®). However, none receives the optimal dose. The situations changes for larger values of \, see Figure
2 where the optimal design is supported on {m(4),x(5),x(6)} for A 2 160 and the weight of the optimal

dose () increases with X. Consider now the cost function ¢(x,6) = 7, (x,6), which is less flat than
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Figure 1: Optimal designs £*(\) as function of A € [0,100] in Example 2 with the cost-function (13):
each horizontal dotted line corresponds to a point in X', the thickness of the plot indicates the associated

weight.
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Figure 2: Same as Figure 1, but for A € [0, 1000].
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Figure 3: Same as Figure 1, but for the cost function 7r1_01 (z,0).

(13) around the optimum. The support points are then less concentrated around the optimal dose z®),

compare Figure 3 with Figure 1. O

In a nonlinear situation, like in Example 2, where M(,0) and ®(£,0) depend on 6, robustness
with respect to misspecifications of 6 can be achieved by considering average-optimal design. Problem
P3(0) is then transformed into: maximize IEg{U[M(¢,0)]} with respect to £ € = under the constraint
Eg{®(&,60)} < C, where the expectation IEy is calculated for some prior probability measure 7 for 6. For
D-optimality, the optimality condition (6) becomes

A [C - E{®(5™,0)}] =
IA* >0 such that (14)
Vo € X, Ep{trace[u(x, 0)M~L(E*,0)]} < p+ N Ep{p(z,0) — D(£*,0)}.
Apart from additional numerical cost (which remains reasonable when 7 is a discrete measure with a
limited number of support points), the introduction of a prior probability for € does not raise any special
difficulty. This is used in [13], with ¢(z,6) =T, (9),00) (), Where I4(z) is the indicator function of the

set A (1if z € A, 0 otherwise) and Qg (0) is a quantile of the probability of toxicity, parameterized by 6,
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corresponding to the maximum acceptable probability of toxicity (note that IEg{¢(x,0)} = 7{Qr(0) < z},
the prior probability that = exceeds Qr).

Another, rather common, approach for facing the issue of dependence of the optimum design in 6 is
to design the experiment sequentially. By alternating between estimation based on previous observations
and determination of the next design point where to observe, one may hope that the empirical design
measure will progressively adapt to the correct (true) value of the model parameters. Adaptive design
is briefly introduced in the next section, the asymptotic properties of designs and estimators obtained in
this way are considered into details in the rest of the paper. An example (continuation of Example 2) is

presented in Sect. 5.

2.5 Adaptive penalized D-optimal design

In fully-adaptive D-optimal design, next design point after N observations is taken as

TN+1 = argmax trace[u(z, V)M~ (En, 6], (15)
where Y € © C RP? is the current estimated value for 6 (based on x1,Y7,...,2n,YN) and &y =

(1/N) Zf\; dz, (with &, the delta measure that puts mass 1 at z) is the current empirical design measure
(leaving aside some initialisation issues: we simply assume that z1,...,z, are such that M(§,,0) is
nonsingular for any 6 € ©). Note that (15) can only be considered as an algorithm for choosing design
points, in the sense that M({y,6) is not the Fisher information matrix for parameters 6 due to the
sequential construction of the design (we shall see, however, in Sect. 3 that when X is finite, from the
same repeated sampling principle as in [36], one can still use M(£y,6) to characterize the precision of
the estimation of § as N — o).

For constrained D-optimal design we take zyy1 as
Zx+1 = arg max {trace[u(x, O YM L (ex, O] — A oz, éN)} . (16)
x

Since (15) can be considered as a special case of (16), only the latter will be considered in the following.

This means that the results in Sect. 3 also cover the case of classical (unconstrained) sequential D-
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optimal design (15) for which Ay = 0 for all N. This also includes the constrained problems P;(0),
P4 (0) considered in [5, 6], which can be formulated as standard D-optimal design problems, see Sect. 2.2.
One can notice the similarity between (16) and the construction used in [26] for optimizing a parametric
function, the parameters of which being estimated by least-squares in a linear regression model.

When 6V is frozen to a fixed value  and Ay is constant, the iterations (15) and (16) correspond to
one step of a steepest-ascent vertex-direction algorithm with step-length 1/N at step N. Convergence
to an optimal design measure is proved in [38] for iterations given by (15) and in [26] for (16) (using a
general argument developed in [37]).

The fact that 8% is estimated in adaptive design makes the proof of convergence a much more compli-
cated issue for which few results are available: [10, 36, 25] concern a particular example with least-squares
estimation; [16] is specific of Bayesian estimation by posterior mean and does not use a fully sequential
design of the form (15); [21] and [3] require the introduction of a subsequence of non-adaptive design
points to ensure consistency of the estimator and [2] requires that the size of the initial experiment (non-
adaptive) grows with the increase in size of the total experiment. Intuitively, the almost sure convergence
of 6V to some 6> would be enough to imply the convergence of {5 to an optimal design measure for 6o°
(this will be shown in Theorem 3) and, conversely, convergence of £y to a design £, such that M(£,0)
is non-singular for any 6 would be enough in general to make an estimator consistent. It is thus the
interplay between estimation and design iterations (which implies that each design point depends on
previous observations) that creates difficulties. As shown in the next sections, those difficulties disappear
when X is a finite set (notice that the assumption that X is finite is seldom limitative since practical
considerations often impose such a restriction on possible choices for the design points; this can be con-
trasted with the much less natural assumption that would consist in considering the feasible parameter
set as finite).

Two situations will be considered concerning the choice of the sequence (Ay) in (16), respectively in
Sect. 3 and 4. In the first one, the objective is to obtain an optimal design for problem P3(6). We shall

then adapt Ay to OV and take Ay = AN = )\’*(HAN)7 the optimal Lagrange coeflicient for Pg(éN). The
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second situation corresponds to the case where (Ay) forms an increasing sequence, which gives more and
more importance to the constraint in the construction of the design. When ¢(z, 8) has a single minimum,
by letting the Lagrange coeflicient Ay increase with N one may hope to be able to force the design to
concentrate at the minimizer of ¢ associated with the true value of 8 (that is, for clinical trials, to focuss
more and more on individual ethics by allocating treatments with increasing efficiency).

The results presented in the next sections rely on simple arguments based on three ideas. First, the
sequence (éN ) in (16) is taken as any sequence of vectors in ©. The asymptotic design properties obtained
within this framework will thus also apply when oN corresponds to some estimator of 6 in ©. Second,
when X is finite we obtain a lower bound on the sampling rate of a subset of points of X’ associated with
a nonsingular information matrix. Third, we show that this bound guarantees the strong consistency
of the estimator of 8, both for least-squares estimation in nonlinear regression and maximum-likelihood
estimation for Bernoulli trials. With a few additional technicalities, this yields almost sure convergence

results for the adaptive designs constructed via (16).

3 Asymptotic properties of adaptive design with bounded penalty

The results in this section and the next one apply to a wide range of situations and we try to keep the
presentation general enough. However, to avoid unnecessary complications we only treat the univariate

case where u(x,6) has rank one, and write
@, 0) = fo ()] (2)

with fy(z) a p-dimensional vector, as it is the case in (1, 3). The extension to the multivariate case does
not raise particular difficulties. We shall use the following assumptions on the design space &', vector

f(x,0), constraint function ¢(x, ) and Lagrange coefficients Ay .

Hy-(i): The design space X is finite, X = {z(M) () . (K1,
H/y—(ii)t infae@ Amin [Zf{:l fg(x(l))f@T (x(z))} > > 0.

Hy-(1): 0< ¢(2,0) < ¢, Yz € X and 0 € O.
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H)\—(i)t OS)\N<5\<OO, VN.

When Ay = X5 = A*(0), the optimal Lagrange coefficient for problem P3(Y), and 6V € ©, the

following condition guarantees that Hy-(i) is satisfied.

H)-(i"): There exists ¢’ < C such that V0 € ©, 3(0) € = with ®[£(6), 0] < €’ and MI£(6), 6] has full

rank.

We first obtain a lower bound on the sampling rate of nonsingular designs, which will be the cor-
nerstone for proving the consistency and asymptotic normality of estimators. The proof is given in

Appendix.

Lemma 1 Let (éN) be an arbitrary sequence in © used to generate design points according to (16), with
an initialisation such that M(Ex,0) is non-singular for all @ in © and all N > p. Let rn; = ry(x®)
denote the number of times ) appears in the sequence x1,...,xn, i = 1,...,K, and consider the

associated order statistics ry 1.5 > TN2:x 2> 2> TN kK- Define
q* = max{j : there exists o > 0 such that lgn infry j.x /N > a}.
— 00

Then, Hx-(i), Hx-(ii), Hy-(i) and Hy-(i) imply ¢* > p. When the sequence (V) is random, the statement

holds with probability one.

