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Abstract. We consider the following open problem: let L be a rational
language, how to decide whether Lω is generated by an ω-code? We inves-
tigate languages whose ambiguity and/orω-ambiguity are minimal. To do
this, we introduce a notion of family over relations fulfilled by words. If L
is finite, the number of families is finite. Each of them produces its proper
set of incompatible prefixes. In case of a unique family, this leads to two twin
languages that are candidates to be ω-generator ω-code if some exist.

Introduction

Our research deals with the theory of formal languages and our interest goes to
rational languages of infinite words which are recognized by Büchi or Muller
automata [12]. The operation ω stands for the infinite iteration and associates
to a language its ω-power. A language L is a code if and only if every non-
empty word has at most one L-factorization [3]. By analogy, an ω-language L
is an ω-code if and only if every ω-word has at most one L-factorization [13].
Those classes of languages are useful as they respectively allow factorizations
exempt from ambiguity andω-ambiguity. The open decision problem we tackle
is the following: is it decidable to know whether a given rational ω-power is
generated by a code or by an ω-code? This problem is open from years [11] and
only solved for prefix codes [10].
In this paper, a framework is given for finitely generated ω-languages. Our
purpose is to identify, by mean of relations, the cases where ambiguity and/or
ω-ambiguity is minimal. Intuitively, ambiguity (resp. ω-ambiguity) is minimal
when only one word (resp. one ω-word) is intrinsically responsible of it. We
propose the concept of family. Roughly speaking, a family gathers the essential
information on factorizations of ambiguous words and ω-words that look like
each other. The set of families is finite and the ambiguity or ω-ambiguity is
minimal if this set is a singleton. Independently of the others, each family
provides its set of incompatible prefixes. When the family is unique, we show
how to build powerful languages which are able to lead directly to ω-generator
ω-code. Their construction is closely linked to the set of incompatible prefixes.
For now, some preliminary results are obtained and our approach seems to be
promising.



The paper is divided into three main sections. The first one is dedicated to
basic definitions and other preliminaries such as ∞-relations over a relabelling.
Section 2 sufficiently deepens the notion of∞-relations in order to introduce the
concept of family. Ambiguity digraphs are used as illustration. Two twin sets of
prefixes originate in each family. The last section deals with the open problem.
At first, some conditions for the existence of ω-codes are given. Some of them
depend on families. After several examples, two crucial sets relative to a single
family are presented. A study of their properties and their abilities follows.
Clearly, they are candidates to be ω-generators ω-codes if some exist. Finally,
the conclusion recapitulates our approach. Beyond its possible generalization,
the remaining questions are discussed.

1 Preliminaries

1.1 Basic definitions

Let Σ be a finite alphabet. A word is a finite concatenation of letters in Σ and
an ω-word is an infinite one. ε denotes the empty word. Σ∗ is the set of words
over Σ and Σω is the set of ω-words. Σ+ denotes Σ∗ \ {ε} and Σ∞ = Σ∗ ∪ Σω. A
language is a subset of Σ∗ and an ω-language is a subset of Σω.
A word u ∈ Σ+ is a prefix of v in Σ∞ if v ∈ uΣ∞ and a suffix of v if v ∈ Σ∗u.
The prefix order is denoted by ≤ and the strict prefix order by <. u is a proper
prefix of v if u < v and u , ε. Pref(v) stands for the set of the prefixes of v and
PPref(v) for the proper ones. If L is a language or an ω-language, Pref(L) gathers
the prefixes of the elements in L, PPref(L) is the proper prefixes set. Respectively,
for a positive integer i, Prefi(v) and Prefi(L) denotes prefixes of length i. The
set of suffixes is called Suff(L) and PSuff(L) denotes the proper ones. Let L be a
language, L∗ is defined as L∗ = {ε} ∪

