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1 Introduction and motivation

This work has been motivated by recent papers [5, 6] where the authors use constrained optimal design to
make a compromise between individual and collective ethics in dose-finding studies. Their idea is to use a
cost function that accounts for poor efficacy and for toxicity, and to maximize information-per-cost-unit,
which can be put in the form of a standard (unconstrained) optimal design problem. Using a parametric
model for the dose/efficacy-toxicity responses (Gumbel or Cox model as in [5] or a bivariate probit model
as in [6]), the Fisher information matrix can be calculated and optimal designs can be constructed.

In a companion paper to the present one, we introduce some flexibility in setting the balance between
the information gained (in terms of precision of parameter estimation) and the cost of the experiment (in
terms of poor success for the patients enroled in the trial). This is obtained by maximizing information-
per-observation under a constraint on the cost or, equivalently, by optimizing a penalized design criterion
where the penalty is related to the cost of the experiment.

The aim of the present paper is to investigate the asymptotic properties of such penalized optimal
designs when they are constructed sequentially, the choice of each new design point being based on
the current estimated value of the model parameters. Although [5, 6] advocate the use of adaptive
experimental design, the convergence of the procedure (strong consistency of the estimator of the model
parameters and convergence of the design to the optimal non-sequential design for the true value of
the model parameters) is left as an open issue. This difficulty is usually overcome by considering an
initial experiment (non adaptive) that grows in size when the total number of observations increases.
Although this number is often severely limited in practise, especially for clinical trials, we think that it is
reassuring to know that, for a given initial experiment, adaptive design guarantees suitable asymptotic
properties under reasonable conditions. Using simple arguments, we show that this is indeed the case
when the design space is finite, which forms a rather natural assumption in the context of clinical trials.
Our results concern penalized D-optimal design but also cover the case, more classical, of fully adaptive
D-optimal design. Therefore, they also apply for the method used in [5, 6]. Additionally to strong

consistency, we also show that the asymptotic distribution of the parameter estimates is normal, with



variance-covariance matrix given by inverse of the usual information matrix, similarly to the non-adaptive
case. Moreover, we show that, for suitable penalty functions, when the weight given to the cost for bad
treatment increases with the number of patients enroled, the doses allocated converge to the optimal one
while the parameters are still estimated consistently.

The results presented are of rather general applicability and, although this work has been motivated
by considerations in the context of clinical trials, we show that they also cover the case of least-squares
estimation in nonlinear regression models, for which there exist even less consistency results than for
maximum likelihood estimation when the design is adaptive. In particular, the results of Sect. 3 and 4
form a major improvement over those in [24] where only linear regression models were considered.

Adaptive penalized D-optimal design is introduced in Sect. 2. Sect. 3 concerns the case where the
penalty coefficient is bounded. We show that when both the design and the penalty coefficient are
adapted to the current estimated value of the model parameters, one can obtain strong consistency and
asymptotic normality of the estimator and strong convergence of the design to the optimum. In Sect. 4,
the penalty coefficient is allowed to grow to infinity. We show that when the increase is not too fast, the
strong consistency and asymptotic normality of the parameter estimator can be preserved, while at the
same time the design asymptotically concentrates around points of minimum cost. Sect. 5 concludes and
suggests several directions for further developments. The proofs of lemmas and theorems are collected in

an Appendix.

2 An adaptive penalized D-optimal design

Let X, a compact subset of R?, denote the admissible domain for the experimental variables = (design
points) and # € RP denote the p-dimensional vector of parameters of interest in a parametric model.
The information matrix for parameters 6 and design measure £ (a probability measure on X) is denoted
M(¢,0) = [, p(z,0) &(dx), with p(z,0) the contribution of the design point z, see Sect. 3.1.

In a nonlinear situation, M(€, 8) depends on € and local optimal design maximizes a concave function

U(-) of M(E,0). Here we shall only consider D-optimal design, for which ¥(M) = logdet(M). The



extension to other global optimality criteria, such as [trace(M~!)]~! for instance, can be obtained by
following a similar route. A rather common approach to overcome the difficulty caused by the dependence
of a local optimal design in the unknown value of the model parameters is to design the experiment
sequentially.

In fully-adaptive D-optimal design, next design point after N observations is taken as
TN-1 = argmax trace[u(z, 0V )M~ (En, 07V, (1)
TE

where ¥ € © C RP is the current estimated value for 0, based on z1,...,xxy and the associated
observations Y7,..., Yy, and &y = (1/N) Zfil dz, is the current empirical design measure, with J, the
delta measure that puts mass 1 at z. We leave aside initialisation issues and simply assume that z1,...,z,
are such that M(&,, 0) is nonsingular for any § € ©. Note that (1) can only be considered as an algorithm
for choosing design points, in the sense that M(¢x, #) is not the information matrix for parameters 6 due
to the sequential construction of the design (we shall see, however, in Sect. 3 that when X is finite, from
the same repeated sampling principle as in [32], one can still use M (&, 6N ) to characterize the precision
of the estimation of § as N — c0).

Constrained local D-optimal design maximizes log det[M(&, )] under a cost constraint ®(&,0) < C.

We suppose that the cost function ®(¢,0) is linear in £, that is

B(c.0) = /X o 6) €(dr)

and that ¢(x,0) is bounded on X. The extension to nonlinear constraints is considered, e.g., in [3] and
[9, Chap. 4]. We shall restrict our attention to the case where a single — scalar — constraint is present,
some of the issues caused by the presence of several constraints are addressed in the same references; see
also Sect. 5. A necessary and sufficient condition for the optimality of £* satisfying ®(£*,0) < C is the

existence of a Lagrange coefficient A* = A*(#) > 0 such that
N[O —®(£%,0)] =0 and Vx € X, trace[u(z, )M (£*,0)] < p+ N*[¢(z,0) — ®(£*,0)].
In practice, £* can be determined by maximizing

Hy(€,A) = W[M(E, 0)] — A (&, 0) (2)



for an increasing sequence ()\;) of Lagrange coefficients A, starting at Ay = 0 and stopping at the first \;
such that the associated optimal design £* satisfies ®(£*,0) < C| see, e.g., [22] (for C large enough, the
unconstrained optimal design for ¥(-) is optimal for the constrained problem). The penalty coefficient A
can thus be used to set the tradeoff between the maximization of W[M(E,0)] (gaining information) and
minimization of ®(¢,4) (reducing cost). One may refer to [4] for the equivalence between constrained
and compound optimal designs.

For constrained D-optimal design, we take x 1 that gives the steepest ascent direction for Hyy ({n, An),
TN1 = argmax {trace[u(m, ONYM ™ (€, 0N)] — Ay é(x, éN)} ) (3)
BAS

where the choice of Ay is discussed below. Since (1) can be considered as a special case of (3), the results
in Sect. 3 also cover the case of classical (unconstrained) sequential D-optimal design (1) for which Ay =0
for all N (they therefore also cover the situation considered in [5, 6], which can be formulated as a standard
D-optimal design problem). One can notice the similarity between (3) and the construction used in [24]
for optimizing a parametric function, the parameters of which being estimated by least-squares in a linear
regression model.

When 6V is frozen to a fixed value 6 and Ay is constant, the iterations (1) and (3) correspond to one
step of a steepest-ascent vertex-direction algorithm with step-length 1/N at step N. Convergence to an
optimal design measure is proved in [34] for iterations given by (1) and in [24] for (3) (using a general
argument developed in [33]).

The fact that 6V is estimated in adaptive design creates dependency among observations and makes
the investigation of the asymptotic behavior of the design and estimator a much more complicated issue
for which few results are available: [10, 32, 23] concern a particular example with least-squares estimation;
[16] is specific of Bayesian estimation by posterior mean and does not use a fully sequential design of the
form (1); [20] and [2] require the introduction of a subsequence of non-adaptive design points to ensure
consistency of the estimator and [1] requires that the size of the initial experiment (non-adaptive) grows
with the increase in size of the total experiment. Intuitively, the almost sure convergence of 6N to some

6> would be enough to imply the convergence of {x to an optimal design measure for 6°° (this will



be shown in Theorem 3) and, conversely, convergence of £y to a design & such that M(£,6) is non-
singular for any # would be enough in general to make an estimator consistent. It is thus the interplay
between estimation and design iterations (which implies that each design point depends on previous
observations) that creates difficulties. As shown in the next sections, those difficulties about consistency
disappear when X is a finite set (notice that the assumption that X is finite is seldom limitative since
practical considerations often impose such a restriction on possible choices for the design points; this
can be contrasted with the much less natural assumption that would consist in considering the feasible
parameter set as finite).

