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1 Introduction and motivation

This work has been motivated by recent papers [5, 6] where the authors use constrained optimal design to

make a compromise between individual and collective ethics in dose-finding studies. Their idea is to use a

cost function that accounts for poor efficacy and for toxicity, and to maximize information-per-cost-unit,

which can be put in the form of a standard (unconstrained) optimal design problem. Using a parametric

model for the dose/efficacy-toxicity responses (Gumbel or Cox model as in [5] or a bivariate probit model

as in [6]), the Fisher information matrix can be calculated and optimal designs can be constructed.

In a companion paper to the present one, we introduce some flexibility in setting the balance between

the information gained (in terms of precision of parameter estimation) and the cost of the experiment (in

terms of poor success for the patients enroled in the trial). This is obtained by maximizing information-

per-observation under a constraint on the cost or, equivalently, by optimizing a penalized design criterion

where the penalty is related to the cost of the experiment.

The aim of the present paper is to investigate the asymptotic properties of such penalized optimal

designs when they are constructed sequentially, the choice of each new design point being based on

the current estimated value of the model parameters. Although [5, 6] advocate the use of adaptive

experimental design, the convergence of the procedure (strong consistency of the estimator of the model

parameters and convergence of the design to the optimal non-sequential design for the true value of

the model parameters) is left as an open issue. This difficulty is usually overcome by considering an

initial experiment (non adaptive) that grows in size when the total number of observations increases.

Although this number is often severely limited in practise, especially for clinical trials, we think that it is

reassuring to know that, for a given initial experiment, adaptive design guarantees suitable asymptotic

properties under reasonable conditions. Using simple arguments, we show that this is indeed the case

when the design space is finite, which forms a rather natural assumption in the context of clinical trials.

Our results concern penalized D-optimal design but also cover the case, more classical, of fully adaptive

D-optimal design. Therefore, they also apply for the method used in [5, 6]. Additionally to strong

consistency, we also show that the asymptotic distribution of the parameter estimates is normal, with
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variance-covariance matrix given by inverse of the usual information matrix, similarly to the non-adaptive

case. Moreover, we show that, for suitable penalty functions, when the weight given to the cost for bad

treatment increases with the number of patients enroled, the doses allocated converge to the optimal one

while the parameters are still estimated consistently.

The results presented are of rather general applicability and, although this work has been motivated

by considerations in the context of clinical trials, we show that they also cover the case of least-squares

estimation in nonlinear regression models, for which there exist even less consistency results than for

maximum likelihood estimation when the design is adaptive. In particular, the results of Sect. 3 and 4

form a major improvement over those in [24] where only linear regression models were considered.

Adaptive penalized D-optimal design is introduced in Sect. 2. Sect. 3 concerns the case where the

penalty coefficient is bounded. We show that when both the design and the penalty coefficient are

adapted to the current estimated value of the model parameters, one can obtain strong consistency and

asymptotic normality of the estimator and strong convergence of the design to the optimum. In Sect. 4,

the penalty coefficient is allowed to grow to infinity. We show that when the increase is not too fast, the

strong consistency and asymptotic normality of the parameter estimator can be preserved, while at the

same time the design asymptotically concentrates around points of minimum cost. Sect. 5 concludes and

suggests several directions for further developments. The proofs of lemmas and theorems are collected in

an Appendix.

2 An adaptive penalized D-optimal design

Let X , a compact subset of Rd, denote the admissible domain for the experimental variables x (design

points) and θ ∈ Rp denote the p-dimensional vector of parameters of interest in a parametric model.

The information matrix for parameters θ and design measure ξ (a probability measure on X ) is denoted

M(ξ, θ) =
∫
X µ(x, θ) ξ(dx), with µ(x, θ) the contribution of the design point x, see Sect. 3.1.

In a nonlinear situation, M(ξ, θ) depends on θ and local optimal design maximizes a concave function

Ψ(·) of M(ξ, θ). Here we shall only consider D-optimal design, for which Ψ(M) = log det(M). The
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extension to other global optimality criteria, such as [trace(M−1)]−1 for instance, can be obtained by

following a similar route. A rather common approach to overcome the difficulty caused by the dependence

of a local optimal design in the unknown value of the model parameters is to design the experiment

sequentially.

In fully-adaptive D-optimal design, next design point after N observations is taken as

xN+1 = argmax
x∈X

trace[µ(x, θ̂N )M−1(ξN , θ̂N )] , (1)

where θ̂N ∈ Θ ⊂ Rp is the current estimated value for θ, based on x1, . . . , xN and the associated

observations Y1, . . . , YN , and ξN = (1/N)
∑N

i=1 δxi
is the current empirical design measure, with δz the

delta measure that puts mass 1 at z. We leave aside initialisation issues and simply assume that x1, . . . , xp

are such that M(ξp, θ) is nonsingular for any θ ∈ Θ. Note that (1) can only be considered as an algorithm

for choosing design points, in the sense that M(ξN , θ) is not the information matrix for parameters θ due

to the sequential construction of the design (we shall see, however, in Sect. 3 that when X is finite, from

the same repeated sampling principle as in [32], one can still use M(ξN , θ̂N ) to characterize the precision

of the estimation of θ as N →∞).

Constrained local D-optimal design maximizes log det[M(ξ, θ)] under a cost constraint Φ(ξ, θ) ≤ C.

We suppose that the cost function Φ(ξ, θ) is linear in ξ, that is

Φ(ξ, θ) =
∫

X
φ(x, θ) ξ(dx) ,

and that φ(x, θ) is bounded on X . The extension to nonlinear constraints is considered, e.g., in [3] and

[9, Chap. 4]. We shall restrict our attention to the case where a single — scalar — constraint is present,

some of the issues caused by the presence of several constraints are addressed in the same references; see

also Sect. 5. A necessary and sufficient condition for the optimality of ξ∗ satisfying Φ(ξ∗, θ) ≤ C is the

existence of a Lagrange coefficient λ∗ = λ∗(θ) ≥ 0 such that

λ∗[C − Φ(ξ∗, θ)] = 0 and ∀x ∈ X , trace[µ(x, θ)M−1(ξ∗, θ)] ≤ p + λ∗[φ(x, θ)− Φ(ξ∗, θ)] .

In practice, ξ∗ can be determined by maximizing

Hθ(ξ, λ) = Ψ[M(ξ, θ)]− λ Φ(ξ, θ) (2)
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for an increasing sequence (λi) of Lagrange coefficients λ, starting at λ0 = 0 and stopping at the first λi

such that the associated optimal design ξ∗ satisfies Φ(ξ∗, θ) ≤ C, see, e.g., [22] (for C large enough, the

unconstrained optimal design for Ψ(·) is optimal for the constrained problem). The penalty coefficient λ

can thus be used to set the tradeoff between the maximization of Ψ[M(ξ, θ)] (gaining information) and

minimization of Φ(ξ, θ) (reducing cost). One may refer to [4] for the equivalence between constrained

and compound optimal designs.

For constrained D-optimal design, we take xN+1 that gives the steepest ascent direction for Hθ̂N (ξN , λN ),

xN+1 = arg max
x∈X

{
trace[µ(x, θ̂N )M−1(ξN , θ̂N )]− λN φ(x, θ̂N )

}
, (3)

where the choice of λN is discussed below. Since (1) can be considered as a special case of (3), the results

in Sect. 3 also cover the case of classical (unconstrained) sequential D-optimal design (1) for which λN = 0

for all N (they therefore also cover the situation considered in [5, 6], which can be formulated as a standard

D-optimal design problem). One can notice the similarity between (3) and the construction used in [24]

for optimizing a parametric function, the parameters of which being estimated by least-squares in a linear

regression model.

When θ̂N is frozen to a fixed value θ and λN is constant, the iterations (1) and (3) correspond to one

step of a steepest-ascent vertex-direction algorithm with step-length 1/N at step N . Convergence to an

optimal design measure is proved in [34] for iterations given by (1) and in [24] for (3) (using a general

argument developed in [33]).

The fact that θ̂N is estimated in adaptive design creates dependency among observations and makes

the investigation of the asymptotic behavior of the design and estimator a much more complicated issue

for which few results are available: [10, 32, 23] concern a particular example with least-squares estimation;

[16] is specific of Bayesian estimation by posterior mean and does not use a fully sequential design of the

form (1); [20] and [2] require the introduction of a subsequence of non-adaptive design points to ensure

consistency of the estimator and [1] requires that the size of the initial experiment (non-adaptive) grows

with the increase in size of the total experiment. Intuitively, the almost sure convergence of θ̂N to some

θ̂∞ would be enough to imply the convergence of ξN to an optimal design measure for θ̂∞ (this will
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be shown in Theorem 3) and, conversely, convergence of ξN to a design ξ∞ such that M(ξ∞, θ) is non-

singular for any θ would be enough in general to make an estimator consistent. It is thus the interplay

between estimation and design iterations (which implies that each design point depends on previous

observations) that creates difficulties. As shown in the next sections, those difficulties about consistency

disappear when X is a finite set (notice that the assumption that X is finite is seldom limitative since

practical considerations often impose such a restriction on possible choices for the design points; this

can be contrasted with the much less natural assumption that would consist in considering the feasible

parameter set as finite).