3.1 Consistency of estimators
3.1.1 Least-squares estimation in nonlinear regression

Consider a regression model with observations

Yi =Y (i) = n(xi, 0) + &, (17)

with @ in the interior of ©, a compact subset of R?, z; € X C R?, and {g;} a sequence of independently
and identically distributed random variables with IE{e;} = 0 and I[E{e?} = 0% < oo (with o = 1 without
loss of generality). We assume that the model response n(z, 8) is differentiable with respect to 6 € int(0)

for any z € X.
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Denote

N
Sn(0) = [V (ax) — nlax, 0))? (18)

k=1

and let éJLVS = argmingeo Sn(0) be the least-squares (LS) estimator of §. The contribution of the design

point x to the information matrix is then p(z,0) = fo(x) £ (z) with

On(z,0)

fo(2) = =5

The results can easily be extended to non stationary errors and weighted least-squares. In the case of
maximum-likelihood estimation, the contribution of z to the Fisher information matrix only differs by a
multiplicative constant, see (1).

Define

D (60,0) = > In(ar, 0) — n(as. 0)]2. (19)
k=1

Next theorem shows that the consistency of the LS estimator is a consequence of Dy (6,0) tending to
infinity fast enough for ||§ — ]| > § > 0. The fact that the design space X is finite makes the minimum
rate of increase of Dy (#,6) required for consistency quite slow. The result is valid whether the z;’s are

non-random constants or are generated via a sequential design algorithm such as (16).

Theorem 1 Let (z;) be a non-random design sequence on a finite set X. If Dy(6,0) given by (19)
satisfies

forall 6§ >0, | igﬁ Dy(6,0)| /(loglog N) — 0o, N — oo, (20)
9—0)>6

then 61y %0 as N — oo (almost sure convergence). The result remains valid for (x;) a random sequence

on X finite when (20) holds almost surely.

The proof is given in [27] and is based on Lemma 1 in [35]. Note that the condition (20) is much
less restrictive than the classical one for strong consistency of LS estimation in nonlinear regression
(Dn(0,0) = O(N) for 6 # 0), see [18]. It is also less restrictive than the condition obtained in [21] for
sequential design.

Consider the following identifiability assumption on the regression model (17).
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H -(iii): For all 6 > 0 there exists e(d) > 0 such that for any subset {i1,...,4,} of distinct elements
of {1,...,K},

P

inf nx(i-f),ﬂ —-n x(i-j),é 2> €(0).
3y S0 = . D > 0

For any sequence (V) used in (16), the conditions of Lemma 1 ensure the existence of Ny and o > 0
such that ry j.x > aN for all N > N; and all j = 1,...,p. Under the additional assumption Hx-(iii)
we thus obtain that Dy (6,0) given by (19) satisfies infg_gy>5s Dn (0, ) > aNe(5), N > Ny. Therefore,
N ®% g (N — o0) from Theorem 1. Since this holds for any sequence (6N) in ©, it is true in particular

when éJLVS is substituted for 6V in (16).

3.1.2 Maximum-likelihood estimation in Bernoulli trials

Consider now the case of dose-response experiments with
Y €{0,1}, with Prob{Y = 1|z;,0} = w(x;,0). (21)

We suppose that © is a compact subset of R?, that 8, the ‘true’ value of # that generates the observations,
lies in the interior of O, and that w(x,0) € (0,1) for any # € © and x € X. We also assume that 7(z, 6)
is differentiable with respect to 6 € int(©) for any = € X.

The log-likelihood for the observation Y at the design point z is given by (2) and the contribution of

the point z to the Fisher information matrix is (3), which we can write u(z,6) = fy(z)f, (z) with

1 on(z,0)
fy(z) = . 22
R e e e TR 22)

Let 02, denote the Maximum-Likelihood (ML) estimator of 8, 8%, = argmaxgce Ly (0), with Ly (0) =
Zi]\il 1(Y;, z;;0), see (2). Tt satisfies the following.
Lemma 2 If for any 6 > 0

liminf inf [Ly(8) — Ly(6)] >0 almost surely,

im in |\01%\|25[ ~(0) ~(9)] almost surely

then éﬁL %0 as N — oc.
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The proof is identical to that of Lemma 1 in [35]. We then obtain a property similar to Theorem 1, see

[27).

Theorem 2 Let (x;) be a non-random design sequence on a finite set X. Assume that

N ] .
N ol = o 71'(1'1'79) — (s = o 1—’/T(£E7;,9)
DN(e,f))f; (2:.0) 1 gL(%QJ +[1 = (2, 0)] log L } (23)

satisfies (20). Then, 0N, *3 0 as N — oo in the model (21). The same is true for (z;) a random

sequence such that (20) holds almost surely.

Consider the following identifiability assumption for the Bernoulli model.

H -(iii’): For all 6 > 0 there exists €(d) > 0 such that for any subset {i1,...,i,} of distinct elements
of {1,..., K},

P

2
inf (5) gy — (i) g 5.
O A et

Defining g(a,b) = alog(a/b) + (1 — a)log[(1 — a)/(1 — )], a,b € (0,1), we can easily check that, for
any fixed a € (0,1), g(a,b) > 2(a — b)? with g(a,a) = 0, so that each term of the sum (23) is positive.

Also, Hy-(iii’) implies that

P N (i5) 0) - 1— ﬂ(a:("’j) 0)
inf (zj)’g 1 L 1— (’J),Q 1 12 > ¢(d)>0.
uei%nz&; B i) R Fer=r ] R
for any 0 > 0 and any subset {i1,...,49,} of {1,..., K}. Similarly to the case of LS estimation in nonlinear

regression, but using now Theorem 2 instead of Theorem 1, we thus obtain that under the conditions of
Lemma 1 and with the additional assumption Hy-(iii’) the ML estimator satisfies OAA]\/][L %0, N — oo,

when Y, is substituted for 4V in (16).

3.2 Asymptotic optimality of adaptive penalized D-optimal design

We consider the adaptive design algorithm (16) with Ay = A5 = A*(6Y), the optimal Lagrange coefficient
for P3(6N). Define

Hj = I?eaEX {log det MI(£,0) + \*(0) [C — ®(€, 9)]} . (24)
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By asymptotic optimality we mean that the empirical design measure & is such that 6N 23 g and
Hy(¢n) = logdet M(En,0) + X*(0) [C — (¢n,0)] 25 Hy , N — 0. (25)

Since M(£*,0) is unique, see Sect. 2.3, (25) is equivalent to M(¢y,0) 2 M[¢*(),0]), N — oo, that

is, £ tends to be optimal for P3(6). We state this property below as a theorem (the proof is given in

Appendix). The following assumptions are used.

H x-(iv): For any subset {i1,...,4y} of distinct elements of {1,..., K},
p . .
Amin | > fa(aNE (20))] =5 > 0.
j=1

H-(i): For all z in X, fp(z) is a continuous function of § in the interior of ©.

H,-(ii): For all z in X, ¢(z,6) is a continuous function of § in the interior of ©.

Theorem 3 Suppose that in the regression model (17) (respectively, in the Bernoulli model (21)) the
design points for N > p are generated sequentially according to (16), where Ay = )\*(éN), the optimal
Lagrange coefficient for Pg(éN), with 6N = éJLVS (respectively, 6N = é}\]\/fm) Suppose, moreover, that the
first p design points are such that the information matriz is nonsingular for any 0 € ©. Then, under
Hy-(i), Hx-(ii), Hx- (i) (respectively, Hx-(iii’)), Hx-(iwv), Hx-(i’), Hp-(i), Hy-(11) and Hy-(i) we have
HA]LVS 230 (respectively, 0, =5 0) and M(Ey,0) =5 M[¢*(0),0], N — oo, with £*(f) an optimal design

for P3(0).

One may notice that Theorem 3 also applies in the case where the sequence (Ay) is not adapted to 6N
but is simply controlled so as to satisfy a suitable compromise between designing for precise estimation

o . . . . a.s.
of 6 and cost-minimization, and satisfies Ay = A, N — oo, for some \.

3.3 Asymptotic normality of estimators

Under a fixed design (penalized D-optimal for instance) the information matrix can be considered as a
large sample approximation for the variance-covariance matrix of the estimator, thus allowing straightfor-

ward statistical inference from the trial. The situation is more complicated for adaptive designs and has
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been intensively discussed in the literature. Intuitively, the usual asymptotic normality of oN (N — o0)
should hold when the sequence (zy) is such that 6N is strongly consistent and M(&y, f) converges to a
nonsingular matrix. The theorem below shows that this is indeed the case in the present situation. One
may refer e.g. to [32, 12, 11, 39] for statistical inference in dose-finding problems when using up-and-down
[20] or bandit methods [14], randomized Pélya-urn [7] etc. In contrast with those approaches, a guaran-
teed level of precision for the estimation of the model parameters can easily be imposed by choosing the
targeted cost C' in Problem P3(6) or the value of A in (7), see Proposition 1. Our result is a corollary of
the lemma below (its proof is given in Appendix), which uses the following regularity assumption for the

model.

H-(ii): For all  in X, the components of fy(x) are continuously differentiable with respect to 6 in

some open neighborhood of 6.