Two situations will be considered concerning the choice of the sequence (Ay) in (3), respectively in
Sect. 3 and 4. In the first one, the objective is to obtain an optimal design with a specified cost: we adapt
An to AN and take Ay = A5 = A\*(AV), the optimal Lagrange coefficient for the constrained D-optimal
design problem with parameters 6N . The second situation corresponds to the case where (Ay) forms
an increasing sequence, which gives more and more importance to the constraint in the construction of
the design. When ¢(x, ) has a single minimum, by letting the Lagrange coefficient Ay increase with N
one may hope to be able to force the design to concentrate at the minimizer of ¢ associated with the
true value of 6 (that is, for clinical trials, to focuss more and more on individual ethics by allocating
treatments with increasing efficiency).

The developments presented in the next sections rely on simple arguments based on three ideas. First,
the sequence (éN ) in (3) is taken as any sequence in ©. The asymptotic design properties obtained within
this framework will thus also apply when 6N corresponds to some estimator of 6 in ©. Second, when
X is finite we obtain a lower bound on the sampling rate of a subset of points of X associated with
a nonsingular information matrix. Third, we show that this bound guarantees the strong consistency
of the estimator of 8, both for least-squares estimation in nonlinear regression and maximum-likelihood
estimation for Bernoulli trials. With a few additional technicalities, this yields almost sure convergence
results for the adaptive designs constructed via (3). These results apply to a wide range of situations

and we try to keep the presentation general enough. However, to avoid unnecessary complications we



only treat the univariate case where y(x,6) has rank one, and write u(x,0) = fo(2)f, (z), with f5(x) a p-
dimensional vector. The extension to the multivariate case does not raise particular difficulties. Matrices
are denoted by bold capital letters and we denote by ||A|| the usual norm of A, ||A| = [trace(AT A)]'/? =

(Z” {A}f)j)lﬂ, and by Anin(A) the minimum eigenvalue of A.

3 Asymptotic properties of adaptive design with bounded penalty

We shall use the following assumptions on the design space X, vector f(x,8), constraint function ¢(z, 6)

and Lagrange coefficients Ay .

Hx-(i): The design space X is finite, X = {z(M, @) . 2K}
H-(ii): infpco Amin [Zfi (e (2D)] >4 > 0.
Hy-(i): 0 < ¢(2,0) < ¢, Yo € X and 0 € O.

H)-(i): 0< Ay <A <oo, VN.

When Ay = Ay = /\*(éN ), the optimal Lagrange coefficient for the constrained D-optimal design

problem with parameters 6N € O, the following condition guarantees that Hy-(i) is satisfied.

H,-(i"): There exists C’ < C such that V6 € ©, 3¢(0) € = with ®[£(6),0] < €’ and M[£(6), 0] has full

rank.

We first obtain a lower bound on the sampling rate of nonsingular designs, which will be the cor-
nerstone for proving the consistency and asymptotic normality of estimators. The proof is given in

Appendix.

Lemma 1 Let (éN) be an arbitrary sequence in © used to generate design points according to (3) in
a design space satisfying Hx-(i), Hx-(it), with an initialisation such that M(&x,0) is non-singular for
all 0 in © and all N > p. Let rn,; = ry (@) denote the number of times 29 appears in the sequence

1,...,ZNn, 1 = 1,..., K, and consider the associated order statistics TN 1.k > TN2:K = "+ > I'N,K:K-



Define

q" = max{j : there exists a > 0 such that 1}\r]n infry .k /N > a}.
— 00

Then, Hy-(i) and Hy-(i) imply ¢* > p. When the sequence (8) is random, the statement holds with

probability one.

3.1 Consistency of estimators

Least-squares estimation in nonlinear regression. Consider a regression model with observations

Y; =Y (z;) =n(z:,0) + &, (4)

with @ in the interior of ©, a compact subset of R?, z; € X C R?, and {e;} a sequence of independently
and identically distributed random variables with IE{e1} = 0 and IE{¢?} = 02 < co (with ¢ = 1 without
loss of generality). We assume that the model response n(x, 0) is differentiable with respect to 6 € int(O)
for any z € X.

Denote

N
Sw(8) =Y _[Y (zx) —n(x, 0))? (5)

k=1

and let )y = argmingee Sy (0) be the least-squares (LS) estimator of §. The contribution of the design
point x to the information matrix is then u(z,0) = fo(x) £ (x) with £(z) = dn(x,0)/06. The results can
easily be extended to non stationary errors and weighted least-squares. In the case of maximum-likelihood
estimation, the contribution of « to the Fisher information matrix only differs by a multiplicative constant.

Define

Dy (60,8) = > [n(wx,0) = n(zx,0). (6)
k=1

Next theorem shows that the consistency of the LS estimator is a consequence of Dy (6,0) tending to
infinity fast enough for ||§ — 0| > § > 0. The fact that the design space X is finite makes the required
rate of increase for Dy (0, 8) quite slow. The result is valid whether the x;’s are non-random constants

or are generated via a sequential design algorithm such as (3).



Theorem 1 Let (z;) be a non-random design sequence on a finite set X. If Dy (6,0) given by (6) satisfies

forall 6 >0, | ir;ﬁ Dy (0,0)| /(loglog N) — 00, N — oo, (7)
0—0||>6

then éLNS %0 as N — oo (almost sure convergence). The result remains valid for (x;) a random sequence

on X finite when (7) holds almost surely.

The proof is given in [25] and is based on Lemma 1 in [31]. Note that the condition (7) is much
less restrictive than the classical one for strong consistency of LS estimation in nonlinear regression
(Dn(0,0) = O(N) for 6 # ), see [18]. Tt is also less restrictive than the condition obtained in [20] for
sequential design.

Consider the following identifiability assumption on the regression model (4).

H - (iii): For all 6 > 0 there exists €(d) > 0 such that for any subset {i1,...,4,} of distinct elements

of {1,..., K}, infjg_gs5 25—y [n(x09),0) — n(x),0)]2 > €(5).

For any sequence (#V) used in (3), the conditions of Lemma 1 ensure the existence of Ny and a > 0
such that ry j.x > alV for all N > N; and all j = 1,...,p. Under the additional assumption H - (iii)
we thus obtain that Dy(0,0) given by (6) satisfies infy_g 5 Dn(0,0) > aNe(5), N > Ny. Therefore,
é]LVS 23§ (N — oc) from Theorem 1. Since this holds for any sequence (AV) in ©, it is true in particular

when 02 is substituted for 6V in (3).

Maximume-likelihood estimation in Bernoulli trials. Consider now the case of dose-response ex-

periments with

Y €{0,1}, with Prob{Y = 1jx;,0} = n(x;,0). (8)

We suppose that © is a compact subset of RP, that 6, the ‘true’ value of § that generates the observations,
lies in the interior of O, and that w(x,0) € (0,1) for any § € © and x € X. We also assume that 7(z, 6)
is differentiable with respect to 6 € int(©) for any = € X.

The log-likelihood for the observation Y at the design point x is given by (Y, z;6) = Y log[n(x, 0)] +

(1-Y)log[l —7(x,0)] and the contribution of the point = to the Fisher information matrix can be written



as p(z,0) = fp(x)f,) (z) with

1 on(z,0)
\/71'(33,9)[1 —7(x,0)] 00

Suppose that N observations Yi,...,Yy are performed at the design points Xi,..., Xy, with the Y;’s
independent conditionally on the X;’s, so that the conditional likelihoods satisfy £(Y;|X;, Yji, Xj,0) =
L(Y;1X;,0) for all 7. Suppose that X} is a non-random function of Y3,...,Yr_1, X3,..., Xp—1 for all k.
The log-likelihood for these observations is then Ly (0) = va:l 1(Y;,z4;60). We shall denote 63, the

Maximum-Likelihood (ML) estimator of 6, given by 8, = argmaxgce Ly (6).

Lemma 2 If for any § >0

liminf inf [Ly(0) — Ln(0)] > 0 almost surely,
N=+0 [[6-0]|>5

then é]J\VJL 229 as N — co.

The proof is identical to that of Lemma 1 in [31]. We then obtain a property similar to Theorem 1, see

[25].

Theorem 2 Let (x;) be a non-random design sequence on a finite set X'. Assume that

N _ i
Dn(6,6) =Y w(x;,0) log m ZH +[1 = m(x,0)] log E_ng (10)

i=1

a.s.

satisfies (7). Then, 03, “5 0 as N — oo in the model (8). The same is true for (x;) a random sequence

such that (7) holds almost surely.

Consider the following identifiability assumption for the Bernoulli model.

H -(iii’): For all § > 0 there exists €(d) > 0 such that for any subset {i1,...,4,} of distinct elements

. ) 3 i) o2
of {1,..., K}, inflg_g>5 25—, [7(209),0) — 7(219),0)] > €(6).