Two situations will be considered concerning the choice of the sequence (λN ) in (3), respectively in

Sect. 3 and 4. In the first one, the objective is to obtain an optimal design with a specified cost: we adapt

λN to θ̂N and take λN = λ∗N = λ∗(θ̂N ), the optimal Lagrange coefficient for the constrained D-optimal

design problem with parameters θ̂N . The second situation corresponds to the case where (λN ) forms

an increasing sequence, which gives more and more importance to the constraint in the construction of

the design. When φ(x, θ) has a single minimum, by letting the Lagrange coefficient λN increase with N

one may hope to be able to force the design to concentrate at the minimizer of φ associated with the

true value of θ (that is, for clinical trials, to focuss more and more on individual ethics by allocating

treatments with increasing efficiency).

The developments presented in the next sections rely on simple arguments based on three ideas. First,

the sequence (θ̂N ) in (3) is taken as any sequence in Θ. The asymptotic design properties obtained within

this framework will thus also apply when θ̂N corresponds to some estimator of θ in Θ. Second, when

X is finite we obtain a lower bound on the sampling rate of a subset of points of X associated with

a nonsingular information matrix. Third, we show that this bound guarantees the strong consistency

of the estimator of θ, both for least-squares estimation in nonlinear regression and maximum-likelihood

estimation for Bernoulli trials. With a few additional technicalities, this yields almost sure convergence

results for the adaptive designs constructed via (3). These results apply to a wide range of situations

and we try to keep the presentation general enough. However, to avoid unnecessary complications we
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only treat the univariate case where µ(x, θ) has rank one, and write µ(x, θ) = fθ(x)f>θ (x), with fθ(x) a p-

dimensional vector. The extension to the multivariate case does not raise particular difficulties. Matrices

are denoted by bold capital letters and we denote by ‖A‖ the usual norm of A, ‖A‖ = [trace(A>A)]1/2 =

(
∑

i,j{A}2i,j)1/2, and by Λmin(A) the minimum eigenvalue of A.

3 Asymptotic properties of adaptive design with bounded penalty

We shall use the following assumptions on the design space X , vector f(x, θ), constraint function φ(x, θ)

and Lagrange coefficients λN .

HX -(i): The design space X is finite, X = {x(1), x(2), . . . , x(K)}.

HX -(ii): infθ∈Θ Λmin

[∑K
i=1 fθ(x(i))f>θ (x(i))

]
> γ > 0.

Hφ-(i): 0 ≤ φ(x, θ) < φ̄ , ∀x ∈ X and θ ∈ Θ.

Hλ-(i): 0 ≤ λN < λ̄ < ∞ , ∀N .

When λN = λ∗N = λ∗(θ̂N ), the optimal Lagrange coefficient for the constrained D-optimal design

problem with parameters θ̂N ∈ Θ, the following condition guarantees that Hλ-(i) is satisfied.

Hλ-(i’): There exists C ′ < C such that ∀θ ∈ Θ, ∃ξ̂(θ) ∈ Ξ with Φ[ξ̂(θ), θ] ≤ C ′ and M[ξ̂(θ), θ] has full

rank.

We first obtain a lower bound on the sampling rate of nonsingular designs, which will be the cor-

nerstone for proving the consistency and asymptotic normality of estimators. The proof is given in

Appendix.

Lemma 1 Let (θ̂N ) be an arbitrary sequence in Θ used to generate design points according to (3) in

a design space satisfying HX -(i), HX -(ii), with an initialisation such that M(ξN , θ) is non-singular for

all θ in Θ and all N ≥ p. Let rN,i = rN (x(i)) denote the number of times x(i) appears in the sequence

x1, . . . , xN , i = 1, . . . ,K, and consider the associated order statistics rN,1:K ≥ rN,2:K ≥ · · · ≥ rN,K:K .
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Define

q∗ = max{j : there exists α > 0 such that lim inf
N→∞

rN,j:K/N > α} .

Then, Hφ-(i) and Hλ-(i) imply q∗ ≥ p. When the sequence (θ̂N ) is random, the statement holds with

probability one.

3.1 Consistency of estimators

Least-squares estimation in nonlinear regression. Consider a regression model with observations

Yi = Y (xi) = η(xi, θ̄) + εi , (4)

with θ̄ in the interior of Θ, a compact subset of Rp, xi ∈ X ⊂ Rd, and {εi} a sequence of independently

and identically distributed random variables with IE{ε1} = 0 and IE{ε2
1} = σ2 < ∞ (with σ = 1 without

loss of generality). We assume that the model response η(x, θ) is differentiable with respect to θ ∈ int(Θ)

for any x ∈ X .

Denote

SN (θ) =
N∑

k=1

[Y (xk)− η(xk, θ)]2 (5)

and let θ̂N
LS = arg minθ∈Θ SN (θ) be the least-squares (LS) estimator of θ. The contribution of the design

point x to the information matrix is then µ(x, θ) = fθ(x) f>θ (x) with fθ(x) = ∂η(x, θ)/∂θ. The results can

easily be extended to non stationary errors and weighted least-squares. In the case of maximum-likelihood

estimation, the contribution of x to the Fisher information matrix only differs by a multiplicative constant.

Define

DN (θ, θ̄) =
N∑

k=1

[η(xk, θ)− η(xk, θ̄)]2 . (6)

Next theorem shows that the consistency of the LS estimator is a consequence of DN (θ, θ̄) tending to

infinity fast enough for ‖θ − θ̄‖ ≥ δ > 0. The fact that the design space X is finite makes the required

rate of increase for DN (θ, θ̄) quite slow. The result is valid whether the xk’s are non-random constants

or are generated via a sequential design algorithm such as (3).
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Theorem 1 Let (xi) be a non-random design sequence on a finite set X . If DN (θ, θ̄) given by (6) satisfies

for all δ > 0 ,

[
inf

‖θ−θ̄‖≥δ
DN (θ, θ̄)

]
/(log log N) →∞ , N →∞ , (7)

then θ̂N
LS

a.s.→ θ̄ as N →∞ (almost sure convergence). The result remains valid for (xi) a random sequence

on X finite when (7) holds almost surely.

The proof is given in [25] and is based on Lemma 1 in [31]. Note that the condition (7) is much

less restrictive than the classical one for strong consistency of LS estimation in nonlinear regression

(DN (θ, θ̄) = O(N) for θ 6= θ̄), see [18]. It is also less restrictive than the condition obtained in [20] for

sequential design.

Consider the following identifiability assumption on the regression model (4).

HX -(iii): For all δ > 0 there exists ε(δ) > 0 such that for any subset {i1, . . . , ip} of distinct elements

of {1, . . . , K}, inf‖θ−θ̄‖≥δ

∑p
j=1[η(x(ij), θ)− η(x(ij), θ̄)]2 > ε(δ).

For any sequence (θ̂N ) used in (3), the conditions of Lemma 1 ensure the existence of N1 and α > 0

such that rN,j:K > αN for all N > N1 and all j = 1, . . . , p. Under the additional assumption HX -(iii)

we thus obtain that DN (θ, θ̄) given by (6) satisfies inf‖θ−θ̄‖≥δ DN (θ, θ̄) > αNε(δ), N > N1. Therefore,

θ̂N
LS

a.s.→ θ̄ (N →∞) from Theorem 1. Since this holds for any sequence (θ̂N ) in Θ, it is true in particular

when θ̂N
LS is substituted for θ̂N in (3).

Maximum-likelihood estimation in Bernoulli trials. Consider now the case of dose-response ex-

periments with

Y ∈ {0, 1} , with Prob{Y = 1|xi, θ} = π(xi, θ) . (8)

We suppose that Θ is a compact subset of Rp, that θ̄, the ‘true’ value of θ that generates the observations,

lies in the interior of Θ, and that π(x, θ) ∈ (0, 1) for any θ ∈ Θ and x ∈ X . We also assume that π(x, θ)

is differentiable with respect to θ ∈ int(Θ) for any x ∈ X .

The log-likelihood for the observation Y at the design point x is given by l(Y, x; θ) = Y log[π(x, θ)] +

(1−Y ) log[1−π(x, θ)] and the contribution of the point x to the Fisher information matrix can be written
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as µ(x, θ) = fθ(x)f>θ (x) with

fθ(x) =
1√

π(x, θ)[1− π(x, θ)]
∂π(x, θ)

∂θ
. (9)

Suppose that N observations Y1, . . . , YN are performed at the design points X1, . . . , XN , with the Yi’s

independent conditionally on the Xi’s, so that the conditional likelihoods satisfy L(Yi|Xi, Yj 6=i, Xj 6=i, θ) =

L(Yi|Xi, θ) for all i. Suppose that Xk is a non-random function of Y1, . . . , Yk−1, X1, . . . , Xk−1 for all k.

The log-likelihood for these observations is then LN (θ) =
∑N

i=1 l(Yi, xi; θ). We shall denote θ̂N
ML the

Maximum-Likelihood (ML) estimator of θ, given by θ̂N
ML = arg maxθ∈Θ LN (θ).

Lemma 2 If for any δ > 0

lim inf
N→∞

inf
‖θ−θ̄‖≥δ

[LN (θ̄)− LN (θ)] > 0 almost surely ,

then θ̂N
ML

a.s.→ θ̄ as N →∞.

The proof is identical to that of Lemma 1 in [31]. We then obtain a property similar to Theorem 1, see

[25].

Theorem 2 Let (xi) be a non-random design sequence on a finite set X . Assume that

DN (θ, θ̄) =
N∑

i=1

π(xi, θ̄) log
[
π(xi, θ̄)
π(xi, θ)

]
+ [1− π(xi, θ̄)] log

[
1− π(xi, θ̄)
1− π(xi, θ)

]
(10)

satisfies (7). Then, θ̂N
ML

a.s.→ θ̄ as N →∞ in the model (8). The same is true for (xi) a random sequence

such that (7) holds almost surely.