Lemma 3 Assume that Hy-(ii) is satisfied, that the design points belong to a finite set, see Hx-(i), and
are such that

lim inf 73 Amin [M (€, 0)] > A >0 as.

for some sequence (Tn) satisfying imy_.oo Tv /NY* = 0. Then, if 6N 3§ (N — o) in the Bernoulli
ML

model (21), we also have

VNMY2(ex, 031) 037, = 0) 5 w ~ N(O,T), N — oo, (26)
The same is true in the regression model (17): when é]LVS %% 0 we also have

VNMY2(gy, 086) (0] — 0) S w ~ N(0,T), N — o0, (27)
under the additional condition limy_o Tnv N7%/(2%9) =0 for some & such that To{|e;|**%} < occ.

Note that when limpy_,o 75 /N/* = 0, the condition limy_, . 75y N~/ (49 = 0 for regression models
is not restrictive when moments IE{|e1|*} exist for & > 8/3. One may also notice that, compared to [35],

we do not require that 7y M(&x,0) tends to some positive definite matrix, and compared to [22, 21] we

do not require the existence of a non-random matrix Cp such that CI\;M1/2(§N7 0) 2 I, N — co. On
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the other hand, we need that Ayin[M(Ex, 0)] decreases more slowly than N~'/4, The lemma applies to
more general designs than (15, 16). In particular, adaptive rules on a finite design space that have a non
degenerate limiting distribution £, (such that det M(£4,,6) # 0) satisfy the conditions of the lemma
with 7,y = 1. This is the case in particular for up-and-down methods in clinical trials, see Sect. 5.
Under the conditions of Theorem 3, there exist Ny and « > 0 such that, for all N > Ny we have
Amin[M(€n,0)] > o7, with 5 as in Hy-(iv). We can thus take 75 = 1 in Lemma 3 and obtain the
following property, which indicates that it is legitimate (asymptotically) to characterize the precision of
the estimation by the inverse information matrix M~1(&yy, oN ) when using the adaptive design scheme

(16) on a finite design set X.

Corollary 1 Under the conditions of Theorem 3, and assuming that, moreover, Hy-(i) is satisfied, the

ML estimator in the model (21) satisfies (26) and the LS estimator in the model (17) satisfies (27).

4 Asymptotic properties of adaptive design with increasing penalty

We consider now the case where the sequence (Ay) of Lagrange coefficients in (16) is unbounded and

satisfies
H,-(ii): (An) is a non-decreasing positive sequence and limy_,o, Ay = oc.

Replacing Hy-(i) by Hj-(ii) in the assumptions of Sect. 3, we obtain the following lower bound on the

sampling rate of nonsingular designs. The proof is given in Appendix.

Lemma 4 Let (éN) be an arbitrary sequence in © used to generate design points according to (16), with
an initialisation such that M(Eyn,0) is non-singular for all 0 in © and all N > p. Let vy j.x be defined

as in Lemma 1, j =1,...,K, and define
q* = max{j: there exists a > 0 such that 1}\Irninf ANTN, /N > a}t.
— 00

Then, Hx-(i), Hy-(ii), Hy-(i) and Hx-(ii) imply ¢* > p. When the sequence (ON) is random, the

statement holds with probability one.
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4.1 Consistency of estimators

As in Sect. 3.1, we consider the consistency of the LS and ML estimators in regression and dose-response
experiments respectively, but now in the case where (Ay) is an unbounded increasing sequence of penalty
coeflicients. We show that strong consistency is ensured provided that this sequence tends to infinity

slowly enough.

4.1.1 Least-squares estimation in nonlinear regression

For any sequence (éN ) used in (16), the conditions of Lemma 4 ensure the existence of Ny and « > 0
such that ry j.x > aN/Ay for all N > Ny and all j = 1,...,p. Under the additional assumption H y-(iii)

we thus obtain that Dy (6, ) given by (19) satisfies

1

. aNe(d)
——— inf
loglog N |j9—g|>¢

Dn(0,0) > ————~—
n(0,0) > Ay loglog N’

N > Nj.

Therefore, if (Ayloglog N)/N — 0 when N — oo, éi\’s 2% 0 from Theorem 1. Since this holds for any
sequence (éN) in O, it is true in particular when éijs is substituted for §V in (16).
4.1.2 Maximum-likelihood estimation in Bernoulli trials

The situation is similar to previous one. Using now Theorem 2 instead of Theorem 1, we obtain that
under the conditions of Lemma 4 and with the additional assumption Hy-(iii’) the ML estimator satisfies

0N, %30, N — oo, when 6%, is substituted for 6V in (16) with (Ay loglog N)/N — 0 when N — occ.

4.2 Convergence to minimum-cost design and asymptotic normality

The following theorem shows that using the following assumptions

H-(iii): the sequence (Ay) is such that Ay /N is non-increasing with (Ay loglog N)/N — 0, N — oc;
H,-(iii): ¢(z,0) has a unique global minimizer z*: V3 > 0, Je > 0 such that ¢(z,0) < ¢(z*,0) + ¢

implies ||z — z*|| < 0;
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in complement of Hy-(ii), the adaptive design algorithm (16) is such that (zx) tends to accumulate

at the point of minimum cost for . The proof is given in Appendix.

Theorem 4 Suppose that in the regression model (17) (respectively, in the Bernoulli model (21)) the
design points for N > p are generated sequentially according to (16), where A\ satisfies Hy- (i) and Hy-
(iii). Suppose, moreover, that the first p design points are such that the information matriz is nonsingular
for any 0 € ©. Then, under Hx-(i), Hx- (i), Hx- (i) (respectively, Hx-(%i’)), Hx-(iv), Hy-(i), Hy-(ii),

and Hg-(i) we have ONg =5 6 (respectively, 0%, 3 0) and
D(¢n, 0) 5 ¢f = min 6 (z, 6), N —oo. (28)
If, moreover, Hy-(41) is satisfied, then
EN 2 64+ almost surely, N — oo, (29)

with = denoting the weak convergence of probability measures and §,+ the delta measure at x* =

argmingex é(z,0).

The property (29) does not imply that the x;’s generated by (16) converge to z*. However, when X
is obtained by the discretization of a compact set X’ and (11) is satisfied at § = § for design measures
on X', then the points xy will gather around z* as N — oo, see Example 2. Convergence results similar
to those in Theorem 4 are obtained in [26] for LS estimation in a linear regression model, without the
assumption that X is finite, but under more restrictive conditions than Hy-(ii), Hy-(iii) on the growth
rate of the sequence (Ay).

Under the conditions of Theorem 4, there exist Ny and « > 0 such that, for all N > Ny, Anin[M (&N, 5)] >

a¥/An, with ¥ as in Hy-(iv). We use again Lemma 3, with now 7y = Ay and obtain the following.

Corollary 2 Under the conditions of Theorem 4 and assuming that, moreover, Hy-(ii) is satisfied and
limy oo A /N4 =0, the ML estimator in the Bernoulli model (21) satisfies (26). Also, the LS estima-
tor in the regression model (17) satisfies (27) under the additional assumption limy oo Ay N79/+9) =0

for some § such that TE{|e1|>T%} < oo.
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5 Example

As an illustration of the behavior of the adaptive scheme (16), we continue Example 2 and present some
simulation results (using the value 6 = (3,3,4,2,0,2)7). For comparison, we use the up-and-down rule
of [17] (which is also considered in [5]), defined by

max{z(~=D MY if Zy =1,

TNy =4 p0n) if Yy =1and Zy =0, (30)

min{z(~+D 20DV if Yy =0 and Zy =0,
where the index iy € {1,...,11} is defined by 20~) = 2 and (Yn, Zy) denotes the observation for z .
The stationary allocation distribution &,g.q is log-concave, see [17], and is approximately given by

ey, 22 PG R CO B )] 2(6) 2 ()
Suged(0) =~
1.70107% 2.121072 0.146 0.426 0.345 5.881072 1.9010~% 1.1310°

(the total weight on (%), z(19) (1) is less than 10~7). Note that the mode is at 2(*), one dose below the
0SD z(®),

We consider trials on 36 patients, organized in a similar way as in [5]: the allocation for the first 10
patients uses the up-and-down rule above, starting with the lowest dose z(1); after the 10th patient, the
up-and-down rule is still used until the first observed toxicity (Zy = 1); we then switch to the adaptive
design rule (16), with the restriction that we do not allow allocation at a dose one step higher than
the maximum level tested so far (following recommendations for practical implementation, see [5]). The
parameters are estimated by maximum likelihood (the log-likelihood >, I(Y;, Z;, z;; 6) being regularized
by the addition of the term 0.01 ||@||?, which amounts to maximum a posteriori estimation with the normal
prior V(0,50T)). We use the cost function ¢(z,0) = 77, (2,6), with minimum value at the OSD z(®),
o(z®),0) ~ 1.2961.

Figure 4 shows the progress of a typical trial with Ay = 2. The symbols indicate the values of the
observations at the given points: A for (Y =0,Z =0),>for (Y =1,Z=0), o for (Y =1,Z = 1) and
V for (Y =0,Z = 1). The up-and-down rule is used until N = 15 where toxicity is observed. The next

dose should have been 2(*) but the adaptive design rule (16) selects (%) instead.
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2+

Figure 4: Graphical presentation of a trial with ¢(x,0) = 77, (z,0) and Ay = 2 in (16); A is for

Y =0,Z=0),>for (Y=1,Z=0),0for (Y=1,Z=1)and vV for (Y =0,Z =1).