Defining g(a,b) = alog(a/b) + (1 — a)log[(1 — a)/(1 — b)], a,b € (0,1), we can easily check that, for
any fixed a € (0,1), g(a,b) > 2(a — b)? with g(a,a) = 0, so that each term of the sum (10) is positive.

Also, Hy-(iii”) implies that

P L (i) g L — (i5)
\|ei%ﬁ>5z7r(x(m’0) log {W} 1= (20, 8)] log [177(9”’9)
2t



for any § > 0 and any subset {i1,...,4,} of distinct elements of {1,..., K'}. Similarly to the case of LS
estimation in nonlinear regression, but using now Theorem 2 instead of Theorem 1, we thus obtain that
under the conditions of Lemma 1 and with the additional assumption Hy-(iii’) the ML estimator satisfies

oY, 56, N — oo, when 83, is substituted for ~ in (3).

3.2 Asymptotic optimality of adaptive penalized D-optimal design

We consider the adaptive design algorithm (3) with Ay = A5 = A* (éN ), the optimal Lagrange coefficient

for the constrained D-optimal design problem with parameters 6N . Define
H; = max {log det ML(£,8) + X*(0) [C — (&, 0)]} . (11)
By asymptotic optimality we mean that the empirical design measure & is such that 6N 23 § and
Hg(én) = logdet M(En, 0) + A*(0) [C — @(én,0)] “5 HF , N — o0. (12)

(We thus do not consider the true optimal design for sequential dependent observations, which is extremely
difficult to construct, see, e.g., [11, 12] for suboptimal attempts.) One can easily check that the optimal
design matrix M(£*,0) is unique, and (12) is thus equivalent to M(¢y,0) %3 M[£*(6), ], N — oo, that
is, &5 tends to be an optimal constrained design for §. We state this property below as a theorem (the

proof is given in Appendix). We use the following additional assumptions.
H y-(iv): For any subset {i1,...,4,} of distinct elements of {1,..., K},
p . .
Amin | > f5(a@N ] (20))| =5 > 0.
j=1

H;-(i): For all z in &, fy(z) is a continuous function of 6 in the interior of ©.

H,-(ii): For all z in X, ¢(z,6) is a continuous function of § in the interior of ©.

Theorem 3 Suppose that in the regression model (4) (respectively, in the Bernoulli model (8)) the design
points for N > p are generated sequentially according to (3), where Ay = /\*(éN), the optimal Lagrange

coefficient for the constrained D-optimal design problem with parameters éN, with N = é]LVS (respectively,

11



6N = é%L) Suppose, moreover, that the first p design points are such that the information matriz is
nonsingular for any 6 € ©. Then, under Hx-(i), Hx-(ii), Hx-(iii) (respectively, Hx-(i1i’)), Hx-(iv), Hy-
a.s. n -] n

(i), Hy-(i), Hy-(ii) and Hy-(i) we have ONg ™3 0 (respectively, 0%, =5 0) and M(Ex,0) =5 M[e*(6), 6],

N — oo, with £*(0) a constrained D-optimal design for 0.

Notice that Theorem 3 also applies in the case where the sequence (Ay) is not adapted to ON but
is simply controlled so as to satisfy a suitable compromise between designing for precise estimation of
and cost-minimization, and satisfies Ay > X\, N — oo, for some \.

Under a fixed design (penalized D-optimal for instance) the information matrix can be considered as a
large sample approximation for the variance-covariance matrix of the estimator, thus allowing straightfor-
ward statistical inference from the trial. The situation is more complicated for adaptive designs and has
been intensively discussed in the literature. Intuitively, the usual asymptotic normality of oN (N — )
should hold when the sequence (zy) is such that 6N s strongly consistent and M(¢y,6) converges to
a nonsingular matrix. The corollary below shows that this is indeed the case in the present situation.
One may refer e.g. to [8, 28, 14, 13, 35| for statistical inference in dose-finding problems when using up-
and-down [19] or bandit methods [15], randomized Pélya-urn [7] etc. In contrast with those approaches,
a guaranteed level of precision for the estimation of the model parameters can easily be imposed by
choosing the targeted cost C or the value of X in (2), see [26, Proposition 1]. Our result is a corollary of
the lemma below (its proof is given in Appendix), which uses the following regularity assumption for the

model.

H-(ii): For all  in X, the components of fy(x) are continuously differentiable with respect to 6 in

some open neighborhood of 6.

Lemma 3 Assume that Hy-(it) is satisfied, that the design points belong to a finite set, see Hx-(i), and
are such that

lim inf 7n Amin[M(Ex,0)] > A > 0 a.s.

N—o0

or some sequence (Ty) satisfying limy_,oo 75 /N4 = 0. Then, i ON 250 (N — o0) in the Bernoulli
ML

12



model (8), we also have

VN MY2(en, 03) (03 — 8) S w ~ N(0,T), N — o0, (13)
The same is true in the regression model (4): when 0Ny ™3 6 we also have

VNMY(Ex, 06) (05 = 0) = w ~ N(0,T), N — oo, (14)
under the additional condition limy_o Tnv N7%/(2%9) =0 for some & such that Te{|e;|***} < occ.

Note that when limy_. o TN/N1/4 = 0, the condition limy_, o ™~ N=9/(2+8) = for regression models
is not restrictive when moments IE{|e1|*} exist for & > 8/3. One may also notice that, compared to

[28] we do not require that M(&,,0) tends to a constant matrix, compared to [31] we do not require
that Ty M (£, 0) tends to some positive definite matrix, and compared to [21, 20] we do not require the
existence of non-random matrices Cy such that CyM'/2(¢y,0) 2 I, N — co. On the other hand, we
need that Ay [M(¢n,0)] decreases more slowly than N —1/4 The lemma applies to more general designs
than (1, 3). In particular, adaptive rules on a finite design space that have a non degenerate limiting
distribution £~ (such that det M(£,0) # 0) satisfy the conditions of the lemma with 7y = 1. This is
the case in particular for up-and-down methods in clinical trials, see, e.g., [8, 14, 17].

Under the conditions of Theorem 3, there exist Ny and a > 0 such that, for all N > Ny we have
Awmin[M(én,0)] > a7, with 4 as in Hxy-(iv). We can thus take 75 = 1 in Lemma 3 and obtain the
following property, which indicates that it is legitimate (asymptotically) to characterize the precision of

the estimation by the inverse information matrix M~1(&yy, oN ) when using the adaptive design scheme

(3) on a finite design set X.

Corollary 1 Under the conditions of Theorem 3, and assuming that, moreover, Hy- (i) is satisfied, the

ML estimator in the model (8) satisfies (13) and the LS estimator in the model (4) satisfies (14).

13



4 Asymptotic properties of adaptive design with increasing penalty

We consider now the case where the sequence (Ax) of Lagrange coeflicients in (3) is unbounded and

satisfies
H,-(ii): (Ay) is a non-decreasing positive sequence and limy_,c Ay = 0.

Replacing Hy-(i) by Hx-(ii) in the assumptions of Sect. 3, we obtain the following lower bound on the

sampling rate of nonsingular designs. The proof is given in Appendix.

Lemma 4 Let (V) be an arbitrary sequence in © used to generate design points according to (3) in a
design space satisfying Hx-(i), Hx-(ii), with an initialisation such that M(&n, 0) is non-singular for all

0 in © and all N > p. Let v j.x be defined as in Lemma 1, j =1,...,K, and define
q" = max{j: there exists & > 0 such that l%ninf AN TNk /N > a}.
—00

Then, Hy-(1) and Hx-(4) imply ¢* > p. When the sequence (ON) is random, the statement holds with

probability one.

4.1 Consistency of estimators

As in Sect. 3.1, we consider the consistency of the L.S and ML estimators in regression and dose-response
experiments respectively, but now in the case where (Ay) is an unbounded increasing sequence of penalty
coefficients. We show that strong consistency is ensured provided that this sequence tends to infinity

slowly enough.

Least-squares estimation in nonlinear regression. For any sequence (éN ) used in (3), the condi-
tions of Lemma 4 ensure the existence of N7 and o > 0 such that vy ;.x > aN/Ay for all N > Ny and
all j = 1,...,p. Under the additional assumption Hy-(iii) we thus obtain that Dy(6,8) given by (6)
satisfies

! inf Dy (0,0) > — N

—_ —— N> Ni.
loglog N |o—g|>6 An loglog N !
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Therefore, if (Ayloglog N)/N — 0 when N — oo, éi\’s 22 0 from Theorem 1. Since this holds for any

sequence (6V) in ©, it is true in particular when élLvs is substituted for V in (3).