Consider the following identifiability assumption for the Bernoulli model.

HX -(iii’): For all δ > 0 there exists ε(δ) > 0 such that for any subset {i1, . . . , ip} of distinct elements

of {1, . . . , K}, inf‖θ−θ̄‖≥δ

∑p
j=1

[
π(x(ij), θ̄)− π(x(ij), θ)

]2
> ε(δ).

Defining g(a, b) = a log(a/b) + (1 − a) log[(1 − a)/(1 − b)], a, b ∈ (0, 1), we can easily check that, for

any fixed a ∈ (0, 1), g(a, b) > 2(a − b)2 with g(a, a) = 0, so that each term of the sum (10) is positive.

Also, HX -(iii’) implies that

inf
‖θ−θ̄‖≥δ

p∑

j=1

π(x(ij), θ̄) log
[
π(x(ij), θ̄)
π(x(ij), θ)

]
+ [1− π(x(ij), θ̄)] log

[
1− π(x(ij), θ̄)
1− π(x(ij), θ)

]
> ε(δ) > 0
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for any δ > 0 and any subset {i1, . . . , ip} of distinct elements of {1, . . . , K}. Similarly to the case of LS

estimation in nonlinear regression, but using now Theorem 2 instead of Theorem 1, we thus obtain that

under the conditions of Lemma 1 and with the additional assumption HX -(iii’) the ML estimator satisfies

θ̂N
ML

a.s.→ θ̄, N →∞, when θ̂N
ML is substituted for θ̂N in (3).

3.2 Asymptotic optimality of adaptive penalized D-optimal design

We consider the adaptive design algorithm (3) with λN = λ∗N = λ∗(θ̂N ), the optimal Lagrange coefficient

for the constrained D-optimal design problem with parameters θ̂N . Define

H ∗̄
θ = max

ξ∈Ξ

{
log detM(ξ, θ̄) + λ∗(θ̄) [C − Φ(ξ, θ̄)]

}
. (11)

By asymptotic optimality we mean that the empirical design measure ξN is such that θ̂N a.s.→ θ̄ and

Hθ̄(ξN ) = log detM(ξN , θ̄) + λ∗(θ̄) [C − Φ(ξN , θ̄)] a.s.→ H ∗̄
θ , N →∞ . (12)

(We thus do not consider the true optimal design for sequential dependent observations, which is extremely

difficult to construct, see, e.g., [11, 12] for suboptimal attempts.) One can easily check that the optimal

design matrix M(ξ∗, θ̄) is unique, and (12) is thus equivalent to M(ξN , θ̄) a.s.→ M[ξ∗(θ̄), θ̄], N →∞, that

is, ξN tends to be an optimal constrained design for θ̄. We state this property below as a theorem (the

proof is given in Appendix). We use the following additional assumptions.

HX -(iv): For any subset {i1, . . . , ip} of distinct elements of {1, . . . ,K},

Λmin




p∑

j=1

fθ̄(x
(ij))f >̄θ (x(ij))


 ≥ γ̄ > 0 .

Hf -(i): For all x in X , fθ(x) is a continuous function of θ in the interior of Θ.

Hφ-(ii): For all x in X , φ(x, θ) is a continuous function of θ in the interior of Θ.

Theorem 3 Suppose that in the regression model (4) (respectively, in the Bernoulli model (8)) the design

points for N > p are generated sequentially according to (3), where λN = λ∗(θ̂N ), the optimal Lagrange

coefficient for the constrained D-optimal design problem with parameters θ̂N , with θ̂N = θ̂N
LS (respectively,

11



θ̂N = θ̂N
ML). Suppose, moreover, that the first p design points are such that the information matrix is

nonsingular for any θ ∈ Θ. Then, under HX -(i), HX -(ii), HX -(iii) (respectively, HX -(iii’)), HX -(iv), Hλ-

(i’), Hφ-(i), Hφ-(ii) and Hf -(i) we have θ̂N
LS

a.s.→ θ̄ (respectively, θ̂N
ML

a.s.→ θ̄) and M(ξN , θ̄) a.s.→ M[ξ∗(θ̄), θ̄],

N →∞, with ξ∗(θ̄) a constrained D-optimal design for θ̄.

Notice that Theorem 3 also applies in the case where the sequence (λN ) is not adapted to θ̂N but

is simply controlled so as to satisfy a suitable compromise between designing for precise estimation of θ

and cost-minimization, and satisfies λN
a.s.→ λ, N →∞, for some λ.

Under a fixed design (penalized D-optimal for instance) the information matrix can be considered as a

large sample approximation for the variance-covariance matrix of the estimator, thus allowing straightfor-

ward statistical inference from the trial. The situation is more complicated for adaptive designs and has

been intensively discussed in the literature. Intuitively, the usual asymptotic normality of θ̂N (N →∞)

should hold when the sequence (xN ) is such that θ̂N is strongly consistent and M(ξN , θ̄) converges to

a nonsingular matrix. The corollary below shows that this is indeed the case in the present situation.

One may refer e.g. to [8, 28, 14, 13, 35] for statistical inference in dose-finding problems when using up-

and-down [19] or bandit methods [15], randomized Pólya-urn [7] etc. In contrast with those approaches,

a guaranteed level of precision for the estimation of the model parameters can easily be imposed by

choosing the targeted cost C or the value of λ in (2), see [26, Proposition 1]. Our result is a corollary of

the lemma below (its proof is given in Appendix), which uses the following regularity assumption for the

model.

Hf -(ii): For all x in X , the components of fθ(x) are continuously differentiable with respect to θ in

some open neighborhood of θ̄.

Lemma 3 Assume that Hf -(ii) is satisfied, that the design points belong to a finite set, see HX -(i), and

are such that

lim inf
N→∞

τNΛmin[M(ξN , θ̄)] > Λ > 0 a.s.

for some sequence (τN ) satisfying limN→∞ τN/N1/4 = 0. Then, if θ̂N
ML

a.s.→ θ̄ (N →∞) in the Bernoulli

12



model (8), we also have

√
N M1/2(ξN , θ̂N

ML)(θ̂N
ML − θ̄) d→ ω ∼ N (0, I) , N →∞ . (13)

The same is true in the regression model (4): when θ̂N
LS

a.s.→ θ̄ we also have

√
N M1/2(ξN , θ̂N

LS)(θ̂N
LS − θ̄) d→ ω ∼ N (0, I) , N →∞ , (14)

under the additional condition limN→∞ τN N−δ/(2+δ) = 0 for some δ such that IE{|ε1|2+δ} < ∞.

Note that when limN→∞ τN/N1/4 = 0, the condition limN→∞ τN N−δ/(2+δ) = 0 for regression models

is not restrictive when moments IE{|ε1|α} exist for α > 8/3. One may also notice that, compared to

[28] we do not require that M(ξn, θ̄) tends to a constant matrix, compared to [31] we do not require

that τNM(ξN , θ̄) tends to some positive definite matrix, and compared to [21, 20] we do not require the

existence of non-random matrices CN such that CNM1/2(ξN , θ̄)
p→ I, N → ∞. On the other hand, we

need that Λmin[M(ξN , θ̄)] decreases more slowly than N−1/4. The lemma applies to more general designs

than (1, 3). In particular, adaptive rules on a finite design space that have a non degenerate limiting

distribution ξ∞ (such that detM(ξ∞, θ) 6= 0) satisfy the conditions of the lemma with τN ≡ 1. This is

the case in particular for up-and-down methods in clinical trials, see, e.g., [8, 14, 17].

Under the conditions of Theorem 3, there exist N0 and α > 0 such that, for all N > N0 we have

Λmin[M(ξN , θ̄)] > αγ̄, with γ̄ as in HX -(iv). We can thus take τN ≡ 1 in Lemma 3 and obtain the

following property, which indicates that it is legitimate (asymptotically) to characterize the precision of

the estimation by the inverse information matrix M−1(ξN , θ̂N ) when using the adaptive design scheme

(3) on a finite design set X .

Corollary 1 Under the conditions of Theorem 3, and assuming that, moreover, Hf -(ii) is satisfied, the

ML estimator in the model (8) satisfies (13) and the LS estimator in the model (4) satisfies (14).
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4 Asymptotic properties of adaptive design with increasing penalty

We consider now the case where the sequence (λN ) of Lagrange coefficients in (3) is unbounded and

satisfies

Hλ-(ii): (λN ) is a non-decreasing positive sequence and limN→∞ λN = ∞.

Replacing Hλ-(i) by Hλ-(ii) in the assumptions of Sect. 3, we obtain the following lower bound on the

sampling rate of nonsingular designs. The proof is given in Appendix.

Lemma 4 Let (θ̂N ) be an arbitrary sequence in Θ used to generate design points according to (3) in a

design space satisfying HX -(i), HX -(ii), with an initialisation such that M(ξN , θ) is non-singular for all

θ in Θ and all N ≥ p. Let rN,j:K be defined as in Lemma 1, j = 1, . . . , K, and define

q∗ = max{j : there exists α > 0 such that lim inf
N→∞

λN rN,j:K/N > α} .

Then, Hφ-(i) and Hλ-(ii) imply q∗ ≥ p. When the sequence (θ̂N ) is random, the statement holds with

probability one.

4.1 Consistency of estimators

As in Sect. 3.1, we consider the consistency of the LS and ML estimators in regression and dose-response

experiments respectively, but now in the case where (λN ) is an unbounded increasing sequence of penalty

coefficients. We show that strong consistency is ensured provided that this sequence tends to infinity

slowly enough.