We perform 1,000 independent repetitions of similar trials, using three different adaptive rules: (i) the
up-and-down rule (30) used along the whole trial, for the 36 patients; (ii) the up-and-down rule followed
by adaptive D-optimal design (15); and (iii) the up-and-down rule followed by adaptive penalized D-
optimal design (16), with ¢(z,60) = 74 (z,0) and Ay = 2. Since the choice Ay = 2 may seem arbitrary,
we also considered the situation (iv) where Ay is adapted to the estimated value of §. To reduce the
computational cost, we only adapt Ay once in the trial, at the value Ny when we abandon the up-and-
down rule. The value Ay = Ay, N = N, ..., 36, is chosen as the solution for A of ®[{*(\), GAAI\/ZIL] =C, =
(1 4+ ~) mingex ¢(z, 03, ); we take 4 = 0.52 because it yields A = 2 when 6 is substituted for 837, (it
corresponds to allowing an average reduction of about 34% for the probability of success compared to
maxzex m1o(2, éﬁL)) The solution for A is easily obtained by dichotomy, since we know that the solution
satisfies 0 < A < (1+1/v) p/C,, see Proposition 1-(i), and ®[£* (), §] decreases when X increases. Table

2 summarizes the results in terms of the following performance measures: ®(£36,6), the total cost of the

experiment; det ™"/ G[M(fgg, )], which indicates the precision of the estimation of 6; ?{t:i}, the number
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design rule D(E,0) V(E,0) T pcay Trmay Tpesy Tp—ep sy Aot

(i): (30) 1.87  28.02 20 386 369 86 139 0
Susa(0) 1.47 29.4
(ii): (30)(15) 3.16  17.23 0 198 705 78 19 1782
£5(0) 445  14.99
(iil): (30)(16), Ay =2 2.25  19.22 3 231 693 59 14 586
& (A=2,0) 1.97  17.00
(iv): (30)-(16), A% 2.38  18.78 0 223 682 70 25 833

Table 2: Performance measures of different adaptive designs for 36 patients (sample mean over 1,000 repe-
titions for ®(¢,0) and ¥ (¢, 0) = det ™Y/ [M(&, 6)]; z* 4 is the number of times arg maxgcx 710(z, 036, ) e A

and #x1) is the number of times the highest dose z(*!) has been used, over the 1,000 repetitions).

of times the estimated OSD at the end of the trial, that is, arg max,cx m10(z, é?v?L), coincided with z(9,
for i = 4,5,6, and 5;{,5<4} (resp. 5;{,»6}), the number of times the estimated OSD was smaller than z(*)
(resp. larger than x(ﬁ)); finally #2(*), the number of times the highest dose z(!) has been used in the
trials. The values of ®(¢,6) and ¥(¢,0) for the designs &yd, £ and £* (A = 2) computed at the true
value of € are also indicated.

Table 2 reveals that the up-and-down rule (30) is very cautious: its associated cost ® (&3¢, 6) is low, the
extreme dose (") has never been used over the 1,000 repetitions. One the other hand, it fails at providing
a precise estimation of the model parameters, and the OSD is estimated at values higher than (%) in more
than 15% of the cases. Parameter estimation is naturally more precise with adaptive D-optimal design,
and the true OSD (%) is recognized in more than 70% of the cases. However, this successful behavior
in terms of collective ethics is obtained at the price of having more than 5% of patients receiving a dose
as high as (D); also, the associated value of ®(&3¢,6) is rather high. The adaptive penalized D-optimal

design appears to make a good compromise between the two strategies: the value of ®(€s6,60) is close

to that of the up-and-down rule, the value of det™*/[M(&sq, 0)] is close to that obtained for adaptive

32



D-optimal design. It recognized z(®) as the OSD in about 70% of the cases and only 1.6% of the patients
received the dose (1Y) when Ay =2 (2.3% when \y is adapted). Of course, other choices of A would set
other compromises. Note that the estimation of the OSD is more cautious for adaptive penalized design
than for the up-and-down rule, in the sense that its estimation at 2(®) or a higher dose occurs much less
frequently.

In order to limit more severely the number of patients that receive very high doses, we finally consider
a compromise strategy that implements a smoother (and less arbitrary) transition between up-and-down
and adaptive penalized D-optimal design. To better illustrate the potential interest of letting Ay increase
in (16), we consider longer trials, with Np = 240 patients enroled. Define x**(0) = arg min,cg ¢(z, 6)

and h(z,0) = 0¢(x,0)/0x|g—z+=(9). From the implicit function theorem,

dz**(6) Oh(z,6) ~! on(z,0)
ok 9 — — | =\ T\
Vo™ (6) do 0r  |z=a**(0) 00 |z=z7*(8)

and, when using the up-and-down rule (30) the estimator éﬁ ;, asymptotically satisfies
VNV 22 (031) — 2 (0)] % 2 ~ N (0,1), N — oo,

where Viy = [Voa** (0N )] TM L (en, 0N, ) [Voaz** (6, )]. Based on that, we decide to switch from the
up-and-down rule to the adaptive one when \/W < 23 — 20 the interval between two consecutive
doses. If N; is the index of the patient for which the rule changes, we take Ay, as the solution for A
of @[{*(A),éﬁi] =Cy = (14+v)mingex gf)(x,é]\NjL) with v = 0.5 (thus targeting 33% of decrease with
respect to the maximum of 7o(x, é]\]\/][L)) The value of Ay, at the end of the trial is chosen as the solution
for A of the same equation with v = 0.1 (allowing only 9% of decrease with respect to the maximum
of Wlo(x,éANjL)). In between Ay increases at a logarithmic rate, that is, Ay = An.[1 + alog(N/N;)],
N = N,...,Np, with a = (An, /AN, — 1)/1log(N7/Ns). When uncertainty on the OSD is large, that
is when /Viy/N > [2(®) — 2(1)]/2, we also restrict the allocations at high doses by adapting the design
space, taken as Xy = {1, ..., 2~} at step N: the maximum dose z(*~) allowed in (16) is never more

than one step higher than previous dose and is smaller than previous dose if toxicity was observed. The

results obtained for 150 repetitions of the experiment are summarized in Table 3 (the results obtained
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D(E,0) Y(E0) T pcay Tp—ay Tp—sy T p—sy  Tpse  Fol

(30) 1.54 29.04 0 21 116 11 2 0

(30)-(16), Ay /  1.52  27.87 0 13 135 1 1 40

Table 3: Performance measures of adaptive design (16) with increasing Ay for 240 patients (sam-
ple mean over 150 repetitions for ®(¢, ) and ¥(€,0) = det /6 [M(¢,0)]; 24 is the number of times
arg maXgcy 7'('10(.73,&]2\2%) e A and #2(1) is the number of times the highest dose (!} has been used,

over the 150 repetitions).

when the up-and-down rule (30) is used for the 240 patients are also indicated). One may notice the
precise estimation of the OSD for the adaptive penalized design compared to the up-and-down rule (it
even does slightly better than the up-and-down rule both in terms of ®(¢,6) and det™/$[M(¢,0)]). At
the same time, only about 0.11% of the patients received the maximal dose z(!1). Also note that, from
the results of Sect. 4.2, instead of setting Ny = 240 in advance, the decision to stop the trial could be

based on the value of V. ]

6 Conclusion and further developments

We have shown that constrained optimal design can be formulated in a way that allows a clear compromise
between gaining information and minimizing a cost. We have also shown that the optimal design can be
constructed sequentially and proved the strong consistency and asymptotic normality of the estimator of
the model parameters in such adaptive designs. The dose-finding example with bivariate binary responses
has illustrated the potential of adaptive penalized D-optimal design to set compromises between individual
and collective ethics. Further developments and numerical studies are required to define suitable rules for
selecting cost functions and for choosing the value (or the sequence of values) for the penalty coefficients
An. Relating Ay to the precision of the estimation of the OSD is a possible option to investigate in dose-
finding problems. We mention below some extensions of this work, some straightforward, others more

challenging, and indicate a motivating objective concerning the design of non-stationary dose-finding
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experiments preserving individual ethics.

Bayesian estimation The extension of the results presented to Bayesian estimators should not raise
particular difficulties, especially since consistency is usually easier to obtained than for LS or ML esti-
mation using martingales properties, see, e.g., [16]. A straightforward modification of (16) is to replace

M(én,0N) by [M~1(&x,0N) + Q/N] =1, with Q the prior covariance matrix for the model parameters.

Multiple constraints The results obtained in Sect. 3 and 4 easily generalize to the presence of several

constraints, that is, when problem P3(#) is transformed into:
maximize logdet M(&, 0) with respect to & € Z under the constraints ®(£,0) < C;, i=1,...,m.

A Lagrange coeflicient is then associated with each constraint and the design algorithm (16) becomes

m .

TN+1 = argmax {trace[,u(m, ONYM ™€, 0M)] — z; )\S\l,) oi(z, éN)} .