Maximum-likelihood estimation in Bernoulli trials. The situation is similar to previous one.
Using now Theorem 2 instead of Theorem 1, we obtain that under the conditions of Lemma 4 and
with the additional assumption Hx-(iii’) the ML estimator satisfies 83, 3 6, N — oo, when 6}, is

substituted for 6V in (3) with (Ay loglog N)/N — 0 when N — oc.

4.2 Convergence to minimum-cost design and asymptotic normality

The following theorem shows that using the following assumptions

H-(iii): the sequence (Ay) is such that Ay /N is non-increasing with (Ay loglog N)/N — 0, N — oc;
Hy-(iii): ¢(z,0) has a unique global minimizer z*: V3 > 0, Je > 0 such that ¢(z,0) < ¢(z*,0) + ¢

implies ||z — z*| < S;

in complement of Hy-(ii), the adaptive design algorithm (3) is such that (zy) tends to accumulate at

the point of minimum cost for §. The proof is given in Appendix.

Theorem 4 Suppose that in the regression model (4) (respectively, in the Bernoulli model (8)) the design
points for N > p are generated sequentially according to (3), where A\n satisfies Hx-(ii) and Hy-(iii).
Suppose, moreover, that the first p design points are such that the information matriz is nonsingular for
any 0 € ©. Then, under Hx-(i), Hx-(ii), Hx-(iii) (respectively, Hx-(iii’)), Hx-(i), Hg-(i), Hy-(ii),

and Hg-(i) we have O0Ng =5 6 (respectively, 0%, 3 0) and
d(En,0) 23 by = irg)r{l é(x,0), N — oco. (15)
If, moreover, Hy- (i) is satisfied, then
EN > 8p« almost surely, N — oo, (16)

with = denoting the weak convergence of probability measures and S, the delta measure at x* =

argmingey ¢(x,0).
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The property (16) does not imply that the z;’s generated by (3) converge to 2*. However, Proposition
2 of [26] states a condition that guarantees that the support points of an optimal design measure converge
to z* as A — oo. When X is obtained by the discretization of a compact set X’ and this condition is
satisfied at § = 6 for design measures on X”, then the points zx will gather around z* as N — 0o, see
the example in Section 4 of [26].

Convergence results similar to those in Theorem 4 are obtained in [24] for LS estimation in a linear
regression model, without the assumption that X is finite, but under more restrictive conditions than
Hy-(ii), Hx-(iii) on the growth rate of the sequence (Ay).

Under the conditions of Theorem 4, there exist Ny and o > 0 such that, for all N > Ny, Apin[M(Ex, 0)] >

a¥/An, with ¥ as in Hy-(iv). We use again Lemma 3, with now 7y = Ay and obtain the following.

Corollary 2 Under the conditions of Theorem 4 and assuming that, moreover, Hy-(ii) is satisfied and
limpy oo A /NY% =0, the ML estimator in the Bernoulli model (8) satisfies (13). Also, the LS estimator
in the regression model (4) satisfies (14) under the additional assumption limy_o Ay N~/ (10 =0 for

some & such that TE{|e1**°} < .

5 Conclusion and further developments

We have shown that for finite design spaces, adaptive penalized D-optimal design possess the asymptotic
optimality properties one may expect: strong consistency and asymptotic normality of the estimators,
convergence to an optimal design for the true value of the model parameters. We mention below some ex-
tensions of this work, some straightforward, others more challenging, and indicate a motivating objective

concerning the design of non-stationary dose-finding experiments preserving individual ethics.

Bayesian estimation The extension of the results presented to Bayesian estimators should not raise
particular difficulties, especially since consistency is usually easier to obtained than for LS or ML esti-
mation using martingales properties, see, e.g., [16]. A straightforward modification of (3) is to replace

M(én,0N) by [M~1(&x,0N) + Q/N] =1, with Q the prior covariance matrix for the model parameters.
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Multiple constraints The results obtained in Sect. 3 and 4 easily generalize to the case when several
constraints are present and one maximizes log det M(¢, §) with respect to £ € = subject to ®(&,0) < C;,
1 =1,...,m. A Lagrange coefficient is then associated with each constraint and the design algorithm (3)

becomes

TN = BT {trace[Mm,éN)M—l@N, 0] = DAN g, éN>} .

i=1
When the )\g\i])’s are controlled to increase to infinity, define p%) = )\%) /> )\E\i,) and suppose that a
limit p; exists for each p%), j =1,...,m. Then, if all cost functions ¢;(-,6) are bounded on X, the
asymptotic behaviors of the design and estimators are the same as in Sect. 4 for Ay = >, )\g\i,) and
o(x,0) = Zj p;i¢;(x,8). Also, the developments of Sect. 3 remain valid when the )\%)’s are kept constant,
or when they are adapted to 6N , that is, when they correspond to the optimal coefficients for the
constrained problem with parameters 6N . Note, however, that the presence of several constraints makes
this optimal solution more difficult to determine since it can no longer be obtained by solving a series of

unconstrained problems with an increasing sequence of coefficients, contrary to the single constraint case.

The Lagrangian approach proposed in Sect. 2.3 of [3] can then provide a solution at reasonable cost.

Finite horizon The results of Sect. 4 indicate that, when Ay increases to infinity at suitable speed,
the design converges to the delta measure located at the optimum. In clinical trials, this means that
more and more patients receive doses close to the optimal one (and none receives extreme doses if
the penalty function satisfies the condition given in [26]). This is an asymptotic result, however, and
approaching the optimal solution over a finite horizon is a challenging task. In the case of LS estimation
in linear regression, design strategies are suggested in [27] that are shown to be close to the optimum
control (stochastic dynamic programming) solution. Is is then tempting to replace the Bernoulli model
by a regression type model (observation Yj at design point zj has mean value 7(zy,6) and variance
7(zg, 0)[1 — w(zk, 0)]), as suggested in [30], with a linear parametrization, and then try to apply the

finite-horizon results of [27].
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Non stationary clinical trials Strong consistency of the estimator is obtained in Sect. 4 when the
penalty coefficient Ay in (3) tends to infinity. Moreover, when the growth of Ay is not too fast, the
estimator is asymptotically normal. This means that, although the design is non-stationary in the sense
that patients enrolled in the trial receive better and better treatments, the information collected at the
end of the experiment can be used to set future treatments. In particular, the minimum effective and
maximum tolerated doses can be estimated and confidence intervals can be given. At the same time, the
fact that patients receive unequal treatments in the trial raises ethical issues: there is no randomization, a
new patient tends to receive a better treatment than patients previously treated (since when Ay increases,
the design points tend to get closer to the optimal dose). This emphasizes the importance of constructing
a fair rule for choosing the increasing sequence (Ay). Trying to give equal probabilities of success at
patients Py and Py41 when patient Py is treated first seems to be an honest ambition, and the increase
of Ay could then be used to compensate for the late treatment of patient Pyy1. This requires a model
for the evolution of the probability of success as a function of the delay in treatment, to be combined
with a suitable characterization of the improvement of treatment that can be expected when increasing

AN

Appendix

Proof of Lemma 1. First note that ¢* > 1 since X is finite. Suppose that p > 2 and ¢* < p. We show
that this leads to a contradiction.

For any N we can write

N
1
Mien.0) = 7 D6 (o)
RS (i)Y T (i) 4 & T
— NZTN,i:Kfe(x T (@) + S folan)f) (zr), (17)
i=1 TR XN (a%)
where iy is the index (depending on N) of a design point appearing ry ;. x times in z1,...,zy and

Xn(g*) = {zV) ... 248} is the set of such points for i < ¢*. Let My (#) denote the first matrix on
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the right-hand side of (17). For any z("¥) € Xn(¢*) we have

N

)
TNi:K

£ ()M (€, 0)f (20)) < £ (20)) Mg (0)f () =
with My (0) any g-inverse of My (). Therefore, from the definition of ¢*, there exists N7 such that

forall i <g¢*, N> Njand 6 €O, f) (z0")M(ex,0)fp () — Ay ¢(z),0) < (18)

SRR

Let B8 = 7N, (g=+1):k/N. Showing that liminfy .. By > 8 for some 3 > 0 will contradict the definition

of ¢*.