Least-squares estimation in nonlinear regression. For any sequence (θ̂N ) used in (3), the condi-

tions of Lemma 4 ensure the existence of N1 and α > 0 such that rN,j:K > αN/λN for all N > N1 and

all j = 1, . . . , p. Under the additional assumption HX -(iii) we thus obtain that DN (θ, θ̄) given by (6)

satisfies

1
log log N

inf
‖θ−θ̄‖≥δ

DN (θ, θ̄) >
αNε(δ)

λN log log N
, N > N1 .
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Therefore, if (λN log log N)/N → 0 when N → ∞, θ̂N
LS

a.s.→ θ̄ from Theorem 1. Since this holds for any

sequence (θ̂N ) in Θ, it is true in particular when θ̂N
LS is substituted for θ̂N in (3).

Maximum-likelihood estimation in Bernoulli trials. The situation is similar to previous one.

Using now Theorem 2 instead of Theorem 1, we obtain that under the conditions of Lemma 4 and

with the additional assumption HX -(iii’) the ML estimator satisfies θ̂N
ML

a.s.→ θ̄, N → ∞, when θ̂N
ML is

substituted for θ̂N in (3) with (λN log log N)/N → 0 when N →∞.

4.2 Convergence to minimum-cost design and asymptotic normality

The following theorem shows that using the following assumptions

Hλ-(iii): the sequence (λN ) is such that λN/N is non-increasing with (λN log log N)/N → 0, N →∞;

Hφ-(iii): φ(x, θ̄) has a unique global minimizer x∗: ∀β > 0, ∃ε > 0 such that φ(x, θ̄) < φ(x∗, θ̄) + ε

implies ‖x− x∗‖ < β;

in complement of Hλ-(ii), the adaptive design algorithm (3) is such that (xN ) tends to accumulate at

the point of minimum cost for θ̄. The proof is given in Appendix.

Theorem 4 Suppose that in the regression model (4) (respectively, in the Bernoulli model (8)) the design

points for N > p are generated sequentially according to (3), where λN satisfies Hλ-(ii) and Hλ-(iii).

Suppose, moreover, that the first p design points are such that the information matrix is nonsingular for

any θ ∈ Θ. Then, under HX -(i), HX -(ii), HX -(iii) (respectively, HX -(iii’)), HX -(iv), Hφ-(i), Hφ-(ii),

and Hf -(i) we have θ̂N
LS

a.s.→ θ̄ (respectively, θ̂N
ML

a.s.→ θ̄) and

Φ(ξN , θ̄) a.s.→ φ∗̄θ = min
x∈X

φ(x, θ̄) , N →∞ . (15)

If, moreover, Hφ-(iii) is satisfied, then

ξN
w→ δx∗ almost surely , N →∞ , (16)

with w→ denoting the weak convergence of probability measures and δx∗ the delta measure at x∗ =

argminx∈X φ(x, θ̄).
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The property (16) does not imply that the xk’s generated by (3) converge to x∗. However, Proposition

2 of [26] states a condition that guarantees that the support points of an optimal design measure converge

to x∗ as λ → ∞. When X is obtained by the discretization of a compact set X ′ and this condition is

satisfied at θ = θ̄ for design measures on X ′, then the points xN will gather around x∗ as N → ∞, see

the example in Section 4 of [26].

Convergence results similar to those in Theorem 4 are obtained in [24] for LS estimation in a linear

regression model, without the assumption that X is finite, but under more restrictive conditions than

Hλ-(ii), Hλ-(iii) on the growth rate of the sequence (λN ).

Under the conditions of Theorem 4, there exist N0 and α > 0 such that, for all N > N0, Λmin[M(ξN , θ̄)] >

αγ̄/λN , with γ̄ as in HX -(iv). We use again Lemma 3, with now τN = λN and obtain the following.

Corollary 2 Under the conditions of Theorem 4 and assuming that, moreover, Hf -(ii) is satisfied and

limN→∞ λN/N1/4 = 0, the ML estimator in the Bernoulli model (8) satisfies (13). Also, the LS estimator

in the regression model (4) satisfies (14) under the additional assumption limN→∞ λN N−δ/(2+δ) = 0 for

some δ such that IE{|ε1|2+δ} < ∞.

5 Conclusion and further developments

We have shown that for finite design spaces, adaptive penalized D-optimal design possess the asymptotic

optimality properties one may expect: strong consistency and asymptotic normality of the estimators,

convergence to an optimal design for the true value of the model parameters. We mention below some ex-

tensions of this work, some straightforward, others more challenging, and indicate a motivating objective

concerning the design of non-stationary dose-finding experiments preserving individual ethics.

Bayesian estimation The extension of the results presented to Bayesian estimators should not raise

particular difficulties, especially since consistency is usually easier to obtained than for LS or ML esti-

mation using martingales properties, see, e.g., [16]. A straightforward modification of (3) is to replace

M(ξN , θ̂N ) by [M−1(ξN , θ̂N ) + Ω/N ]−1, with Ω the prior covariance matrix for the model parameters.
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Multiple constraints The results obtained in Sect. 3 and 4 easily generalize to the case when several

constraints are present and one maximizes log detM(ξ, θ) with respect to ξ ∈ Ξ subject to Φ(ξ, θ) ≤ Ci,

i = 1, . . . , m. A Lagrange coefficient is then associated with each constraint and the design algorithm (3)

becomes

xN+1 = argmax
x∈X

{
trace[µ(x, θ̂N )M−1(ξN , θ̂N )]−

m∑

i=1

λ
(i)
N φi(x, θ̂N )

}
.

When the λ
(i)
N ’s are controlled to increase to infinity, define ρ

(j)
N = λ

(j)
N /

∑
i λ

(i)
N and suppose that a

limit ρ̄j exists for each ρ
(j)
N , j = 1, . . . , m. Then, if all cost functions φi(·, θ) are bounded on X , the

asymptotic behaviors of the design and estimators are the same as in Sect. 4 for λN =
∑

i λ
(i)
N and

φ(x, θ) =
∑

j ρ̄jφj(x, θ). Also, the developments of Sect. 3 remain valid when the λ
(i)
N ’s are kept constant,

or when they are adapted to θ̂N , that is, when they correspond to the optimal coefficients for the

constrained problem with parameters θ̂N . Note, however, that the presence of several constraints makes

this optimal solution more difficult to determine since it can no longer be obtained by solving a series of

unconstrained problems with an increasing sequence of coefficients, contrary to the single constraint case.

The Lagrangian approach proposed in Sect. 2.3 of [3] can then provide a solution at reasonable cost.

Finite horizon The results of Sect. 4 indicate that, when λN increases to infinity at suitable speed,

the design converges to the delta measure located at the optimum. In clinical trials, this means that

more and more patients receive doses close to the optimal one (and none receives extreme doses if

the penalty function satisfies the condition given in [26]). This is an asymptotic result, however, and

approaching the optimal solution over a finite horizon is a challenging task. In the case of LS estimation

in linear regression, design strategies are suggested in [27] that are shown to be close to the optimum

control (stochastic dynamic programming) solution. Is is then tempting to replace the Bernoulli model

by a regression type model (observation Yk at design point xk has mean value π(xk, θ) and variance

π(xk, θ)[1 − π(xk, θ)]), as suggested in [30], with a linear parametrization, and then try to apply the

finite-horizon results of [27].
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Non stationary clinical trials Strong consistency of the estimator is obtained in Sect. 4 when the

penalty coefficient λN in (3) tends to infinity. Moreover, when the growth of λN is not too fast, the

estimator is asymptotically normal. This means that, although the design is non-stationary in the sense

that patients enrolled in the trial receive better and better treatments, the information collected at the

end of the experiment can be used to set future treatments. In particular, the minimum effective and

maximum tolerated doses can be estimated and confidence intervals can be given. At the same time, the

fact that patients receive unequal treatments in the trial raises ethical issues: there is no randomization, a

new patient tends to receive a better treatment than patients previously treated (since when λN increases,

the design points tend to get closer to the optimal dose). This emphasizes the importance of constructing

a fair rule for choosing the increasing sequence (λN ). Trying to give equal probabilities of success at

patients PN and PN+1 when patient PN is treated first seems to be an honest ambition, and the increase

of λN could then be used to compensate for the late treatment of patient PN+1. This requires a model

for the evolution of the probability of success as a function of the delay in treatment, to be combined

with a suitable characterization of the improvement of treatment that can be expected when increasing

λN .

Appendix

Proof of Lemma 1. First note that q∗ ≥ 1 since X is finite. Suppose that p ≥ 2 and q∗ < p. We show

that this leads to a contradiction.

For any N we can write

M(ξN , θ) =
1
N

N∑

k=1

fθ(xk)f>θ (xk)

=
1
N

q∗∑

i=1

rN,i:K fθ(x(iN ))f>θ (x(iN )) +
1
N

∑

xk 6∈XN (q∗)

fθ(xk)f>θ (xk) , (17)

where iN is the index (depending on N) of a design point appearing rN,i:K times in x1, . . . , xN and

XN (q∗) = {x(1N ), . . . , x(q∗N )} is the set of such points for i ≤ q∗. Let MN (θ) denote the first matrix on
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the right-hand side of (17). For any x(iN ) ∈ XN (q∗) we have

f>θ (x(iN ))M−1(ξN , θ)fθ(x(iN )) ≤ f>θ (x(iN ))M−
N (θ)fθ(x(iN )) =

N

rN,i:K
,

with M−
N (θ) any g-inverse of MN (θ). Therefore, from the definition of q∗, there exists N1 such that

for all i ≤ q∗ , N > N1 and θ ∈ Θ , f>θ (x(iN ))M−1(ξN , θ)fθ(x(iN ))− λN φ(x(iN ), θ) ≤ 1
α

. (18)

Let βN = rN,(q∗+1):K/N . Showing that lim infN→∞ βN ≥ β for some β > 0 will contradict the definition

of q∗.