=
When the )\%)’s are controlled to increase to infinity, define p%) = )\%) /> )\g\i,) and suppose that a
limit p; exists for each p%), j =1,...,m. Then, if all cost functions ¢;(-,0) are bounded on X, the
asymptotic behaviors of the design and estimators are the same as in Sect. 4 for Ay = ), )\g\i,) and
o(x,0) = Zj p;i¢;(x,8). Also, the developments of Sect. 3 remain valid when the )\g\i,)’s are kept constant,
or when they are adapted to 6N , that is, when they correspond to the optimal coefficients in the solution
of Pg(éN ). Note, however, that the presence of several constraints makes this optimal solution more
difficult to determine (it can no longer be obtained by solving a series of unconstrained problems with an

increasing sequence of coeflicients, contrary to the single constraint case).

Finite horizon The results of Sect. 4 indicate that, when Ay increases to infinity at suitable speed,
the design converges to the delta measure located at the optimum. In clinical trials, this means that more
and more patients receive doses close to the optimal one (and none receives extreme doses if the penalty
function satisfies (11)). This is an asymptotic result, however, and approaching the optimal solution over

a finite horizon is a challenging task. In the case of LS estimation in linear regression, design strategies are
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suggested in [28] that are shown to be close to the optimum control (stochastic dynamic programming)
solution. Is is then tempting to replace the Bernoulli model by a regression type model (observation Y
at design point xj has mean value 7(zy, 0) and variance 7(z, 0)[1 — m(xg, 0)]), as suggested in [34], with

a linear parametrization, and then try to apply the finite-horizon results of [28].

Non stationary clinical trials Strong consistency of the estimator is obtained in Sect. 4 when the
penalty coefficient Ay in (16) tends to infinity. Moreover, when the growth of Ay is not too fast, the
estimator is asymptotically normal. This means that, although the design is non-stationary in the sense
that patients enrolled in the trial receive better and better treatments, the information collected at the
end of the experiment can be used to set future treatments. In particular, the minimum effective and
maximum tolerated doses can be estimated and confidence intervals can be given. At the same time, the
fact that patients receive unequal treatments in the trial raises ethical issues: there is no randomization, a
new patient tends to receive a better treatment than patients previously treated (since when Ay increases,
the design points tend to get closer to the optimal dose). This emphasizes the importance of constructing
a fair rule for choosing the increasing sequence (Ay). Trying to give equal probabilities of success at
patients Py and Py1 when patient Py is treated first seems to be an honest ambition, and the increase
of Ay could then be used to compensate for the late treatment of patient Py 1. This requires a model
for the evolution of the probability of success as a function of the delay in treatment, to be combined

with a suitable characterization of the improvement of treatment that can be expected when increasing

AN-

Appendix

Proof of Proposition 1.
(i) Since £* is optimal we have for all z € X, trace[u(z, )M ~1(*,0)] < p+ X [p(z,0) — ®(£*,0)], see
(6). This is true in particular at a 2* defined by (8) and trace[u(z*,0)M~1(£*,6)] > 0 gives the result.

(ii) For any a > 0, take A\ > a/Ag(¢) and define € = (1 — )¢ + ad,- with d,- the delta measure at
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a point z* satisfying (8) and o = 1 — a/[AAy(€)]. This gives ®(£,0) — ¢ = a/X and log det M(£,0) >

plog(l — ) + log det M(€, 6). Therefore,

log det MI(€*,0) — A[®(£,0) — ¢5] > logdet M(E,0) — A[®(E,0) — ¢

> ploga —a—plog Ag(€) +logdet M(£,6) —plog A.

Since ®(£*,8) > ¢y, the result follows.

When ¢(z, §) is bounded by ¢y, the optimality of ¢* implies that for all z € X', trace[u(z, )M~ (£*,0)] <
B =p+ Xy — ¢p). Write u(x,0) = Fj (2)Fp(z) with F, () = [f19(2),...,Efn0(x)] and £ 9(z) a p-
dimensional vector, i = 1,...,m. From the inequality trace[u(z,f)M~1(¢*,0)] < B we obtain that

fiTe(x)M_l(g*,H)fi,g(x) <B,i=1,...,m. We have

Amin[M(E", 0)] = Aoy MTH(E%,0)] = [max u "M (€%, 0)u]

flull=1
Consider the optimization problem defined by: maximize u” AT Au with respect to A and u respectively
in R"*? and R?, n < p, subject to the constraints |lul| = 1 and f;,(z)ATAf; g(x) < B, Vo € X and
Vi =1,...,m. The optimal solution is obtained for A = v &€ RP such that \fZTe(x)v| < VB, Vz € X,

Vi=1,...,m,and b=v"

v is maximal. For z varying in X the f; g(x)’s span R? (since a nonsingular
information matrix exists). Therefore, there exists a positive constant § such that the optimal value for
b is bounded by B/4, so that Apmin[M(E*,60)] > 6/B.

(iii) Since trace[u(z,)M=1(&*,0)] < p + A[p(z,0) — ®(£*,0)] for all z € X when £* is optimal,
and [, {traceu(z, )M(£*,0)] — Ap(z,0)} £*(dx) = p— A D(£*,0), we have trace[u(z, )M (£*,0)] =
p+A[D(Z,0)—D(€*,0)] at any & support point of £*. Suppose that A is large enough so that there exists a
design &y € Z satisfying Ag(£x) > p/A. We proceed as in (i) and construct a design £, = (1 —a)éx 4 ady-
with a = 1 — p/[AAg(£))] so that ®(£y,0) — ¢ = p/A. With the same notation as in (i), we can write
trace[u(d, )M~ (€, 0)] = S0, szg(fc) L(€x,0)fi 9(&). We then follow the same approach as in [15]
and define H(&*,€,60) = MY/2(¢%, )M~ (¢, 0)M/2(¢*,0). We obtain

m

trace[u(&, )M~ (Ey, ) Z M2(¢ 0) H(E™, €, 0)M2(E7,0)f; 5 ()
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> Amin[H(E", €1, 0)] trace[u(#, )M (*,0)]
= Ain[H(E, €,0)] {p+ A [6(2,0) — (&7, 0)]}
> Auin[H(E,60,0)] {p+A[0(2,0) - 2(61,0)] |
= Amin[H(E", &, 0)] A [¢(2, 6) — 6]
where we used the property Ag(£*) < p/A = Ag(£y), see (i). Therefore,

[H(£, 60, 0)] [6(,0) — )]
Ag(&r) '

trace[u(d, )M~ (€x,0)] > (1 — a)trace[u(ﬁ:,&)M_l(é,\,Q)] > P Amin (31)

The last step consists in deriving a lower bound on Apin [H(f*,é\, )] that does not depend on £*. We

have

trace [H*l(g*,g},e)] - / trace [u(z, )M~ (€%, 0)] &\ (da)

X

and thus from the optimality of £*,

trace [H1€,6.0)] < p [ [000.0) - 0(7.0)] &u(a)

—p+ A [0(60,0) — (¢, 0)] <p+ A [@(60,0) — 65| = 2.

Therefore, A\nin [H(g*,g}, 0)] > 1/(2p), which, together with (31), concludes the proof. [ |

Proof of Lemma 1. First note that ¢* > 1 since X is finite. Suppose that p > 2 and ¢* < p. We show
that this leads to a contradiction.

For any N we can write

1 N
N > fo(xi)ty (x1)

M(gN’ 0) =
k=1
BN GNVET ((in)y 4 L T
= N ZTN,i:K fo(x'"N))fy (2)) + N Z fo(ap)fy (zr), (32)
i=1 z @XN (g%)
where iy is the index (depending on N) of a design point appearing ry ;. x times in z1,...,zx and

Xn(q*) = {z~) ... (43} is the set of such points for i < ¢*. Let My (6) denote the first matrix on
the right-hand side of (32). For any z("~) € Xy (¢*) we have

N

)
TN,i:K

£y ()M (En, 0)Ep (20)) < £ (20 My (0)fp (V) =
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with My (#) any g-inverse of My (). Therefore, from the definition of ¢*, there exists N1 such that

forall i <g¢*, N> Nj;and 6 €O, f) (z0")M(en,0)fp(x)) — Ay ¢(z),9) < (33)

QIr

Let B8 = 7n,(g=+1):k/N. Showing that liminfy .. By > § for some 3 > 0 will contradict the definition

of ¢*.