(⋃
n>0{a1...an/ ∀i 1 ≤ i ≤ n, ai ∈ L}

)
and the

ω-power Lω is defined as Lω = {a1...an.../ ∀i > 0, ai ∈ L \ {ε}}. Every language G is
called generator of L∗ if G∗ = L∗ and ω-generator of Lω if Gω = Lω.
The root of L∗ is the language Root(L∗) = (L∗ \ {ε}) \ (L∗ \ {ε})2.
A L-factorization of a word u in L+ is a finite sequence of words in L \ {ε}
(u1, u2, ..., un) such that u = u1u2...un. A L-factorization of an ω-word w in Lω

is an infinite sequence (w1,w2, ...,wn, ...) such that w = w1w2...wn.... We will say
indifferently L-factorization or factorization over L. A language L is a code if
every word u ∈ Σ∗ has at most one L-factorization [3]. A language L is anω-code
if every ω-word in Σω has at most one L-factorization [13].
For more convenience, rational languages and ω-languages will be denoted in
the sequel by their regular expressions or ω-regular expressions.
At last, the vocabulary related to graph theory can be found in [1].

1.2 Relabelling

We consider a relabelling of words in a given language L in order to handle
more easily distinct factorizations of words and ω-words. Unfortunately, a fi-
nite alphabet doesn’t allow us to relabel the words in an infinite language.



Let A and Σ be two disjoint alphabets and let L be a language over Σ. A rela-
belling of the words in L is a one-to-one mapping ˜ from Λ ⊆ A over L ⊆ Σ+

extended in the canonical one-to-one morphism from (Λ∞, ·) over (L∞, ·) where ·
denotes the concatenation operation.
Hence, a L-factorization (u1, u2, ..., un) is associated to a word ϕ = ϕ1...ϕn in Λ+

such that ∀i, ui = ϕ̃i (idem for a factorization of an ω-word).

The following relation takes into account factorizations with different first steps.
The underlying words and ω-words respectively involved constitute the set
Amb(L) of finite ambiguous words and the set Ambω(L) of ω-ambiguous ω-
words [8][5].

Definition 1. Let L be a finite language associated to the relabelling Λ. The relation �
is a binary relation over Λ∞ stating that ϕ � ψ if and only if there exists a word or
an ω-word v in L∞ and two L-factorizations with different first steps corresponding
respectively to ϕ and ψ such that: v = ϕ̃ = ψ̃.

The items of the above relation are composable and infinitely many ones appear.
A refinement of the relation will remove this drawback.

Definition 2. Let L be a finite language associated to the relabelling Λ. The ∞-
relation ≃ is a binary relation over Λ∞ defined as follows:

( ϕ ≃ ψ ) ⇔
(
ϕ � ψ ∧ (P̃Pref(ϕ) ∩ P̃Pref(ψ) = ∅)

)

We define by analogy the restricted relations ≃+ over Σ+ and ω-relations ≃ω
over Σω. The considered factorizations are with different first steps so that
Pref(ϕ) and Pref(ψ) are disjoint (except in ε).

2 Family

The classical mean to represent relations over words consists in using transduc-
ers [2] and can also be found in [4][11]. As usual, we need to remove intrinsic
symmetry due to symmetrical ∞-relations. This requires to define a directed
∞-relation.

Definition 3. Let L be a finite language associated to the relabelling Λ. The directed
∞-relation ≃̇ is a binary relation over Λ∞ stating that

(ϕ ≃̇ ψ) ⇐⇒
(

(ϕ ≃ ψ) ∧ ( ˜Pref1(ϕ) < ˜Pref1(ψ))
)

So, pairs of different first steps are now directed and the ∞-relation ≃̇ can be
split into the relations ≃̇+ and ≃̇ω. The relation ≃̇ induces an ambiguity graph
for which we propose the following definition.

Definition 4. Let L be a finite language. Its ambiguity digraph G = (V,E) is defined
as follows:



– V is a subset of (PSuff(L) × {ε}) ∪ ({ε} × PSuff(L));
– V necessarily contains the vertex (ε, ε), we call it the origin;
– an edge in E is labelled with (e, e′) in ( L ∪ {ε} )2 (or L2 when going out from the

origin);
– an edge labelled (e, e′) from the vertex (u, u′) to the vertex (v, v′) may exist if there

is a path from the origin to the vertex (u, u′) and also:

(
v = ε ∧ v′ = (ue)−1(u′e′)

)
∨
(
v = (u′e′)−1(ue) ∧ v′ = ε

)

– if an edge (e, e′) goes out from the origin, it must fulfill e < e′.
– the digraph is cleaned up from vertices (and adjacent edges) neither accessing nor

belonging to a cycle accessible from the origin.