Define

M(1)
N (θ) =

q∗∑

i=1

fθ(x(iN ))f>θ (x(iN )) , M(2)
N (θ) =

K∑

i=1

fθ(x(iN ))f>θ (x(iN )) . (19)

We have (1−βN )M(1)
N (θ)+βN M(2)

N (θ)−M(ξN , θ) ∈M≥, where M≥ is the set of symmetric nonnegative

definite p× p matrices. For any u ∈ Rp,

u>M−1(ξN , θ)u ≥ u>[(1− βN )M(1)
N (θ) + βN M(2)

N (θ)]−1u

= max
z∈Rp

2z>u− z>[(1− βN )M(1)
N (θ) + βN M(2)

N (θ)]z

≥ max
z∈N [M

(1)
N (θ)]

2z>u− z>[(1− βN )M(1)
N (θ) + βN M(2)

N (θ)]z

with N (M) = {v : Mv = 0} the null-space of the matrix M. Direct calculations then give

u>M−1(ξN , θ)u ≥ 1
βN

u>[M(2)
N (θ)]−1 [I−PN (θ)]u (20)

with I the p-dimensional identity matrix and PN (θ) the projector

PN (θ) = M(1)
N (θ)

[
M(1)

N (θ)[M(2)
N (θ)]−1M(1)

N (θ)
]−

M(1)
N (θ)[M(2)

N (θ)]−1 .

Note that the right-hand side of (20) is zero when u ∈ M[M(1)
N (θ)] (i.e., when u = M(1)

N (θ)v for some

v ∈ Rp). When u = fθ(x(iN )) for some i ∈ {q∗ + 1, . . . , K} we can construct a lower bound for this term,

of the form A/βN with A constant. Indeed, from (19) and HX -(ii),

for all θ ∈ Θ and v ∈ Rp , v>


M(1)

N (θ) +
K∑

i=q∗+1

fθ(x(iN ))f>θ (x(iN ))


v > γ ‖v‖2
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so that for all θ ∈ Θ and z ∈ N [M(1)
N (θ)],

max
i=q∗+1,...,K

[z>fθ(x(iN ))]2 >
γ

K − q∗
‖z‖2 . (21)

Take z = zθ,iN
= [M(2)

N (θ)]−1[I−PN (θ)]fθ(x(iN )) for some i ∈ {q∗+1, . . . , K}, so that zθ,iN
∈ N [M(1)

N (θ)]

and f>θ (x(iN ))[M(2)
N (θ)]−1 [I−PN (θ)] fθ(x(iN )) = z>θ,iN

fθ(x(iN )) = z>θ,iN
M(2)

N (θ)zθ,iN
. We obtain

max
i=q∗+1,...,K

f>θ (x(iN ))[M(2)
N (θ)]−1 [I−PN (θ)] fθ(x(iN )) = max

i,j=q∗+1,...,K
z>θ,iN

M(2)
N (θ)zθ,jN

= max
i,j=q∗+1,...,K

z>θ,iN
fθ(x(jN )) ,

and thus from (21),

for all θ ∈ Θ , max
i=q∗+1,...,K

f>θ (x(iN ))[M(2)
N (θ)]−1 [I−PN (θ)] fθ(x(iN )) >

(
γ

K − q∗

)1/2

max
i=q∗+1,...,K

‖zθ,i∗N ‖ .

Let i∗N denote the argument of the maximum on the left-hand side, for which we have, z>θ,i∗N
fθ(x(i∗N )) =

z>θ,i∗N
M(2)

N (θ)zθ,i∗N ≤ K L ‖zθ,i∗N ‖2 with L = maxx∈X , θ∈Θ ‖fθ(x)‖2. This finally gives: for all θ ∈ Θ,

maxi=q∗+1,...,K f>θ (x(iN ))[M(2)
N (θ)]−1 [I−PN (θ)] fθ(x(iN )) > γ/[LK(K − q∗)], and thus, from (20) and

Hφ-(i),

for all θ ∈ Θ , max
i=q∗+1,...,K

{
f>θ (x(iN ))M−1(ξN , θ)fθ(x(iN ))− λN φ(x(iN ), θ)

}
>

1
βN

γ

LK(K − q∗)
− λ̄φ̄ .

(22)

Together with (18), it gives: N > N1 and βN < β∗ = γα/[LK(K − q∗)(1 + αλ̄φ̄)] ⇒ xN+1 /∈ XN (q∗) in

the sequence (3). Define

β∗N =

∑K
i=q∗+1 rN,i:K

(K − q∗)N
,

so that βN ≥ β∗N ≥ βN/(K − q∗). Also, when N > N1, (
∑q∗

i=1 rN,i:K)/N > q∗α, and therefore β∗N <

(1− q∗α)/(K − q∗). By construction, βN < β∗ and N > N1 imply

βN+1 ≥ β∗N+1 =
Nβ∗N (K − q∗) + 1
(K − q∗)(N + 1)

= β∗N +
1

N + 1

(
1

K − q∗
− β∗N

)

> β∗N +
1

N + 1
q∗α

K − q∗
≥ βN

K − q∗
+

1
N + 1

q∗α
K − q∗

.

By induction, this lower bound on βN+k increases with k,

βN+k >
βN

K − q∗
+

q∗α
K − q∗

k∑

i=1

1
N + i

,
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until βN+k becomes larger that β∗. Suppose that the threshold β∗ is crossed downwards at N2 > N1, i.e.,

βN2−1 ≥ β∗ and βN2 < β∗. This implies βN2 = βN2−1(N2 − 1)/N2 and thus β∗(N2 − 1)/N2 ≤ βN2 < β∗,

so that βN2 tends to β∗ when N2 → ∞. We thus obtain lim infN→∞ βN ≥ β = β∗/(K − q∗), showing

that q∗ ≥ p, which concludes the proof.

Proof of Theorem 3. We have already seen that the conditions of Lemma 1 with HX -(iii) (respectively,

HX -(iii’)) imply θ̂N
LS

a.s.→ θ̄ (respectively, θ̂N
ML

a.s.→ θ̄) as N →∞. All what we need to obtain the asymptotic

optimality of ξN is thus a continuity property of the form: for all ε > 0, there exists β > 0 such that

[‖θ̂N − θ̄‖ < β for all N larger than some N0] implies lim infN→∞Hθ̄(ξN ) > H ∗̄
θ
− ε. We show that this

is indeed true under the additional assumptions HX -(iv), Hφ-(ii) and Hf -(i).

First note that λ∗(θ) = arg minλ≥0 maxξ∈Ξ {log detM(ξ, θ) + λ [C − Φ(ξ, θ)]} is continuous in θ as

the argument of the minimum of a convex function (given by the maximum of convex functions) that is

continuous in θ. Therefore, ∀ε0, ∃β1 such that ‖θ− θ̄‖ < β1 ⇒ |λ∗(θ)− λ∗(θ̄)| < ε0. Also, Hf -(i), Hφ-(ii)

and HX -(i) imply: ∀ε0, ∃β2 such that ‖θ − θ̄‖ < β2 ⇒ maxx∈X ‖fθ(x) − fθ̄(x)‖ < ε0 and ∃β3 such that

‖θ − θ̄‖ < β3 ⇒ maxx∈X |φ(x, θ)− φ(x, θ̄)| < ε0.

From Lemma 1, there exits N1 and α > 0 such that for all N > N1, rN,j:K > αN , j = 1, . . . , q∗, with

q∗ > p, and thus from HX -(iv), Λmin[M(ξN , θ̄)] > αγ̄. Direct calculations then give

max
x∈X

max
‖θ−θ̄‖<β2

|f>θ (x)M−1(ξN , θ)fθ(x)− f >̄θ (x)M−1(ξN , θ̄)fθ̄(x)| < Bε0

for ε0 small enough and N > N1, with B depending on α, γ̄ and f̄ = maxx∈X ‖fθ̄(x)‖.