Define

*

q K
Mg\}) (9) — Z fe(x(uv))feT (x(lN)) , MS\%) (9) — Z fe(x(ZN))fGT(x(lN)) . (19)
i=1

i=1

We have (1—(n) Mg\l,) (0)+ BN Mﬁ) (0) —M(én, 0) € M=, where M= is the set of symmetric nonnegative

definite p X p matrices. For any u € R?,

ul M (G Ou > a1 By) M (6) + 6y MY (6)] '
=max2z u—z'|[(1-3y) Ms\}) 0) + Bn Mg\z,)(Q)]z

zERP

> max 2z u—z [(1-By)MY6)+ 8y MY (6))z

ZENMY (0)]

with A (M) = {v : Mv = 0} the null-space of the matrix M. Direct calculations then give
WM €y ) = - a T ME ) - Pa(O)]u (20)
with I the p-dimensional identity matrix and Py () the projector
Py () =M (0) MY OMP 0] MY (0)] MP @M o)

Note that the right-hand side of (20) is zero when u € M[Mg\l,)(ﬁ)] (i.e., when u = Mg\l,)(é’)v for some
v € RP). When u = f5(z(*~)) for some i € {g* +1,..., K} we can construct a lower bound for this term,

of the form A/Bn with A constant. Indeed, from (19) and Hax-(ii),

K
forall fc©and v eRP, v M%)(G) + Z fo () (2N | v > |v|?
i=q*+1
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so that for all # € © and z € N[MS\%) )],

T (in)\]2 Y 2
s [T > el (21)

Take z = 29, = [MS\Z,)(9)]*1[I—PN(9)}f9(x(iN)) for some i € {¢*+1,...,K}, sothat zg,;, € N[MS\P(H)]

and £ (z07)[ MY (8)] 1[I — Py (8)] 5 (a0n)) = 2], f5(a0N)) = 2], MY (6)z,i,. We obtain

i 2 - i 2
e B @) MP O] - Py@]fo@) = max 2], M (0)20,

= max zgiNfg(:r(jN)),
ij=g 41, KO

and thus from (21),

1/2
TG (2) -1 i v
forall €O, max  f (N ME (0)] 7 [T — Pn(0)] fo (zV)) > (K_q> L max |1 Zo,5x || -

Let i}, denote the argument of the maximum on the left-hand side, for which we have, z;,':i,;v fo(x(n)) =

Zg i M%)(H)zeﬁv < K L|zo,

SUN

2 with L = maxzex,oco ||fo(z)||?. This finally gives: for all § € O,
MaXj—q*41,... K f;(x(iN))[MS\?)(O)]_l [I—Px(0)] fo(x™)) > ~/[LK(K — ¢*)], and thus, from (20) and
H¢'(i)a

~y

forall # € ©, max {f(;r(:c(iN))Mfl(fN,H)fg(x(m)) — AN d)(x(iN),G)} > Gy IK(K —q) A
N _

i=q*+1,....K
(22)

Together with (18), it gives: N > N and fy < 3* = ya/[LK (K — ¢*)(1 + a)\@)] = wn41 ¢ Xn(¢*) in

the sequence (3). Define

K

B* _ Zi:q*-‘rl TN,i:K
NTO(K—q)N

so that Sy > 0% > On/(K — ¢*). Also, when N > Ny, (Ef;l rn,i:kx)/N > g*a, and therefore 5% <

(1 —q*a)/(K — ¢*). By construction, Sy < f* and N > N; imply

. NGy (K —q*) +1 " 1 1 «

> — = — - .

Br+1 > Bt (K —¢)(N+ 1) vt N K—q N

. 1 ¢« By I g«
> .

PNt N AR -¢ " K-¢  N+1E-¢

By induction, this lower bound on Gy increases with k,

BN q o 1
> s
BN-+k Kfq*—’_K—q* i:1N+i




until Sy becomes larger that 5*. Suppose that the threshold 8* is crossed downwards at Ny > Ny, i.e.,
BN,—1 > B* and BN, < B*. This implies Sy, = Bn,—1(N2 — 1)/Ny and thus 5*(Ny — 1)/No < B, < 0%,
so that fy, tends to 3* when N — oo. We thus obtain liminfy .. Sy > 8 = 8 /(K — ¢*), showing

that ¢* > p, which concludes the proof. [ ]

Proof of Theorem 3. We have already seen that the conditions of Lemma 1 with Hy-(iii) (respectively,
Hea-(iii")) imply 0N =5 0 (respectively, 0, =5 0) as N — co. All what we need to obtain the asymptotic
optimality of £y is thus a continuity property of the form: for all € > 0, there exists § > 0 such that
[|0N — ]| < 3 for all N larger than some Np] implies liminfy_, o0 Hz(Exn) > Hj —e. We show that this
is indeed true under the additional assumptions Hx-(iv), Hy-(ii) and H-(i).

First note that A\*(f) = argminy>o maxeez {logdet M(§,6) + A [C' — ®(£,6)]} is continuous in 6 as
the argument of the minimum of a convex function (given by the maximum of convex functions) that is
continuous in @. Therefore, Veg, 331 such that ||§ — || < 81 = [A\*(8) — \*(0)| < €o. Also, Hy-(i), Hy-(ii)
and Hx-(i) imply: Ve, 332 such that ||0 — 0] < B2 = max,ex ||fo(z) — f5(2)| < € and IB3 such that
0 — 0| < B3 = maxex |6(z,0) — d(z,0)| < eo.

From Lemma 1, there exits N; and o > 0 such that for all N > Ny, ry j.x > aN, j=1,...,¢", with

q* > p, and thus from Hx-(iv), Amin[M(Ex, 0)] > 7. Direct calculations then give

max max [f) (z)M " (én, 0)f () — £ ()M (En, 0)fy(2)| < Beg
TEX [|0—0]|<B2

for €y small enough and N > Ny, with B depending on a,% and f = max,cx ||f5(z)]|.

Therefore, for all €y small enough, we can take = min{f, 32, 83} and obtain, for all N > N; and

16N — 6] < 5 in (3),

£ (an1) M (En, O)F(zn 1) — X (0)p(an 1, 0)
> £y (2n )M (G, 0V En (2ng1) = A (0N)p(an41,0N) — €o(B+ A+ §) — €

— max [f;v ()M~ (En, V) ey () — A (6V) (, éN)} —e(B+A+¢) — e

zeX

> max [f; (z)M ' (En, 0)f5(x) — X (0)p(x,0)] — 2e0(B+ A+ ¢).

rzeX
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For a given ¢, take ¢g = ¢/(B + A + ¢) and 3 as above, and suppose that there exists § > 0 such that
H@(f[\/) <Hg—5—€ (23)

for all N larger than some Na, with Hp({x) and Hj respectively given by (12) and (11). From the

concavity of the design criterion, this implies

max [£' (2)M " (€n, 0)f (@) = A" (0)6(w,0)] > p = A" (0)2(&n,0) + e+

and thus
£ (an1)M 7 (En, O (ang1) — N (0)p(2n41,0) > p — A (0)D(En,0) + 6 (24)

for all N > max{Ny, Na, No} when ||#~ — || < 3 for all N > Np. Direct calculations give

) TN+1 -1 N,7 (N1t
Hg(ény1) — Hg(én) = log |1+ fy (rn1)M ]if O (wn+ )] —plog (1+ 1>
2D a6, 0) — otan1,0)] 25)

and thus from (24),

T —1 0\ f-
Hylénsn) - Hylew) > log |1+ 2 M S Nﬁ)fe(m“)] — plog (1 + 1)
+p +6— £ (xn1) M (En, O)f5(zn41)
N+1 '

Since f(;—(xNH)M*l(fN, 0)f5(z 1) is bounded by f2/(a¥), we obtain that Hg(én11)—Hg(En) > 6/(2N)
for N large enough, which implies that Hg(nx) — oo as N — oo, in contradiction with Hy-(i), Hx-(1")
and Hy-(i), see the definition of Hg(¢) in (12).

Therefore, for any € > 0, |6 — || < 3 for all N > Ny implies the existence of a subsequence &y, such
that limsup,_, ., Hg({n,) > Hj — €. From (25), for all 6 > 0 there exists N3 such that for all N > N3,
Hz(En+1) > Hg(En)—0. Also, from the developments just above, there exists Ny such that for all N > Ny,
(23) implies Hy(En+1) > Hg(€n). Take any Ny > max(No, N3, Ny) satisfying Hg(¢n,) > Hy — € — 0, we
obtain Hg({x) > Hj —€—2J, for all N > N;. Since ¢ is arbitrary, liminfy .o Hg({n) > Hj — €, which

concludes the proof. [ |
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Proof of Lemma 3. We consider the case of LS estimation in the regression model (4). The proof is
similar (but simpler) for ML estimation in the model (8) and we shall only indicate the adaptations that
are required.