Once a langage L is associated to a relabelling language Λ, we get the relabelled
ambiguity digraph. Hence, an edge labelled (e, e′) in the ambiguity digraph is
relabelled by the element (γ, γ′) ∈ (Λ ∪ {ε})2 such that γ̃ = e and γ̃′ = e′.

Properties

(i) Let C =
(
(γ1, γ

′
1
), (γ2, γ

′
2), ..., (γn, γ

′
n)
)

be an elementary cycle starting at the

origin. The words γ = γ1γ2...γn and γ′ = γ′
1
γ′

2
...γ′n are elements in Λ+

verifying
γ ≃̇+ γ

′

(ii) Let P =
(
(γ1, γ

′
1
), (γ2, γ

′
2), ...
)

be an infinite elementary path starting at the

origin, the ω-words γ = γ1γ2... and γ′ = γ′
1
γ′2... are elements in Λω verifying

γ ≃̇ω γ
′

(iii) The language L is a code iff its ambiguity digraph has no cycle including
the origin vertex.

(iv) The language L is a code non ω-code iff there exists at least a cycle but none
of them contains the origin.

(v) The language L is anω-code iff its ambiguity digraph is reduced to the origin
vertex without any edges.

We illustrate these notions on the next example.

Example Let us consider the language L = a+ ab+ ba associated to Λ = 0+ 1+ 2.
Fig. 1 shows its ambiguity and relabelled ambiguity digraphs. All the relations
fulfilled by words and ω-words, viewed in the relabelled digraph, are gathered
in the following system:



02 ≃̇ 10
02i2 ≃̇ 11i0 for every positive integer i
02ω ≃̇ω 1ω

Our example is too simple but, in the general case, we can distinguish different
subgraphs logically independant in the ambiguity digraph. Each is linked to a



ε, ε

ε, b

a, ε

a, ab
ba, ε

ε, ab

ε, a
ε, ε

ε, b

a, ε

0, 1
2, ε

ε, 1

ε, 0

Fig. 1. Ambiguity digraphs for L = a + ab + ba.

possible directed pair of different first steps beginning two factorizations of the
same word or ω-word. So, we need to define an equivalence on the items of the
directed∞-relation ≃̇.

Definition 5. Let L be a finite language associated to the relabellingΛ. The equivalence
relation ⋄ is defined on the elements of the relation ≃̇ as follows:

(
(ϕ ≃̇ ψ) ⋄ (ϕ′ ≃̇ ψ′)

)

⇐⇒

(
(ϕ ≃̇ ψ) ∧ (ϕ′ ≃̇ ψ′) ∧ (Pref1(ϕ) = Pref1(ϕ′)) ∧ (Pref1(ψ) = Pref1(ψ′))

)

Hence, we call clan an equivalence class with respect to ⋄-relation. The number
of classes is clearly equal to the (finite) outer degree d of the origin vertex on
the ambiguity digraph. A subgraph corresponding to items in the same ⋄-class
is called a cluster. Although clans are two by two disjoint, on the digraph, their
respective clusters can have some parts of the graph in common. In Fig. 1, the
whole digraph is identical to the unique cluster due to the edge (a, ab), the only
one outgoing from the origin.

Once again, a clan is not homogeneous enough. Indeed, it is made of different
logical families thus we refine the ⋄-relation.

Definition 6. Let L be a finite language associated to the relabelling Λ. The relation _
is defined as follows: (

(ϕ ≃̇ ψ) _ (ϕ′ ≃̇ ψ′)
)

⇐⇒

(
( ( ϕ ≃̇ ψ ) ⋄ ( ϕ′ ≃̇ ψ′ ) ) ∧ ( ( ϕ̃ < ϕ̃′ ) ∨ ( ϕ̃′ < ϕ̃ ) )

)



Now the _-classes yield to families inside clans. However, it is not immediate
to recognize a family at first sight in the digraph. A family is an elementary
component of both ambiguities. Inside a family relations, the underlying words
are responsible of ambiguity (and induce ω-ambiguity) and at most one under-
lying ω-word causes intrinsic ω-ambiguity. Moreover, their prefixes are always
comparable. The fact that a family is unique coincides with the case where the
respective ambiguities, if exist, are minimal.