Define

q* . . K . .
Mg\}) (0) = Zfe(x(w))fg(x(zw)) , MS\%)(G) — ng(x(’N))ng(m(W)) ) (34)
i=1

i=1

We have (1—0n) Mg\l,) (0)+ BN MS\?) (0) —M(én, 0) € M=, where M= is the set of symmetric nonnegative
definite p X p matrices. For any u € R?,
W M7 (v Ou = uT[(L - B) MY (0) + By M (0)]
= max 2z u—z" (1 - By) My (0) + oy M (0)]2

> max 2z u-—z'[(1-/8n) M%)(O) + On MS\%) (0)]=z
2ENMY) ()]
with N (M) = {v : Mv = 0} the null-space of the matrix M. Direct calculations then give
1
u M~ (En, O)u > i u MY ()] [I- Py () u (35)
with I the p-dimensional identity matrix and Py () the projector

Py (0) = MY (0) [MP (0)MP 0)] MY (0)] MY o)™ o)

Note that the right-hand side of (35) is zero when u € M[Mg\l,)(ﬁ)] (i.e., when u = Mg\l,)(ﬁ)v for some
v € RP). When u = fy(2(*~)) for some i € {¢* +1,..., K} we can construct a lower bound for this term,

of the form A/Bx with A constant. Indeed, from (34) and Hx-(ii),

K
forall f€c©andveR?, v’ M%)(G) + Z £ (xS (V) | v > |v)?

i=q*+1
so that for all § € © and z € NMY (6)),
T (in)\]2 g 2
s [T > Tl (30)
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Take z = 29, = [MS\?)(9)]*1[I—PN(9)}f9(x(iN)) for some i € {¢*+1,...,K}, sothat zg,;, € N[MS\P(O)]

and £ (207)[ MY (8)] 1[I — Py (0)] 5 (a0n)) = 2], f5(a0N)) = 2], MY (6)z,i,. We obtain

max £ @) MP O] I-Py@)] oY) = max 2], MP(0)z,

and thus from (36),

1/2
i 2 - i 2
forall €6, max £ (2N M (0)] 7 [T - Py ()] £5(2N)) > (K — q*> o ma ozl

Let i3 denote the argument of the maximum on the left-hand side, for which we have, z;.r’m £y (z(n)) =

2
2] M (0)20, < K L2015,

2 with L = max,cx geco ||fo(z)||?. This finally gives: for all § € O,
max;—g- 41, x £ (@M (0)] 1[I = Py (0)] f5(2)) > y/[LK(K — ¢*)], and thus, from (35) and
H¢_(i)a

) _ . . 1 ¥ _
T (2n) 1 (in)y — (in) -
forall 0O, max {fa ()M~ (e, ) (20)) — Ay o(z ,9)} > IRE =%
(37)
Together with (33), it gives: N > N and fy < 3* = ya/[LK (K — ¢*)(1 + a)\d)] = vn41 ¢ Xn(¢*) in
the sequence (16). Define

K
6* _ Zi:q*-‘rl TN,i:K
MK —g¢)N
so that By > By > On/(K — ¢*). Also, when N > Ny, (Zf;l rn,i:kx)/N > g*a, and therefore 5% <

(1—-q*a)/(K — ¢*). By construction, 8y < 8* and N > Ny imply

> = = N1 \K — g
ﬂN+1_ﬁN+1 (Kiq*)(NJrl) 5N+N+1 Kfq* N
1 e S By 1 ¢ o

> O )
5N+N+1K—q* _K—q*+N+1 K — ¢

By induction, this lower bound on Sy increases with k,

BN e 1
> s
Pvee> o Y o 2 N+i

until Sy becomes larger that 5*. Suppose that the threshold 8* is crossed downwards at Ny > Ny, i.e.,

On,—1 > B* and By, < 0*. This implies Oy, = On,—1(N2 — 1)/Ny and thus §*(Ny — 1) /Ny < Oy, < 0%,
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so that [y, tends to 3* when Ny — oo. We thus obtain liminfy ... Sy > 8 = 8 /(K — ¢*), showing

that ¢* > p, which concludes the proof. [ ]

Proof of Theorem 3. We have already seen that the conditions of Lemma 1 with Hx-(iii) (respectively,
Ha-(iii")) imply 0N =5 0 (respectively, 8, =5 6) as N — co. All what we need to obtain the asymptotic
optimality of £y is thus a continuity property of the form: for all € > 0, there exists S > 0 such that
(16N — @|| < 3 for all N larger than some Np] implies liminfn_o Hj(¢n) > Hj —e. We show that this
is indeed true under the additional assumptions Hy-(iv), Hy-(ii) and Hy-(i).

First note that A*(§) = argminy> max¢cs {logdet M(&,6) + X [C — ®(£,60)]} is continuous in 6 as
the argument of the minimum of a convex function (given by the maximum of convex functions) that is
continuous in #. Therefore, Veg, 361 such that |0 — ]| < B = [A\*(0) — \*(0)| < eo. Also, H-(i), Hy-(ii)
and Hx-(i) imply: Ve, 332 such that ||0 — 0| < B2 = max,ex [|fo(z) — f5(2)| < € and IB3 such that
0 — 6| < B3 = maxzex |p(x,0) — d(z,0)] < €.

From Lemma 1, there exits N; and o > 0 such that for all N > Ny, ry ;.x > aN, j=1,...,¢", with

q* > p, and thus from Hx-(iv), Amin[M(En, 0)] > 7. Direct calculations then give

T -1 T -1 0\fs
mag prax M (@M En, 0)fs(@) — £ (@M (&, O)f(@)] < Beo

for €y small enough and N > Ni, with B depending on o, 5 and f = max,cx ||f5(z)]|.
Therefore, for all €y small enough, we can take = min{f1, 32, 83} and obtain, for all N > N; and

16N — || < B in (16),

£ (n )M (€N, O)fg(wn 1) — X () p(wn41,0)
> £l (@n )M TGN, 0N (wng1) = X (OV)p(an11,0%) —eo(B+ A+ ) — €

= max [f,;TN (@)M ™ (En, 0V )y () — A" (OV)(, éN)} —co(B+A+0) — ¢

> max [f; (z)M ™ (En, 0)f5(x) — X (0)p(x,0)] — 2e0(B+ A+ ¢).

zeX

For a given ¢, take ¢g = ¢/(B + A + ¢) and 3 as above, and suppose that there exists § > 0 such that

H(en) < Hy —6 —c (38)
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for all N larger than some Na, with Hp(§x) and Hj respectively given by (25) and (24). From the

concavity of the design criterion, this implies

max [fg(x)Mfl(fN, 0)f5(x) — A\*(0)o(x, 5)] >p— AN (0)P(En,0) e+ 6

reX
and thus
£ (e )M (€N, O)f(2n 1) — A () ¢(@n41,0) > p— X (0)@(En, 0) + 6 (39)

for all N > max{Ny, Na, No} when ||§N — || < 3 for all N > Np. Direct calculations give

T —1 D\ £ z
Hy(ensn) — Hylen) = log |1+ 2 (ov+/M JSEN’H)%( NH)] ~ plog <1+ 1)
20 @(en,0) — (i, 0) @)

and thus from (39),

T - 3§
Hy(Eny1) — Hg(En) > log |1+ Ly (ona )M 1]$N’0)f9(””\’+1)] — plog (1 + Jif)
ks 6 — £ (x4 )M (En, O)f5(2n11)
N+1 ’

Since ) (xn41)M ™ (En, 0)f5(2n41) is bounded by f?/(a7), we obtain that Hg({n11)—Hg(En) > 0/(2N)
for N large enough, which implies that Hg(nx) — 0o as N — oo, in contradiction with Hy-(i), Hx-(1")
and Hy-(i), see the definition of Hg(¢) in (25).

Therefore, for any e > 0, ||§N — 0| < 3 for all N > Ny implies the existence of a subsequence &y, such
that limsup,_, ., Hg({n,) > Hi — €. From (40), for all 6 > 0 there exists N3 such that for all N > N3,
Hz(En+1) > Hg(En)—6. Also, from the developments just above, there exists N4 such that for all N > Ny,
(38) implies Hy({n+1) > Hp(En). Take any Ny > max(No, N3, Ny) satisfying Hy(én,) > Hy — € — 0, we
obtain Hg({x) > Hj —€—2d, for all N > N;. Since ¢ is arbitrary, liminfy .o Hg({n) > Hj — €, which

concludes the proof. [ |

Proof of Lemma 3. We consider the case of LS estimation in the regression model (17). The proof is
similar (but simpler) for ML estimation in the model (21) and we shall only indicate the adaptations that

are required.
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A first-order series development of the gradient of the LS criterion (18) around 6 gives

V@SN(GLS)—O V@SN( )—I—VQSN(@N)(QLS—G) (41)
where VpSy(0) = =231 epf5(x1), V2Sn(6) is the (Hessian) matrix of second-order derivatives of
Sn(0), given by

N 8f9($k)

2
VgSn(0) = 2N M(En, 0 —QZ Yi —n(ar, 0 50T

and 0N = (1 — )0 + 0Ny, v € (0,1), with 6 measurable, see [18].
We first try to bound [|§Ng — 0]|. We have (1/N)V2Sy(0) = 2M(En,0) + 2A(En, 60,0) — 2By (En, 6),
with

N

and By (&n,0) = Z

k:

0fo(z1)
00T

N
gNae 0 g xka xkaa)] 89T

From Hy-(ii), there exist A; > 0 and Az > 0 such that sup,¢x supg_g)<s [1(z,0) — n(z,0)] < A6 and

SUP,c x SUP|g—g||<s |0fs(x) /00| < Ag. This implies lims_ supjg_g<s [lA (€N, 0, 0)|| = 0. We also have

‘Zk 1, xp= :c TN(x)
sup [ B(En,0)| < Az (42)
16—6]|<5 a;( TN () N

where ry(z) denotes the number of times x appears in the sequence 1, ..., zy. Either ry(2) is bounded
or 7y () tends to infinity (but remains smaller than N), in any case limy ..o SUp|jg_gj<s |B(&n,0.0)|| =0
a.s. We have similarly M(én,0) — M(En, 0) = 3, c x[rn (2)/N] [fo ()] () — f5(2)f] ()], and therefore
lims—0 supjg_gj<s [IM(EN,0) — M(¢n,0)| = 0. Since éivs % 9, N — oo, we obtain that there exists
a.s. Ny such that for all N > Ny, Apmin[V2Sn(0Y)/N] > A/7x. From the series development (41), it
implies [|0Ng — 6] < [rn/(AVN)] |[VoSn(0)]|/v/N. We have VgSn(0)/vVN = —23 . cx Vn(x), where
vy (z) = (v(x)an(x)fs(z) with (v(z) = (Zgzl,xkzx er)/v/rn(z) and an(z) = \/rn(2)/N < 1, there-
fore [|VoSn(O)|I/VN < 2f X, cx [(n ()| with f = maxsex [[f5(2)[| and (v (x) = Op(1) (that is, (v (x)
is bounded in probability) for all z. We thus obtain ||y — 0]| < (2frnwn)/(AVN) for N > Ny with
WN = gex [Cn ()] = Op(1).