Therefore, for all ε0 small enough, we can take β = min{β1, β2, β3} and obtain, for all N > N1 and

‖θ̂N − θ̄‖ < β in (3),

f >̄θ (xN+1)M−1(ξN , θ)fθ̄(xN+1)− λ∗(θ̄)φ(xN+1, θ̄)

> f>
θ̂N (xN+1)M−1(ξN , θ̂N )fθ̂N (xN+1)− λ∗(θ̂N )φ(xN+1, θ̂

N )− ε0(B + λ̄ + φ̄)− ε20

= max
x∈X

[
f>
θ̂N (x)M−1(ξN , θ̂N )fθ̂N (x)− λ∗(θ̂N )φ(x, θ̂N )

]
− ε0(B + λ̄ + φ̄)− ε20

> max
x∈X

[
f >̄θ (x)M−1(ξN , θ̄)fθ̄(x)− λ∗(θ̄)φ(x, θ̄)

]− 2ε0(B + λ̄ + φ̄) .
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For a given ε, take ε0 = ε/(B + λ̄ + φ̄) and β as above, and suppose that there exists δ > 0 such that

Hθ̄(ξN ) < H ∗̄
θ − δ − ε (23)

for all N larger than some N2, with Hθ̄(ξN ) and H ∗̄
θ

respectively given by (12) and (11). From the

concavity of the design criterion, this implies

max
x∈X

[
f >̄θ (x)M−1(ξN , θ̄)fθ̄(x)− λ∗(θ̄)φ(x, θ̄)

]
> p− λ∗(θ̄)Φ(ξN , θ̄) + ε + δ

and thus

f >̄θ (xN+1)M−1(ξN , θ)fθ̄(xN+1)− λ∗(θ̄)φ(xN+1, θ̄) > p− λ∗(θ̄)Φ(ξN , θ̄) + δ (24)

for all N > max{N1, N2, N0} when ‖θ̂N − θ̄‖ < β for all N > N0. Direct calculations give

Hθ̄(ξN+1)−Hθ̄(ξN ) = log

[
1 +

f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)
N

]
− p log

(
1 +

1
N

)

+
λ∗(θ̄)
N + 1

[Φ(ξN , θ̄)− φ(xN+1, θ̄)] (25)

and thus from (24),

Hθ̄(ξN+1)−Hθ̄(ξN ) > log

[
1 +

f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)
N

]
− p log

(
1 +

1
N

)

+
p + δ − f >̄

θ
(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)

N + 1
.

Since f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1) is bounded by f̄2/(αγ̄), we obtain that Hθ̄(ξN+1)−Hθ̄(ξN ) > δ/(2N)

for N large enough, which implies that Hθ̄(ξN ) → ∞ as N → ∞, in contradiction with Hφ-(i), Hλ-(i’)

and Hf -(i), see the definition of Hθ̄(ξ) in (12).

Therefore, for any ε > 0, ‖θ̂N − θ̄‖ < β for all N > N0 implies the existence of a subsequence ξNt such

that lim supt→∞Hθ̄(ξNt) ≥ H ∗̄
θ
− ε. From (25), for all δ > 0 there exists N3 such that for all N > N3,

Hθ̄(ξN+1) > Hθ̄(ξN )−δ. Also, from the developments just above, there exists N4 such that for all N > N4,

(23) implies Hθ̄(ξN+1) > Hθ̄(ξN ). Take any Nt > max(N0, N3, N4) satisfying Hθ̄(ξNt) > H ∗̄
θ
− ε− δ, we

obtain Hθ̄(ξN ) > H ∗̄
θ
− ε− 2δ , for all N > Nt. Since δ is arbitrary, lim infN→∞Hθ̄(ξN ) ≥ H ∗̄

θ
− ε, which

concludes the proof.
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Proof of Lemma 3. We consider the case of LS estimation in the regression model (4). The proof is

similar (but simpler) for ML estimation in the model (8) and we shall only indicate the adaptations that

are required.

A first-order series development of the gradient of the LS criterion (5) around θ̄ gives

∇θSN (θ̂N
LS) = 0 = ∇θSN (θ̄) +∇2

θSN (θ̃N )(θ̂N
LS − θ̄) , (26)

where ∇θSN (θ̄) = −2
∑N

k=1 εkfθ̄(xk), ∇2
θSN (θ) is the (Hessian) matrix of second-order derivatives of

SN (θ), given by

∇2
θSN (θ) = 2N M(ξN , θ)− 2

N∑

k=1

[Yk − η(xk, θ)]
∂fθ(xk)

∂θ>
,

and θ̃N = (1− γN )θ̄ + γN θ̂N
LS , γN ∈ (0, 1), with θ̃N measurable, see [18].

We first try to bound ‖θ̂N
LS − θ̄‖. We have (1/N)∇2

θSN (θ) = 2M(ξN , θ) + 2A(ξN , θ, θ̄)− 2BN (ξN , θ),

with

A(ξN , θ, θ̄) =
1
N

N∑

k=1

[η(xk, θ)− η(xk, θ̄)]
∂fθ(xk)

∂θ>
and BN (ξN , θ) =

1
N

N∑

k=1

εk
∂fθ(xk)

∂θ>
.

From Hf -(ii), there exist A1 > 0 and A2 > 0 such that supx∈X sup‖θ−θ̄‖≤δ |η(x, θ) − η(x, θ̄)| < A1δ and

supx∈X sup‖θ−θ̄‖≤δ ‖∂fθ(x)/∂θ>‖ < A2. This implies limδ→0 sup‖θ−θ̄‖≤δ ‖A(ξN , θ, θ̄)‖ = 0. We also have

sup
‖θ−θ̄‖≤δ

‖B(ξN , θ)‖ <
∑

x∈X

∣∣∣∑N
k=1, xk=x εk

∣∣∣
rN (x)

A2
rN (x)

N
(27)

where rN (x) denotes the number of times x appears in the sequence x1, . . . , xN . Either rN (x) is bounded

or rN (x) tends to infinity (but remains smaller than N), in any case limN→∞ sup‖θ−θ̄‖≤δ

∥∥B(ξN , θ, θ̄)
∥∥ = 0

a.s. We have similarly M(ξN , θ)−M(ξN , θ̄) =
∑

x∈X [rN (x)/N ] [fθ(x)f>θ (x)− fθ̄(x)f >̄
θ

(x)], and therefore

limδ→0 sup‖θ−θ̄‖≤δ ‖M(ξN , θ) − M(ξN , θ̄)‖ = 0. Since θ̂N
LS

a.s.→ θ̄, N → ∞, we obtain that there exists

a.s. N0 such that for all N > N0, Λmin[∇2
θSN (θ̃N )/N ] > Λ/τN . From the series development (26), it

implies ‖θ̂N
LS − θ̄‖ < [τN/(Λ

√
N)] ‖∇θSN (θ̄)‖/√N . We have ∇θSN (θ̄)/

√
N = −2

∑
x∈X vN (x), where

vN (x) = ζN (x)αN (x)fθ̄(x) with ζN (x) = (
∑N

k=1, xk=x εk)/
√

rN (x) and αN (x) =
√

rN (x)/N < 1, there-

fore ‖∇θSN (θ̄)‖/√N < 2f̄
∑

x∈X |ζN (x)| with f̄ = maxx∈X ‖fθ̄(x)‖ and ζN (x) = Op(1) (that is, ζN (x)

is bounded in probability) for all x. We thus obtain ‖θ̂N
LS − θ̄‖ < (2f̄ τNωN )/(Λ

√
N) for N > N0 with

ωN =
∑

x∈X |ζN (x)| = Op(1).
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Now, for N large enough we have ‖M−1(ξN , θ̄)A(ξN , θ, θ̄)‖ < (2τN/Λ)‖A(ξN , θ, θ̄)‖ and therefore

‖M−1(ξN , θ̄)A(ξN , θ̃N , θ̄)‖ < (4A1A2f̄/Λ2) (τ2
NωN/

√
N)

p→ 0, N → ∞ (since τ2
N/
√

N → 0 and ωN =

Op(1)). Also, ‖M−1(ξN , θ̄)B(ξN , θ)‖ < (2τN/Λ)‖B(ξN , θ)‖ for N large enough, which implies that

sup‖θ−θ̄‖≤δ

∥∥M−1(ξN , θ̄)B(ξN , θ)
∥∥ < (2A2/Λ) (τNωN/

√
N), see (27), and ‖M−1(ξN , θ̄)B(ξN , θ̃N )‖ p→ 0,

N → ∞. Moreover, ‖M−1(ξN , θ̄)M(ξN , θ)− I‖ = ‖M−1(ξN , θ̄)[M(ξN , θ)−M(ξN , θ̄)]‖ and, for N large

enough, ‖M−1(ξN , θ̄)M(ξN , θ) − I‖ < (2τN/Λ) supx∈X ‖fθ(x)f>θ (x) − fθ̄(x)f >̄
θ

(x)‖. Since ‖fθ(x)f>θ (x) −

fθ̄(x)f >̄
θ

(x)‖2 = ‖fθ(x)− fθ̄(x)‖4 + 2{[fθ(x)− fθ̄(x)]>fθ̄(x)}2 + 4‖fθ(x)− fθ̄(x)‖2[fθ(x)− fθ̄(x)]>fθ̄(x) and

supx∈X sup‖θ−θ̄‖≤δ ‖fθ(x) − fθ̄(x)‖ < A2δ, there exists A3 > 0 such that for δ small enough we have

supx∈X sup‖θ−θ̄‖≤δ ‖fθ(x)f>θ (x) − fθ̄(x)f >̄
θ

(x)‖ < A3δ. We thus obtain ‖M−1(ξN , θ̄)M(ξN , θ̃N ) − I‖ <

(4A3f̄/Λ2)(τ2
NωN/

√
N)

p→ 0, N →∞ and finally ‖M−1/2(ξN , θ̄)[∇2
θSN (θ̃N )/N ]M−1/2(ξN , θ̄)− 2I‖ p→ 0,

so that (26) gives

[2 + op(1)]
√

NM1/2(ξN , θ̄)(θ̂N
LS − θ̄) = −M−1/2(ξN , θ̄)∇θSN (θ̄)/

√
N , N →∞ . (28)

We show now that M−1/2(ξN , θ̄)∇θSN (θ̄)/
√

N is asymptotically normal.