A first-order series development of the gradient of the LS criterion (5) around 6 gives

VoSn(07s) = 0 = VoS (0) + V5 Sn (0™)(07s - 0), (26)
where VySn () = —2 22[:1 exfy(zr), V2Sn(0) is the (Hessian) matrix of second-order derivatives of
Sn(#), given by

N
3f9(l‘k)
2
VySn(0) = 2N M(én, 0 —22 Yi —n(xr, 0 50T

and 0N = (1 — vx5)0 + 0Ny, v € (0,1), with 6V measurable, see [18].
We first try to bound ||9Aivs —0||. We have (1/N)V2Sn(0) = 2M(En, 0) + 2A(En, 0,0) — 2By (En, ),

with

= 1 & v o (zk) Y
A(gNa 9, 9) = N Z[n(x/w 9) - n(xk)a 9)] aa—r and BN €N7 Z 80T

k=1 -

From Hy-(ii), there exist A; > 0 and Az > 0 such that sup,¢y supg_g<s [1(z,0) — n(x,0)| < A18 and

SUPg e x SUP|9_g) <5 |O0fs(x) /00| < Ag. This implies lims_¢ supjjg—g|<s A (N, 0, 0)|| = 0. We also have

N
‘ k=1, zr=x €k T’N(I)
sup |[B(éw.0)] < ) Ar = (27)
llo—a|<s e v ()
where rn(z) denotes the number of times x appears in the sequence 1, ..., zy. Either ry(z) is bounded

or 7y () tends to infinity (but remains smaller than N), in any case limy .o SUp|jg_gj<s |B(¢n,0.0)|| =0
a.s. We have similarly M(én,0) — M(En, 0) = Y, c x[rn (2)/N] [fo(2)f] () — f5(2)f; ()], and therefore
lims o supg_g<s [M(&n,0) — M(En,0)|] = 0. Since 0Yg 3 6, N — oo, we obtain that there exists
a.s. Ny such that for all N > No, Amin[V2Sn(0Y)/N] > A/7y. From the series development (26), it
implies [|0Ng — 0| < [rn/(AVN)][[VoSn(0)[|/VN. We have VySy(0)/VN = —23 5 va(x), where
vy (z) = (v(z)an(x)fs(z) with (v(z) = (Zgzl’wk:w er)/v/rn(z) and an(z) = \/rn(2)/N < 1, there-
fore [|VoSn (O)|l/VN < 2f X, cx [(n ()| with f = maxsex [[f5(2)[| and (v () = Op(1) (that is, (v (x)
is bounded in probability) for all z. We thus obtain ||y — 0]| < (2frnwn)/(AVN) for N > Ny with

WN =D pex [N (@) = Op(1).
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Now, for N large enough we have |[M™(&n,0)A(En,0,0)| < (275 /A)||A(En,0,0)| and therefore
HM_l(gNﬁ)A(fNaéN,é)H < (441 A2 f/A?) (Rwn /VN) 20, N - (since 73 /VN — 0 and wy =
Op(1)). Also, M~ (én,0)B(én,0)|| < (27n/A)|[B(En,0)| for N large enough, which implies that
supjg_gj<s [M ™ (€n, 0)B(En, 0)]| < (242/A) (Tnwy /V/N), see (27), and [|[M~!(Ex, 6)B(En, 60V)| = 0,
N — oo. Moreover, [M™"(¢n, 0)M(En. 0) —I|| = M~ (En, 0)[M(En, ) — M(En, 0)]| and, for N large
enough, [M™" (&, 0)M(En,0) — I|| < (27w /A) sup, ey [Ifo ()] (2) — £5(2)E] ()] Since [[fs(2)f] (z) —
fo(2)f5 (2)]1* = |Ifo(x) — f(2) 1" + 2{[fy () — f5(2)] " 5(2)}* + 4llfy (2) — £5(2)|?[fo (2) — f5(2)] " fp() and
SUP,ex SUP|g_g<s |fo(z) — fa(z)|| < A2d, there exists A3 > 0 such that for § small enough we have
Uy Doy o (@) (2) — Ep()ET ()] < Agd. We thus obtain [M~(€x, 6)M(ex, 6Y) — | <
(443 f/A?)(Rwn /VN) 2 0, N — oo and finally [|[M~'/?(¢x, 0)[VESn (6")/NIM™/?(éx, 6) — 21| 0,

so that (26) gives
2+ 0, (D]VNM?(én,0)(07s — 0) = ~M™?(n,0) VoSN (0)/VN , N — oo. (28)

We show now that M~/2(éy,0)VeSy(0)/V/N is asymptotically normal.
Denote by Fj the o-field generated by {Y7,...,Y:}. Notice that from the adaptive construction of

the design, zj, is Fr_1-measurable. Take any u € R? with ||ul| = 1 and consider

_ Tar—1/2
RN—*TU M~ 2(¢n,0)VeSn (0 ZCNk

where (v = erznk/VN with 2y, = u! M~Y2(¢éy,0)f5(xy). Using [29, Th. 1, p. 541], to prove that

Ry Sr~ N (0, s%) it is enough to show that, for any v € (0,1),

N
> Prob{|¢{nk| > Y| Fr-1} 20 (29)
k=
Nl
> E{CviI([Cnk] < 1)[Fe-1} D0 (30)
k=
Nl
> Var{CnkI(|¢ni| < 9)[Fra} > 57 (31)
k=1

as N — oo, with I(+) the indicator function. First consider (29). Define txi = Prob{|(nk| > 7| Fr-1} =

f\8|>7\/ﬁ/|2m| dF(e) with F(-) the probability distribution of the errors in the model (4). Since |zng| <
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fAm}I{Q M(én,0) < fv/27n/VA for N large enough (a.s.), with f = max,cx [|f5(x)]], we get tnp <
S ) < D N0 A, where p = VE/(TVE). Sine
limy oo 7w N70/CH0) = 0 and IE{|e;|**°} < oo, Ntyr — 0 as N — oo and (29) is satisfied. Con-
sider (30) and define ty, = BE{(vil(|(ve| < 1)|Fi-1} = (2nve/VN) f\slS\/ﬁ/\zwklng(g)’ so that

il = (J2nkl/VN)

f\sl>\/N/IZNkI EdF(&)‘ (since IE{e;} = 0). Therefore, for N large enough, [ty | <
(1/p)\/7mfla‘>p\/m|s|dF(s) < p~ @+ (ry /N)IHO/2 f|€\>p\/N/7‘rN|€|2+6 dF(e), which implies that
Nity,l — 0 as N — oo and (30) is satisfied. We proceed in a similar way for (31) and define
B = Varlondem] < DIFer) = Gl [ pemst 2 FE = (formons 27 E) |
Since E{e?} = 1, we obtain Y., t%;, = (1/N)>°, 2%, + Qn where, for N large enough, Qy sat-
isfies |[Qn| < Tv/(Np?) Y, [f8|>,y\/ﬁ/z”| g2 dF () + (f\s|>7\/ﬁ/|mvk\ |5|dF(5))2} (using E{e;} = 0).
Therefore, for N large enough, |Qn| < (7n5/p?) [f5|>79\/m e2dF (e) + (f|€>w\/m|s|dF(s))1 <
N0 p= (20 (7012 6 /2) {flswmwﬁ dF(e) + (f\s|>vpm‘5‘1+5/2 dF(e))Q] — 0as N —
00. Moreover, (1/N)Y", 23, = u'u =1 and we have thus proved that Ry Lo~ N(0,1) as N — 0.
Since this is true for any u, we have M~Y/2(&y, 0)V Sy (0)/VN > v ~ N(0,4I), and therefore from
(28), VNMY2(Ex, 0)(0Ny — 0) 5 w ~ N(0,I), N — oco. Since [|[M~1(&x, 0)M(Ex,0Ys) — I 2 0 as
N — 00, we obtain the announced result (14).