Now, for N large enough we have |[M~!(&n,0)A(En,0,0)|| < (275 /A)||A(En,0,0)| and therefore

M~ (en, 0)A(En, 0N, 0)| < (4A1A2f/A?) (TRwn/VN) 2 0, N — oo (since 73 /N — 0 and wy =
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O,(1)). Also, |[M~1(&n,0)B(én,0)|| < (27n/A)|B(én,0)| for N large enough, which implies that
supg_gj<s | M~ (€n, 0)B(En, 0)|| < (242/A) (Tvwn /VN), see (42), and M~ (¢n, 0)B(En, 6V)| 2 0,
N — co. Moreover, [M~*(&n, 0)M(En, 0) — I|| = M~ (&n, 0)[M(En,0) — M(En, 0)]]| and, for N large
enough, |M~! (&, O)M(En,0) — I|| < (27 /A) sup,ex [Ify(2)f] (2) — f5(2) ] ()] Since [[fo(x)fy (z) —
()5 (2)|1” = lIfo () — f5(2) || + 2{[fy(2) — £5(2)] " £5(2)}* + 4[| fp(x) — f5(x)|*[fo(x) — £5(2)] " £5(x) and
SUp,ex SUP|g_g|<s Ifo(z) — fa(z)|| < A26, there exists A3 > 0 such that for ¢ small enough we have
b 5D gy <5 16 (@) (&) — £5(@)E] (2)]] < Asd. We thus obtain M~ (&, 0)M(Ex, 8Y) — 1| <
(445 F/A%)(rRwn /VN) 5 0, N — oo and finally [M~Y/2(&y, 0)[V3Sw (0%) /NIM~Y2 (g, 0) = 21| 0,

so that (41) gives
2+ 0y (DIVNM2 (6, 0) (075 — 0) = —M~"?(¢n,0)VoSn(6)/VN, N — oo. (43)

We show now that M~'/2(¢y,0)VySn(0)/V/N is asymptotically normal.
Denote by Fj the o-field generated by {Y7,...,Ys}. Notice that from the adaptive construction of

the design, xj, is Fj_1-measurable. Take any u € R? with ||ul| = 1 and consider

1
Ry = ——=u' M ?(y,0)VyS
N i (€n, 0)VaSn( ZCNk:

where (ni = erznk/VN with 2y, = u! M~Y2(¢éy,0)f5(2y). Using [33, Th. 1, p. 541], to prove that

Ry L r~ N(0, s?) it is enough to show that, for any v € (0,1),

N
> Prob{|Cnk| > 7| Fr-1} 20 (44)
k];1
> E{CviI([Cnk] < 1)[Fe1} 50 (45)
k];l
> Var{Cnil([(nve] < 7)|Frer} B 57 (46)
k=1

as N — oo, with I(-) the indicator function. First consider (44). Define txi = Prob{|(nk| > 7| Fr-1} =
f\s|>7\/ﬁ/lmk| dF(e) with F(-) the probability distribution of the errors in the model (17). Since |zn%| <
f)\mllrf2 M(én,0) < fv/27n/VA for N large enough (a.s.), with f = max,cx ||f5(z)|, we get tnp <

f\6|>vpmdF(€) < (yp)~CF) (75 /N)1+0/2 f‘5|>7p\/m|€|2+6 dF(¢), where p = V/A/(fv/2). Since
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limy oo 7w N70/CH0) = 0 and IE{|e;|**°} < oo, Ntyr — 0 as N — oo and (44) is satisfied. Con-
sider (45) and define thy, = E{(vel(|(vi] < 1)|[Fi-1} = (znk/VN) f\élf\/ﬁ/\ZNkIEdF(g)’ so that
il = (l2nkl/VN)
(1/p)‘/TN/Nf|5\>p\/m|5|dF(5) < p~ @) (ry /N)IHO/2 f|5‘>P\/N/77'N|E|2+6 dF(e), which implies that

Nithyel — 0 as N — oo and (45) is satisfied. We proceed in a similar way for (46) and define

f\e|>\/ﬁ/|sz|5dF(5)‘ (since IE{e;} = 0). Therefore, for N large enough, [ty,| <

oy = VarfomnTowal < DFe1) = Gl o onas € 4P = (Fuyeruons 0FE) |
Since E{e?} = 1, we obtain Y., t%;, = (1/N)>_, 2%, + Qn where, for N large enough, Qny sat-
isfies |[Qn| < Tv/(Np?) Y, |:f€|>’Y\/N/ZNk|E2 dF(e) + (f\s|>'yx/ﬁ/|zwk\ |5|dF(5))1 (using E{e;} = 0).
Therefore, for N large enough, |Qn| < (7n5/p?) [f5|>VP\/m e2dF (e) + (f|5>»yp\/m|€|dF(€))1 <
N0 p= (20 (7012 6 /2) { . \/N/—TN|5|2+5 dF(e) + ( Seionp m\s\1+5/2 dF(e))Q] — 0as N —
00. Moreover, (1/N)Y", 23, = u'u =1 and we have thus proved that Ry Lo~ N(0,1) as N — 0.
Since this is true for any u, we have M~Y/2(&y, 0)Ve Sy (0)/VN > v ~ N(0,4I), and therefore from

(43), VNMY2(¢y,0)(6 — 6)

w ~ N(0,I), N — oo. Since |[M~!(&n,0)M(En,00s) — I 2 0 as
N — 00, we obtain the announced result (27).

Consider now ML estimation in the model (21). We substitute Ly (6) for Sy (0) is the series develop-
ment (41) (with the difference that Ly (6) is now mazimum at 03, ). Denoting m = m(2,6) and 7y =

(g, 0), we have Ly (0) = 3", Vi log mp+(1—Yy) log(1—m), VoLn (0) = >, (Yi—mk) / /7 (1 — 73 )fo ()

and V2L (0)/N = —M(éEn, 0) + An(€n,0,0) + By (€, 0,0), where fy(z) is given by (22),

N N
7Tk — Tk \/ 177Tk)
N(én,0.0) = Qi (7, 0) and By(¢n,0,0) 7Qk(fﬂk79)a
k=1 VT l_ﬂ-k) g A/ T 1—7Tk)
with
1 (92’/Tk T :| Y, — g
L0) = + (21 — Dfg(zp)f d 7z, = -+ Tk
Qi (e, 6) (1 — ) [89897 (2m (@) (a4)] e : (1 — 7x)

Notice that IE{Zx} = 0 and IE{Z?} = 1. Similarly to the case of LS estimation, we obtain that
exists a.s. N such that, for all N > No, Amin[-V3Ln(0N)/N] > 1/(27x), where 6V is now a
point between 6 and #3,. This implies that [|6),;, — 0] < crywn/VN for some constant ¢ and

wn = O,(1). We consider then |[M~'(éx,0)V2Ly(0)/N + I|| and obtain, since limy o 73 /N4 = 0,
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M2 (€, O) [V Ly (0N) /NIMT2 (€, )+ 0, N — o0, This gives [1+0, (1)) VNM/?(v, 0) (0, -
0) = M~ Y2(¢én,0)VoLn(0)/vVN, N — co. We consider finally Ry = (1/vVN)u"'M~Y2(¢éx,0)Vo L (0)
for some vector u with norm 1, and write Ry = >, (n,, with now (n x = ZkuTMfl/z(gN, é)fg(xk)/\/ﬁ.
The properties (44, 45, 46) directly follow from the fact that Zj is bounded, |Z;| < max,cx max{([1 —
m(z,0)]/m(x,0))?, (7(x,0)/[1 — 7(x,0)])'/?} for all k. The rest of the proof is similar to the case of LS

estimation. [ |

Proof of Lemma 4. First note that liminfy_,o 7N 1.5 /N > 1/K since X is finite, so that ¢* > 1. Suppose
that p > 2 and ¢* < p, we show that we arrive at a contradiction. The proof follows the same lines as for
Lemma 1.