Denote by Fk the σ-field generated by {Y1, . . . , Yk}. Notice that from the adaptive construction of

the design, xk is Fk−1-measurable. Take any u ∈ Rp with ‖u‖ = 1 and consider

RN = − 1
2
√

N
u>M−1/2(ξN , θ̄)∇θSN (θ̄) =

N∑

k=1

ζNk

where ζNk = εkzNk/
√

N with zNk = u>M−1/2(ξN , θ̄)fθ̄(xk). Using [29, Th. 1, p. 541], to prove that

RN
d→ r ∼ N (0, s2) it is enough to show that, for any γ ∈ (0, 1),

N∑

k=1

Prob{|ζNk| > γ|Fk−1} p→ 0 (29)

N∑

k=1

IE{ζNk II(|ζNk| ≤ 1)|Fk−1} p→ 0 (30)

N∑

k=1

Var{ζNk II(|ζNk| ≤ γ)|Fk−1} p→ s2 (31)

as N → ∞, with II(·) the indicator function. First consider (29). Define tNk = Prob{|ζNk| > γ|Fk−1} =

∫
|ε|>γ

√
N/|zNk| dF (ε) with F (·) the probability distribution of the errors in the model (4). Since |zNk| ≤
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f̄Λ−1/2
min M(ξN , θ̄) < f̄

√
2τN/

√
Λ for N large enough (a.s.), with f̄ = maxx∈X ‖fθ̄(x)‖, we get tNk <

∫
|ε|>γρ

√
N/τN

dF (ε) < (γρ)−(2+δ)(τN/N)1+δ/2
∫
|ε|>γρ

√
N/τN

|ε|2+δ dF (ε), where ρ =
√

Λ/(f̄
√

2). Since

limN→∞ τN N−δ/(2+δ) = 0 and IE{|ε1|2+δ} < ∞, NtNk → 0 as N → ∞ and (29) is satisfied. Con-

sider (30) and define t′Nk = IE{ζNk II(|ζNk| ≤ 1)|Fk−1} = (zNk/
√

N)
∫
|ε|≤√N/|zNk| ε dF (ε), so that

|t′Nk| = (|zNk|/
√

N)
∣∣∣
∫
|ε|>√N/|zNk| ε dF (ε)

∣∣∣ (since IE{ε1} = 0). Therefore, for N large enough, |t′Nk| ≤

(1/ρ)
√

τN/N
∫
|ε|>ρ

√
N/τN

|ε| dF (ε) < ρ−(2+δ)(τN/N)1+δ/2
∫
|ε|>ρ

√
N/τN

|ε|2+δ dF (ε), which implies that

N |t′Nk| → 0 as N → ∞ and (30) is satisfied. We proceed in a similar way for (31) and define

t′′Nk = Var{ζNk II(|ζNk| ≤ γ)|Fk−1} = (z2
Nk/N)

[∫
|ε|≤γ

√
N/|zNk| ε

2 dF (ε)−
(∫
|ε|≤γ

√
N/|zNk| ε dF (ε)

)2
]
.

Since IE{ε2
1} = 1, we obtain

∑
k t′′Nk = (1/N)

∑
k z2

Nk + QN where, for N large enough, QN sat-

isfies |QN | < τN/(Nρ2)
∑

k

[∫
|ε|>γ

√
N/|zNk| ε

2 dF (ε) +
(∫
|ε|>γ

√
N/|zNk| |ε| dF (ε)

)2
]

(using IE{ε1} = 0).

Therefore, for N large enough, |QN | < (τN/ρ2)
[∫
|ε|>γρ

√
N/τN

ε2 dF (ε) +
(∫
|ε|>γρ

√
N/τN

|ε| dF (ε)
)2

]
<

γ−δρ−(2+δ))(τ1+δ/2
N /Nδ/2)

[∫
|ε|>γρ

√
N/τN

|ε|2+δ dF (ε) +
(∫
|ε|>γρ

√
N/τN

|ε|1+δ/2 dF (ε)
)2

]
→ 0 as N →

∞. Moreover, (1/N)
∑

k z2
Nk = u>u = 1 and we have thus proved that RN

d→ r ∼ N (0, 1) as N → ∞.

Since this is true for any u, we have M−1/2(ξN , θ̄)∇θSN (θ̄)/
√

N
d→ v ∼ N (0, 4I), and therefore from

(28),
√

NM1/2(ξN , θ̄)(θ̂N
LS − θ̄) d→ w ∼ N (0, I) , N → ∞. Since ‖M−1(ξN , θ̄)M(ξN , θ̂N

LS) − I‖ p→ 0 as

N →∞, we obtain the announced result (14).

Consider now ML estimation in the model (8). We substitute LN (θ) for SN (θ) is the series development

(26) (with the difference that LN (θ) is now maximum at θ̂N
ML). Denoting πk = π(xk, θ) and π̄k = π(xk, θ̄),

we have LN (θ) =
∑

k Yk log πk + (1− Yk) log(1− πk), ∇θLN (θ) =
∑

k(Yk − πk)/
√

πk(1− πk)fθ(xk) and

∇2
θLN (θ)/N = −M(ξN , θ) + AN (ξN , θ, θ̄) + BN (ξN , θ, θ̄), where fθ(x) is given by (9),

AN (ξN , θ, θ̄) =
1
N

N∑

k=1

π̄k − πk√
πk(1− πk)

Qk(xk, θ) and BN (ξN , θ, θ̄) =
1
N

N∑

k=1

Zk

√
π̄k(1− π̄k)√
πk(1− πk)

Qk(xk, θ) ,

with

Qk(xk, θ) =
1√

πk(1− πk)

[
∂2πk

∂θ∂θ>
+ (2πk − 1)fθ(xk)f>θ (xk)

]
and Zk =

Yk − π̄k√
π̄k(1− π̄k)

.

Notice that IE{Zk} = 0 and IE{Z2
k} = 1. Similarly to the case of LS estimation, we obtain that

exists a.s. N0 such that, for all N > N0, Λmin[−∇2
θLN (θ̃N )/N ] > 1/(2τN ), where θ̃N is now a
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point between θ̄ and θ̂N
ML. This implies that ‖θ̂N

ML − θ̄‖ < cτNωN/
√

N for some constant c and

ωN = Op(1). We consider then ‖M−1(ξN , θ̄)∇2
θLN (θ)/N + I‖ and obtain, since limN→∞ τN/N1/4 = 0,

‖M−1/2(ξN , θ̄)[∇2
θLN (θ̃N )/N ]M−1/2(ξN , θ̄)+I‖ p→ 0, N →∞. This gives [1+op(1)]

√
NM1/2(ξN , θ̄)(θ̂N

ML−

θ̄) = M−1/2(ξN , θ̄)∇θLN (θ̄)/
√

N , N →∞. We consider finally RN = (1/
√

N)u>M−1/2(ξN , θ̄)∇θLN (θ̄)

for some vector u with norm 1, and write RN =
∑

k ζN,k with now ζN,k = Zku>M−1/2(ξN , θ̄)fθ̄(xk)/
√

N .

The properties (29, 30, 31) directly follow from the fact that Zk is bounded, |Zk| < maxx∈X max{([1 −

π(x, θ̄)]/π(x, θ̄))1/2, (π(x, θ̄)/[1− π(x, θ̄)])1/2} for all k. The rest of the proof is similar to the case of LS

estimation.

Proof of Lemma 4. First note that lim infN→∞ rN,1:K/N > 1/K since X is finite, so that q∗ ≥ 1. Suppose

that p ≥ 2 and q∗ < p, we show that we arrive at a contradiction. The proof follows the same lines as for

Lemma 1.

The property (18) is replaced by

for all i ≤ q∗ , N > N1 and θ ∈ Θ , f>θ (x(iN ))M−1(ξN , θ)fθ(x(iN ))− λN φ(x(iN ), θ) ≤ λN

α
. (32)

Define ρN as ρN = λNβN , with βN = rN,(q∗+1):K/N as in Lemma 1. We show that lim infN→∞ ρN ≥ ρ

for some ρ > 0, which contradicts the definition of q∗.

The property (22) becomes

for all θ ∈ Θ , max
i=q∗+1,...,K

{
f>θ (x(iN ))M−1(ξN , θ)fθ(x(iN ))− λN φ(x(iN ), θ)

}
>

1
βN

γ

LK(K − q∗)
− λN φ̄ .

Together with (32), it gives N > N1 and ρN < ρ∗ = γα/[LK(K−q∗)(1+αφ̄)] ⇒ xN+1 /∈ XN (q∗). Define

ρ∗N = λN

∑K
i=q∗+1 rN,i:K

(K − q∗)N
,

so that ρN ≥ ρ∗N ≥ ρN/(K−q∗). Also, when N > N1,
∑q∗

i=1 rN,i:K > q∗αN/λN , so that
∑K

i=q∗+1 rN,i:K <

N(1− q∗α/λN ) and ρ∗N < λN (1− q∗α/λN )/(K − q∗). By construction, ρN < ρ∗ and N > N1 imply

ρN+1 ≥ ρ∗N+1 = λN+1
Nρ∗N (K − q∗)/λN + 1

(K − q∗)(N + 1)
=

λN+1

λN
ρ∗N +

λN+1

N + 1

(
1

K − q∗
− ρ∗N

λN

)

>
λN+1

λN

[
ρ∗N +

1
N + 1

q∗α
K − q∗

]
≥ ρ∗N +

1
N + 1

q∗α
K − q∗

≥ ρN

K − q∗
+

1
N + 1

q∗α
K − q∗

.
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The end of the proof is strictly identical to that of Lemma 1. By induction, the lower bound on ρN+k

increases with k,

ρN+k >
ρN

K − q∗
+

q∗α
K − q∗

k∑

i=1

1
N + i

,

until ρN+k becomes larger that ρ∗ and lim infN→∞ ρN > ρ = ρ∗/(K − q∗), which shows that q∗ ≥ p and

concludes the proof.