Consider now ML estimation in the model (8). We substitute Ly () for Sy (0) is the series development
(26) (with the difference that Ly (6) is now mazimum at 0%, ). Denoting 7, = m(z, 0) and 7, = 7 (xx, 0),
we have Ly () = >, Yilogm, + (1 — Yy)log(1 — mx), VoLn(6) = >, (Vi — Wk)/mfg(mk) and

VgLN(H)/N = 7M(§N,9) + AN(SN,G,é) + BN(fN,G,H_), where fg(x) is given by (9),

N N — —

1 k — Tk —= 1 7Tk(]. _7Tk;)
N(n,0,0) Qi (zr,0) and By(En,0,0) = — »  Zp ~—== Qu(xs,0),
N = V(1 =) kzzl (1 — )
with
1 827Tk T :| Y. — 7
,0) = + (27, — Df, f d Z, = —-——.
Qk(mk ) 7Tk(1 — 7Tk) [8989T ( Tk ) G(xk) 0 (xk) an k 7_Tk(1 — 7_Tk)

Notice that IE{Zx} = 0 and IE{Z?} = 1. Similarly to the case of LS estimation, we obtain that

exists a.s. Ny such that, for all N > Ny, Apin[~V3Ly(0V)/N] > 1/(27y), where 6V is now a
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point between 0 and 63 ,. This implies that [|6Y,, — 0] < c¢rywn/VN for some constant ¢ and
wn = Op(1). We consider then |[M~!(én,0)V32Ly(0)/N + I|| and obtain, since limy .o 73 /N4 = 0,
M2, B)[V3 L (BN )/NTM 2 (€7, 8)+T] 2 0, N — oo. This gives [1--0, (1) NMY2(éx, 8) (03], —
) = M~12(¢x,0)VoLn(0)/V/N, N — co. We consider finally Ry = (1/vN)uTM~2(éx,0)Vo Ly (6)
for some vector u with norm 1, and write Ry = >, (w1, with now (n i = ZkuTM_l/Q(fN, é)f(;(xk)/\/ﬁ.
The properties (29, 30, 31) directly follow from the fact that Zj is bounded, |Zx| < max,ex max{([1 —
7(z,0)]/7(x,0))?, (7(x,0)/[1 — 7(x,0)])'/?} for all k. The rest of the proof is similar to the case of LS

estimation. ™

Proof of Lemma 4. First note that liminfy_. 75 1.x /N > 1/K since X is finite, so that ¢* > 1. Suppose
that p > 2 and ¢* < p, we show that we arrive at a contradiction. The proof follows the same lines as for
Lemma 1.

The property (18) is replaced by

AN

forall i <¢*, N>N;and 0 €O, £ ()M (&x, 0)fs(2)) — Ay (), 0) < o (32)

Define py as py = Anfn, with By = 7n (g=+1):x /N as in Lemma 1. We show that liminfy ... px > p
for some p > 0, which contradicts the definition of ¢*.

The property (22) becomes

. B ) ) 1 ¥ _
T(.(in) 1 (in)y _ (in) S A
forall 9O, max {fg (@) )YM (e, 0)Fs (2)) — Ay (2 ,9)} > RGN

Together with (32), it gives N > Ny and py < p* = ya/[LK(K —q¢*)(1+ad)] = wx41 ¢ Xn(g*). Define

> :
i=q*+1 TN»ZZK

PN:)\N (K—q*)N )

sothat py > p& > pn/(K—¢*). Also, when N > Ny, Zg;l TNk > ¢FaN/AN, so that ZZ—K:q*H TNiE <

N1 —q*a/Ay) and piy < AN(1 — q¢*a/AN)/(K — ¢*). By construction, py < p* and N > N; imply

Noy(K =g )/An+1  Anp1 AN+1 < 1 P*N>
> * =\ _ x4 _
PN+1 = PN+1 N+1 (K—q*)(N—i—l) Ay PN N+1\K_—g¢" AN
AN+t | 1 o . qa PN 1 qa
— > > .
" YNNI R TN T NFI K¢ " K—¢ NilK—g¢
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The end of the proof is strictly identical to that of Lemma 1. By induction, the lower bound on py 4k

increases with k,

k
PN e 1
> ;
PN+k K—q*+K—q*;N+i
until py 4 becomes larger that p* and liminfy .o px > p = p* /(K — ¢*), which shows that ¢* > p and

concludes the proof. n

Proof of Theorem 4. We have already seen that the conditions of Lemma 4 with Hx-(iii) (respectively,
Hy-(iii”)) imply éi\’s %% 0 (respectively, HAAN/[ . %% 0) as N — oco. Therefore, what we first need to show is
that for all § > 0, there exist some Ny > 0 and § > 0 such that [|§N — 0] < 3 for all N > N implies
limsupy ., ®(En,0) < ¢f 4 . This will prove (15).

As in the proof of Theorem 3, H-(i), Hy-(ii) and Hy-(i) imply: Veo, 331, B2 such that || — 0| < 81 =
max,ey |[fo(x) — f5(z)|| < €0 and || — 0| < B2 = max,ex |d(x,0) — d(x,0)| < €. Also, from Lemma 4,

there exits Ny and « > 0 such that for all N > Ny, ry j.x > aN/An, j =1,...,¢%, with ¢* > p, and

thus from Hy-(iv), Amin[M(én,0)] > a¥/An. Direct calculations give

max max |f) (2)M ™~ (En, 0)f(2) — £ ()M~ (En, 0)f5(2)| < BAneo
TEX |0-0]|<p

for €y small enough and N > Ny, with B depending on a,% and f = max,cx ||f5(z)]|.

Therefore, for all ¢y small enough, we can take S = min{f;, S2} and obtain, for all N > N; and

16V — 6] < 5 in (3),

£ (n )M (En, O (xn41) — Avd(zn1,0)
> feTN (Tn+1)M U EN, 0N En (Tn41) — And(zni1,07) — €o(B + 1Ay

— ma (£ @M (6, 6% )y () = Ao, 0%)] = eo(B + DAx

> max [f] (z)M ! (&n, 0)f5(z) — Ang(x,0)] — 260(B + 1) Ay (33)

reX

Suppose now that exists § > 0 such that liminfy . ®({n,0) > ¢ + J, that is, there exists N such
that

D(¢n,0) > ¢f +6 (34)
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for all N > N,. This implies
£ ()M, 0)f5(27) — Awd(a*,0) > —Awo(a™,0) > Ay [6 — D(En,B)] , N > Ny,
with z* such that ¢(z*, ) = mingex ¢(z,0), and therefore,
max [£] ()M~ (én, O)f(2) — Ano(@,0)] > Av [§ — @(En,0)] , N > No.
For e = §/2, take eg = €/[2(B + 1)] and 8 as above and define

Gl Aw) = ﬁ log det M(¢x, 8) + [C — ®(¢x.0)]. (35)

From (25, 33), we obtain

1 £ (2N ) M (En, 0)F5(zn1) P 1
Gg(En+1,An) — Gg(én, An) > fye log |1+ -2 N o log <1 + N>
+ § 1 £ (an )M (v, O)f(ana)
2(N+1) N+1 AN ’

for [|0N — @|| < B and N > max{Ny, No}. Since Amin[M(En,0)] > ay/Ay for N > Ny, we also have
fe:r(xNH)M_l(fN,é)fg(xNJrl) < f2An/(NY), with f = max,ex ||f5(7)||. Since Ay — oo from Hy-(ii)

and \y/N — 0 from Hy-(iii) when N — oo, for any constant D < 1 there exists N3 such that for all

N > N3,
£ (xng )M (N, O)f5(zn41) £ (2np) M (N, 0) (2N 1)
I 1 9 ’ Dt ’
o8 |1+ N - N+1
and
P 1 1)
Ay 8 (H N) SINTD
This gives
) £ (2np) M (€N, 0)f5(zn41)
Gog(ént1,AN) — Gg(én, AN) > m‘i‘(D—l) £ (N+ Doy °
1 5 f? )
- |Za(p_1)+L _°
>N+1[4+( )Ofy}>8(N+1)

for N > max{Ny, Ny, N5} and ||§¥ — 6| < # when choosing D > 1 — day/(8/2). Consider now

1 1
Gog(én+1,AN+1) — Gaén, An) = L\NH - )\JJ logdet M(En11,0) + Ga(én, Ant1) — Ga(én, An) -
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For N large enough and |0~ — 6| < 3, it satisfies

1 1 - 1)
——1 1 M 0 —_
)\N+1 )\N:| og det (§N+17 ) + 8(N + 1)

GalEn1. Aw 1) — Galén Aw) > [

Denote L* = maxgcz log det M(€, 0). Since Ay is non-decreasing from Hy-(ii) and Ay /N is non-increasing

from Hy-(iii), we get

] 1 1 ] L* 4]
; An41) = Gglén, AN) > = — | — — L*> -

for N large enough, in contradiction with the fact that Gg(&, A) is bounded for A > 1, see (35).
Therefore, for all § > 0 we can find a 8 such that ||[§N — ]| < § for all N > Np implies that
there exists a subsequence ¢y, such that liminf; .., ®(¢y,,0) < ¢5 + 6. First note that Hy-(i) implies
B(Eni1,0) — (N, 0) = 1/(N+1) [p(xny1,0) — P(En,0)] < ¢/(N +1) so that there exists Ny such that
®(Ens1,0) < ®(En,0) + /2 for all N > N,. Also, from the developments above, there exists N5 such
that for N > Ns, |0V — 6|| < 8 and ®(¢y,0) > ¢35 + 6 imply Gg(§n+1, An+1) > Gg(én, An). Moreover,

since Amin[M(En,0)] > ay/An for all N > Nj, we have p log(ay) — p log Ay < logdet M(¢n,0) < L*

and thus

| log det M(£, )]
AN

< g (36)

for N larger than some Ng. Take any N; > max(Ng, Ny, N5, Ng) and such that ®(&y,,0) < ¢y + 0.
We show that ®(¢n,0) < @5 + 26 for all N > N; until the next N’ such that P(Enr,0) < @5 + 0.