The property (33) is replaced by

for all 4 <¢*, N> N, and 8 € O, f] ()M (&x, 0)f () — Ay (2, 0) < AV (47)
(0%

Define py as py = AnOn, with Oy = rN7(q*+1):K/N as in Lemma 1. We show that liminfy .. px > p
for some p > 0, which contradicts the definition of ¢*.
The property (37) becomes

1 Y

for all 0 € @, max {f;(.’],'(zN))M_l(fN,e)fe(lﬂ(“\])) — )\N ¢($(ZN)79)} > 67 m
N —

—ANO.
i=q*+1,... . K N¢

Together with (47), it gives N > Ny and py < p* = vo/[LK(K —q*)(1+ad)] = xn11 ¢ Xn(g*). Define

K
= Dieg 11 TN
NTONT(K ¢ )N

*

so that py > pi > pn/(K—¢*). Also, when N > Ny, >7 | rn . > ¢*aN/Ay, so that Zf{:q*ﬂ TNK <

1=

N(1—-gq¢*a/Ay) and pyy < An(1 = ¢*a/AN)/(K — ¢*). By construction, py < p* and N > Np imply

PN41 > p* _ )\N ) Np}k\/'(K - q*)/)\N +1 _ >\N+1 P* )\N+1 < 1 _ p*]‘v>
+ = N+1 + (K—q*)(N—l—l) AN N N +1 K—q* Y.
Avir [, 1 qa o _ o 1 qa

>

1
_— > P > .
wo PNt N K—q*} SNt NI K—¢ " K—g¢ N4lK—g¢
The end of the proof is strictly identical to that of Lemma 1. By induction, the lower bound on py4x

increases with k,

k
PN e 1

> )

PN+ K—q*+K—q*i:ZIN+i
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until py 4 becomes larger that p* and liminfy .. px > p = p*/(K — ¢*), which shows that ¢* > p and

concludes the proof. [ |

Proof of Theorem 4. We have already seen that the conditions of Lemma 4 with Hx-(iii) (respectively,
Hy-(iii”)) imply QA}JVS 229 (respectively, QA]J\V“J %% 9) as N — o0o. Therefore, what we first need to show is
that for all § > 0, there exist some Ny > 0 and 8 > 0 such that |0~ — 0] < 3 for all N > N implies
limsupy_, o, ®(én,0) < ¢ + 4. This will prove (28).

As in the proof of Theorem 3, H-(i), Hy-(ii) and Hy-(i) imply: Veo, 351, B2 such that ||§ — 0| < 31 =
maxgey |[fo(x) — f5(2)|| < €0 and || — || < B2 = max,ex |¢(x,0) — ¢(x,0)] < €. Also, from Lemma 4,

there exits N; and a > 0 such that for all N > Ny, ryj.x > aN/An, j = 1,...,¢", with ¢* > p, and

thus from Ha-(iv), Amin[M(En,0)] > @¥/An. Direct calculations give

max max |f) ()M~ (En, 0)f(2) — £ (2)M ! (En, 0)E5(2)| < BAneo
2EX l0—0]<p

for €y small enough and N > Nj, with B depending on «, and f = max,cx ||f5(z)]|.

Therefore, for all ey small enough, we can take § = min{0;, 52} and obtain, for all N > N; and

16N — ]| < 8 in (16),

£ (en )M (En, O (ang1) — And(zn1,0)
> £l (e )M T (En, 0V ) (2v41) — And(zn41,07) — eo(B + 1) Ay

= max [fg (@M &y, 0 x (2) — Ano(a, éN)} — co(B+ 1Ay

> max [£) ()M~ (En, 0)F5(2) — Ano(x,0)] — 2e0(B + 1)An . (48)

Suppose now that exists § > 0 such that liminfy_,. ®({n,0) > ¢ + J, that is, there exists Na such

that

D(¢n,0) > ¢ +6 (49)

for all N > N5. This implies

£ ()M (En, O)f5(z*) — And(z*,0) > —Ano(z*,0) > Ay [0 — ®(én,0)] . N > Na,
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with z* such that ¢(z*, ) = mingex ¢(z,0), and therefore,
max [£) ()M~ (En, O)f5(x) — Ano(2,0)] > Ay [0 — @(¢n,0)] , N> No.
For € = §/2, take eg = €/[2(B + 1)] and 8 as above and define

Gs(én, AN) = % logdet M(En,0) + [C — ®(Ew, 6)] . (50)

From (40, 48), we obtain

1 £ (z M~-Yén, 0)f5(x 1
G§(€N+17AN) _G§(§N7)\N) > Elog 14+ 0 ( N+1) (€N ) 0( N+1)] - Llog <1+ )

N AN N

6 1 £ (n )M (En, O)fg(2n 1)
N+ Ntl pYe :

3

for |0N — || < 8 and N > max{Ny, No}. Since Amin[M(En,0)] > ay/Ay for N > Ny, we also have
£ (e )M (N, O)f5(eng1) < fPAN/(0W), with f = maxzex [|f5(2)]]. Since Ay — oo from Hy-(ii)

and Ay /N — 0 from Hy-(iii) when N — oo, for any constant D < 1 there exists N3 such that for all

N > N3,
£ (e 1)M ™ (En, O)f5(zn 1) £ (en )M~ (En, O)f5(zn 1)
] 9 ) +1 ] N+1 N> 0 N+1
log |1+ N >D N1
and
P 1 1)
Y log <1+ N> < N
This gives
§ £ (en )M (En, O)f5(2n11)
Ga(En+1,AN) — Ga(én, An) > m‘f‘(D—l) . (N + 1)hw
1 5 f? )
- |Za(p-1) L v
>N+1[4+( )a7}>8(N+1)

for N > max{Ny, Ny, N3} and ||~ — || < 8 when choosing D > 1 — §a7/(82). Consider now

1 1
Gs(én+1,An+1) — Ga(én, An) = L\NH - )\]J logdet M(En11,0) + Ga(En, Ant1) — Ga(én, An) -

For N large enough and ||V — 0| < 3, it satisfies

5
S(N+1)

1 1 _
Go(§N+1,AN+1) — Gg(én, An) > [ - )\] logdet M(éxn 11, 0) +

AN+1 N
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Denote L* = maxgcz log det M(£, ). Since Ay is non-decreasing from Hy-(ii) and Ay /N is non-increasing
from H,-(iii), we get

0

Gy(Ent1, Av 1) — Go(én, Anv) > SN+ [

1 Llpes 0 L - )
T8(N+1) An(N+1) " 16(N+1)

AN AN+
for N large enough, in contradiction with the fact that Gg(&, A) is bounded for A > 1, see (50).
Therefore, for all § > 0 we can find a 3 such that |0N — || < 3 for all N > Ny implies that
there exists a subsequence {y, such that liminf; . ®({n,,0) < ¢} + 8. First note that Hy-(i) implies
O(Eni1,0) — (N, 0) = 1/(N+1) [p(xny1,0) — P(En,0)] < ¢/(N +1) so that there exists Ny such that
®(Eny1,0) < D(En,0) +6/2 for all N > Ny. Also, from the developments above, there exists N5 such
that for N > N, ||V — 0| < 8 and ®(¢x,0) > ¢ + 6 imply Gg(En+1, Av41) > Ga(én, Aw). Moreover,
since Amin[M(En,0)] > ay/An for all N > Np, we have p log(ay) — p log Ay < logdet M(éy,0) < L*

and thus

| log det M (&, 0_)|
AN

< g (51)

for N larger than some Ng. Take any N; > max(Ng, Ny, N5, Ng) and such that ®(&y,,0) < o5 + 0.
We show that ®(¢y,0) < @5 + 26 for all N > N; until the next N’ such that d(Ens,0) < @5 + 0.

We have ®(¢n,41,0) < @5 + (3/2)0. If ®(En,41.0) < ¢ + 6 we take N’ = N, + 1. Suppose that
®(En,41,0) > ¢ + 0. Then, G4(En 42, An,4+2) > G5(En,+1, An,+1) and, from the definition of G(§,\)
and (51), ®(En,42,0) < ®(En,11,0) + /2 < ¢ +26. If (En,42.0) < ¢% + 6 we take N/ = Ny + 2.
Otherwise, we have Gg(én,+3, AN, +3) > Gg(€n,+2, AN, +2) > Ga(€n,+1, AN, +1) and thus ®(En,43,0) <
®(En,41,0) +0/2 < ¢% 4 20. By induction, ®(£y,0) < ¢ + 26 for all N > Ny. This concludes the proof
of (28).

Define By(08) = {x; : ||lzi —2z*|| > B, ¢ = 1,...,N} and denote by by (3) the number of elements
of By(8). Assume that there exists 8 > 0 such that limsupy_,. bn(8)/N > v > 0. From Hg-(iii),

this implies that there exists e > 0 such that limsupy_, . ®(&xn,0) — ¢5 > 7€, which contradicts (28).

Therefore, for all 8 > 0, limy o bn(5)/N = 0 which gives (29). [
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