Proof of Theorem 4. We have already seen that the conditions of Lemma 4 with HX -(iii) (respectively,

HX -(iii’)) imply θ̂N
LS

a.s.→ θ̄ (respectively, θ̂N
ML

a.s.→ θ̄) as N →∞. Therefore, what we first need to show is

that for all δ > 0, there exist some N0 > 0 and β > 0 such that ‖θ̂N − θ̄‖ < β for all N > N0 implies

lim supN→∞ Φ(ξN , θ̄) < φ∗̄
θ

+ δ. This will prove (15).

As in the proof of Theorem 3, Hf -(i), Hφ-(ii) and HX -(i) imply: ∀ε0, ∃β1, β2 such that ‖θ− θ̄‖ < β1 ⇒

maxx∈X ‖fθ(x)− fθ̄(x)‖ < ε0 and ‖θ − θ̄‖ < β2 ⇒ maxx∈X |φ(x, θ)− φ(x, θ̄)| < ε0. Also, from Lemma 4,

there exits N1 and α > 0 such that for all N > N1, rN,j:K > αN/λN , j = 1, . . . , q∗, with q∗ > p, and

thus from HX -(iv), Λmin[M(ξN , θ̄)] > αγ̄/λN . Direct calculations give

max
x∈X

max
‖θ−θ̄‖<β1

|f>θ (x)M−1(ξN , θ)fθ(x)− f >̄θ (x)M−1(ξN , θ̄)fθ̄(x)| < BλN ε0

for ε0 small enough and N > N1, with B depending on α, γ̄ and f̄ = maxx∈X ‖fθ̄(x)‖.

Therefore, for all ε0 small enough, we can take β = min{β1, β2} and obtain, for all N > N1 and

‖θ̂N − θ̄‖ < β in (3),

f >̄θ (xN+1)M−1(ξN , θ)fθ̄(xN+1)− λNφ(xN+1, θ̄)

> f>
θ̂N (xN+1)M−1(ξN , θ̂N )fθ̂N (xN+1)− λNφ(xN+1, θ̂

N )− ε0(B + 1)λN

= max
x∈X

[
f>
θ̂N (x)M−1(ξN , θ̂N )fθ̂N (x)− λNφ(x, θ̂N )

]
− ε0(B + 1)λN

> max
x∈X

[
f >̄θ (x)M−1(ξN , θ̄)fθ̄(x)− λNφ(x, θ̄)

]− 2ε0(B + 1)λN . (33)

Suppose now that exists δ > 0 such that lim infN→∞ Φ(ξN , θ̄) > φ∗̄
θ

+ δ, that is, there exists N2 such

that

Φ(ξN , θ̄) > φ∗̄θ + δ (34)
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for all N > N2. This implies

f >̄θ (x∗)M−1(ξN , θ̄)fθ̄(x
∗)− λNφ(x∗, θ̄) > −λNφ(x∗, θ̄) > λN

[
δ − Φ(ξN , θ̄)

]
, N > N2 ,

with x∗ such that φ(x∗, θ̄) = minx∈X φ(x, θ̄), and therefore,

max
x∈X

[
f >̄θ (x)M−1(ξN , θ̄)fθ̄(x)− λNφ(x, θ̄)

]
> λN

[
δ − Φ(ξN , θ̄)

]
, N > N2 .

For ε = δ/2, take ε0 = ε/[2(B + 1)] and β as above and define

Gθ̄(ξN , λN ) =
1

λN
log detM(ξN , θ̄) + [C − Φ(ξN , θ̄)] . (35)

From (25, 33), we obtain

Gθ̄(ξN+1, λN )−Gθ̄(ξN , λN ) >
1

λN
log

[
1 +

f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)
N

]
− p

λN
log

(
1 +

1
N

)

+
δ

2(N + 1)
− 1

N + 1
f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)
λN

,

for ‖θ̂N − θ̄‖ < β and N > max{N1, N2}. Since Λmin[M(ξN , θ̄)] > αγ̄/λN for N > N1, we also have

f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1) < f̄2λN/(λγ̄), with f̄ = maxx∈X ‖fθ̄(x)‖. Since λN → ∞ from Hλ-(ii)

and λN/N → 0 from Hλ-(iii) when N → ∞, for any constant D < 1 there exists N3 such that for all

N > N3,

log

[
1 +

f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)
N

]
> D

f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)
N + 1

and

p

λN
log

(
1 +

1
N

)
<

δ

4(N + 1)
.

This gives

Gθ̄(ξN+1, λN )−Gθ̄(ξN , λN ) >
δ

4(N + 1)
+ (D − 1)

f >̄
θ

(xN+1)M−1(ξN , θ̄)fθ̄(xN+1)
(N + 1)λN

>
1

N + 1

[
δ

4
+ (D − 1)

f̄2

αγ̄

]
>

δ

8(N + 1)

for N > max{N1, N2, N3} and ‖θ̂N − θ̄‖ < β when choosing D > 1− δαγ̄/(8f̄2). Consider now

Gθ̄(ξN+1, λN+1)−Gθ̄(ξN , λN ) =
[

1
λN+1

− 1
λN

]
log detM(ξN+1, θ̄) + Gθ̄(ξN , λN+1)−Gθ̄(ξN , λN ) .
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For N large enough and ‖θ̂N − θ̄‖ < β, it satisfies

Gθ̄(ξN+1, λN+1)−Gθ̄(ξN , λN ) >

[
1

λN+1
− 1

λN

]
log detM(ξN+1, θ̄) +

δ

8(N + 1)
.

Denote L∗ = maxξ∈Ξ log detM(ξ, θ̄). Since λN is non-decreasing from Hλ-(ii) and λN/N is non-increasing

from Hλ-(iii), we get

Gθ̄(ξN+1, λN+1)−Gθ̄(ξN , λN ) >
δ

8(N + 1)
−

[
1

λN
− 1

λN+1

]
L∗ ≥ δ

8(N + 1)
− L∗

λN (N + 1)
>

δ

16(N + 1)

for N large enough, in contradiction with the fact that Gθ̄(ξ, λ) is bounded for λ > 1, see (35).

Therefore, for all δ > 0 we can find a β such that ‖θ̂N − θ̄‖ < β for all N > N0 implies that

there exists a subsequence ξNt such that lim inft→∞ Φ(ξNt , θ̄) < φ∗̄
θ

+ δ. First note that Hφ-(i) implies

Φ(ξN+1, θ̄)−Φ(ξN , θ̄) = 1/(N + 1) [φ(xN+1, θ̄)−Φ(ξN , θ̄)] < φ̄/(N + 1) so that there exists N4 such that

Φ(ξN+1, θ̄) < Φ(ξN , θ̄) + δ/2 for all N > N4. Also, from the developments above, there exists N5 such

that for N > N5, ‖θ̂N − θ̄‖ < β and Φ(ξN , θ̄) > φ∗̄
θ

+ δ imply Gθ̄(ξN+1, λN+1) > Gθ̄(ξN , λN ). Moreover,

since Λmin[M(ξN , θ̄)] > αγ̄/λN for all N > N1, we have p log(αγ̄) − p log λN < log detM(ξN , θ̄) < L∗

and thus

| log detM(ξN , θ̄)|
λN

<
δ

4
(36)

for N larger than some N6. Take any Nt > max(N0, N4, N5, N6) and such that Φ(ξNt , θ̄) ≤ φ∗̄
θ

+ δ.

We show that Φ(ξN , θ̄) < φ∗̄
θ

+ 2δ for all N > Nt until the next N ′ such that Φ(ξN ′ , θ̄) ≤ φ∗̄
θ

+ δ.

We have Φ(ξNt+1, θ̄) < φ∗̄
θ

+ (3/2)δ. If Φ(ξNt+1, θ̄) ≤ φ∗̄
θ

+ δ we take N ′ = Nt + 1. Suppose that

Φ(ξNt+1, θ̄) > φ∗̄
θ

+ δ. Then, Gθ̄(ξNt+2, λNt+2) > Gθ̄(ξNt+1, λNt+1) and, from the definition of Gθ̄(ξ, λ)

and (36), Φ(ξNt+2, θ̄) < Φ(ξNt+1, θ̄) + δ/2 < φ∗̄
θ

+ 2δ. If Φ(ξNt+2, θ̄) ≤ φ∗̄
θ

+ δ we take N ′ = Nt + 2.

Otherwise, we have Gθ̄(ξNt+3, λNt+3) > Gθ̄(ξNt+2, λNt+2) > Gθ̄(ξNt+1, λNt+1) and thus Φ(ξNt+3, θ̄) <

Φ(ξNt+1, θ̄) + δ/2 < φ∗̄
θ

+ 2δ. By induction, Φ(ξN , θ̄) < φ∗̄
θ

+ 2δ for all N > Nt. This concludes the proof

of (15).

Define BN (β) = {xi : ‖xi − x∗‖ > β , i = 1, . . . , N} and denote by bN (β) the number of elements

of BN (β). Assume that there exists β > 0 such that lim supN→∞ bN (β)/N > γ > 0. From Hφ-(iii),
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this implies that there exists ε > 0 such that lim supN→∞ Φ(ξN , θ̄) − φ∗̄
θ

> γε, which contradicts (15).

Therefore, for all β > 0, limN→∞ bN (β)/N = 0 which gives (16).
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