We have ®(¢n,+1,0) < ¢F + (3/2)0. If ®(En,41.0) < ¢ + 6 we take N’ = N, + 1. Suppose that
P(En,41,0) > ¢ + 6. Then, G4(En, 42, AN, +2) > G4(En,+1, AN, +1) and, from the definition of G4(¢, \)
and (36), ®(En,+2,0) < P(En,11,0) +6/2 < ¢f +20. If ®(En,42,0) < ¢ + 6 we take N = Ny + 2.
Otherwise, we have Gg(én, 13, An,+3) > Gg(€n, 12, AN, +2) > Gg(én, 41, AN, +1) and thus ®(Ey,43,0) <
®(En,41,0) +0/2 < ¢ + 26. By induction, ®(£n,0) < ¢4 + 26 for all N > N;. This concludes the proof
of (15).

Define By (8) = {x; : ||l@; — 2*|| > 8, ¢ = 1,..., N} and denote by by (3) the number of elements

of By(8). Assume that there exists 8 > 0 such that limsupy_,. bn(8)/N > v > 0. From H,-(iii),
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this implies that there exists e > 0 such that limsupy_, . ®(&xn,0) — ¢5 > 7€, which contradicts (15).

Therefore, for all 5 > 0, limy_.o by (8)/N = 0 which gives (16). [ ]

Acknowledgements The author wishes to thank V. Fedorov for his comments and N. Flournoy for

her careful reading of the paper, her detailed comments and advice.

References

[1]

[7]

8]

P. Chaudhuri and P.A. Mykland. Nonlinear experiments: optimal design and inference based likeli-

hood. Journal of the American Statistical Association, 88(422):538-546, 1993.

P. Chaudhuri and P.A. Mykland. On efficiently designing of nonlinear experiments. Statistica Sinica,

5:421-440, 1995.

D. Cook and V.V. Fedorov. Constrained optimization of experimental design (invited discussion

paper). Statistics, 26:129-178, 1995.

D. Cook and W.K. Wong. On the equivalence between constrained and compound optimal designs.

Journal of the American Statistical Association, 89(426):687-692, 1994.

V. Dragalin and V. Fedorov. Adaptive designs for dose-finding based on efficacy-toxicity response.

Journal of Statistical Planning and Inference, 136:1800-1823, 2006.

V. Dragalin, V. Fedorov, and Y. Wu. Adaptive designs for selecting drug combinations based on

efficacy-toxicity response. Journal of Statistical Planning and Inference, 138:352-373, 2008.

S. Durham, N. Flournoy, and W. Li. A sequential design for maximizing the probability of a favorable

response. Can. Journal Statist., 26:479—-495, 1998.

S.D. Durham and N. Flournoy. Random walks for quantile estimation. In J.O. Berger and S.S.
Gupta, editors, Statistical Decision Theory and Related Topics V, pages 467-476. Springer, New

York, 1994.

30



[9]

[10]

[11]

[12]

[13]

[14]

[16]

[17]

[18]

V.V. Fedorov and P. Hackl. Model-Oriented Design of Experiments. Springer, Berlin, 1997.

I. Ford and S.D. Silvey. A sequentially constructed design for estimating a nonlinear parametric

function. Biometrika, 67(2):381-388, 1980.

R. Gautier and L. Pronzato. Sequential design and active control. In N. Flournoy, W.F. Rosenberger,
and W.K. Wong, editors, New Developments and Applications in Ezperimental Design, Lecture Notes

— Monograph Series, vol. 34, pages 138—151. IMS, Hayward, 1998.

R. Gautier and L. Pronzato. Adaptive control for sequential design. Discussiones Mathematicae,

Probability & Statistics, 20(1):97-114, 2000.

A. Giovagnoli. Asymptotic properties of biased coin designs for treatment allocation. In A. Di
Bucchianico, H. Lauter, and H.P. Wynn, editors, mODa’7 — Advances in Model-Oriented Design
and Analysis, Proceedings of the Tth Int. Workshop, Heeze (Netherlands), pages 81-88, Heidelberg,

June 2004. Physica Verlag.

A. Giovagnoli and N. Pintacuda. Properties of frequency distributions induced by general ‘up-and-
down’ methods for estimating quantiles. Journal of Statistical Planning and Inference, 74:51-63,

1998.

J. Hardwick and Q. Stout. Optimizing a unimodal response function for binary variables. In A. Atkin-
son, B. Bogacka, and A. Zhigljavsky, editors, Optimum Design 2000, chapter 18, pages 195-210.

Kluwer, Dordrecht, 2001.

I. Hu. On sequential designs in nonlinear problems. Biometrika, 85(2):496-503, 1998.

A. Ivanova. A new dose-finding design for bivariate outcomes. Biometrics, 59:1001-1007, 2003.

R.I. Jennrich. Asymptotic properties of nonlinear least squares estimation. Annals of Math. Stat.,

40:633-643, 1969.

31



[19]

[24]

[26]

[28]

E.E. Kpamegan and N. Flournoy. An optimizing up-and-down design. In A. Atkinson, B. Bogacka,
and A. Zhigljavsky, editors, Optimum Design 2000, chapter 19, pages 211-224. Kluwer, Dordrecht,

2001.

T.L. Lai. Asymptotic properties of nonlinear least squares estimates in stochastic regression models.

Annals of Statistics, 22(4):1917-1930, 1994.

T.L. Lai and C.Z. Wei. Least squares estimates in stochastic regression models with applications to

identification and control of dynamic systems. Annals of Statistics, 10(1):154-166, 1982.

J. Mikuleckd. On a hybrid experimental design. Kybernetika, 19(1):1-14, 1983.

W.G. Miiller and B.M. Pé&tscher. Batch sequential design for a nonlinear estimation problem. In V. V.
Fedorov, W.G. Miiller, and I.N. Vuchkov, editors, Model-Oriented Data Analysis II, Proceedings 2nd

ITASA Workshop, St Kyrik (Bulgaria), May 1990, pages 77-87. Physica Verlag, Heidelberg, 1992.

L. Pronzato. Adaptive optimisation and D-optimum experimental design. Annals of Statistics,

28(6):1743-1761, 2000.

L. Pronzato. One-step ahead adaptive D-optimal design on a finite design space is asymptotically
optimal. Technical Report 13S/RR-2008-14-FR, 22 pages, Laboratoire 13S, CNRS-Université de
Nice-Sophia Antipolis, 06903 Sophia Antipolis, France, 2008. http://www.i3s.unice.fr/~mh/RR/

rapports.html.

L. Pronzato. Penalized optimal designs for dose-finding. Technical Report I3S/RR-2008-18-FR,
Laboratoire 13S, CNRS—Université de Nice-Sophia Antipolis, 06903 Sophia Antipolis, France, 2008.

http://www.i3s.unice.fr/~mh/RR/rapports.html.

L. Pronzato and E. Thierry. Sequential experimental design and response optimisation. Statistical

Methods and Applications, 11(3):277-292, 2003.

W.F. Rosenberger, N. Flournoy, and S.D. Durham. Asymptotic normality of maximum likelihood

32



[31]

[34]

estimators for multiparameter response-driven designs. Journal of Statistical Planning and Inference,

60:69-76, 1997.

A.N. Shiryaev. Probability. Springer, Berlin, 1996.

J. Volaufovd, S.M. Redmann, Jr., and L. LaMotte. Is logistic regression the best for binomial

response? In Tatra Mountains Mathematical Publications, volume 26, pages 237246, 2003.

C.F.J. Wu. Asymptotic theory of nonlinear least squares estimation. Annals of Statistics, 9(3):501—

513, 1981.

C.F.J. Wu. Asymptotic inference from sequential design in a nonlinear situation. Biometrika,

72(3):553-558, 1985.

C.F.J. Wu and H.P. Wynn. The convergence of general step—length algorithms for regular optimum

design criteria. Annals of Statistics, 6(6):1273-1285, 1978.

H.P. Wynn. The sequential generation of D-optimum experimental designs. Annals of Math. Stat.,

41:1655-1664, 1970.

Y. Yi and X. Wang. Asymptotically efficient estimation in response adaptive trials. Journal of

Statistical Planning and Inference, 138:2899-2905, 2008.

33