Finally, we need to handle sets of prefixes issued from a same family of ∞-
relations hence a suitable definition is given.

Definition 7. Let F = (ϕi ≃̇ ψi)i∈I be a family of directed ∞-relations. We define the
five respective sets of prefixes:

LPrefF =
⋃

i∈I

Pref(ϕi)

RPrefF =
⋃

i∈I

Pref(ψi)

PLPrefF =
⋃

i∈I

PPref(ϕi)

PRPrefF =
⋃

i∈I

PPref(ψi)

PrefF = LPrefF ∪ RPrefF

These prefix sets are essential to deal with the mentionned open problem. We
end this section by giving a first consequence of the previous definitions.

Property Let F = (ϕi ≃̇ ψi)i∈I be a family of directed∞-relations, the following
assertion is verified:

∀ α, β ∈ PrefF (α̃ ≤ β̃) ∨ (β̃ ≤ α̃)

3 Approach and results

To begin this section, we wonder which are the basic properties of words be-
longing toω-codes when they areω-generators. A notion of incompatible prefixes
appears as soon as we give a necessary condition for an ω-generator to be an
ω-code.
Before, we recall a result about the finitely generated ω-powers.

Proposition 1. [9] Let L be a language. If L is finite then the language χ(Lω) is the
greatest ω-generator of Lω with:

χ(Lω) = {u ∈ Σ+, uLω ⊆ Lω and uω ∈ Lω}

This is the reason why, in the sequel, we choose to consider only finite lan-
guages L which are equal to the root of the greatest ω-generator of Lω.



3.1 Incompatible prefixes set

Now, we present a necessary condition for a language included in Λ+ to be
antecedent of an ω-code ω-generating Lω.

Proposition 2. Let L = Root(χ(Lω)) be a finite language associated to the relabellingΛ.

For every ω-code G such that Gω = Lω, a language Γ ⊆ Λ+ verifying Γ̃ = G is a prefix
code.

Proof Let G be an ω-code such that Gω = Lω. Assume that Γ ⊆ Λ+ verifying

Γ̃ = G is not a prefix code. Without loss of generality, Γ contains a pair {µ, ν}
such that µ < ν. Thus, σ = (µ−1ν) ∈ Λ+. Consequently, the non-empty word
σ̃ ∈ (G−1G ∩ Gω(Gω)−1). A contradiction happens because G is an ω-code.

In a family, we show that the set PrefF gathers incompatible prefixes in the sense
that if the images of two distinct elements in PrefF are in the same ω-generator,
necessarily, this ω-generator is not ω-code.

Proposition 3. Let L = Root(χ(Lω)) be a finite language associated to the relabellingΛ
and F be a family. If a subset Γ of Λ+ contains two different elements µ and ν in PrefF
then the language G = Γ̃ is not an ω-code.

Proof As µ and ν share the same family F , µ̃ and ν̃ are comparable by prefix
order. Without loss of generality, we set µ̃ < ν̃. Then, two possibilities arise.
If µ and ν both belongs to RPrefF or to LPrefF , we deduce that µ < ν. As a
consequence, Γ is not a prefix code and we conclude with Prop. 2.
If, without loss of generality, µ ∈ LPrefF and ν ∈ RPrefF , there exist ϕ,ψ ∈ Λ∞

such that µ < ϕ, ν < ψ and a relation ϕ ≃̇ ψ holds. Indeed, we extend the
path in the graph beyond µ and ν back to the origin or not. If ϕ ≃̇+ ψ then the
ω-word (ϕ̃)ω has two distinct G-factorizations. If ϕ ≃̇ω ψ, ϕ̃ has two distinct
G-factorizations. That prevents G from being an ω-code.

This result can be extended to pairs of words that identically start and respec-
tively end with two incompatible prefixes.

Corollary 1. Let L = Root(χ(Lω)) be a finite language associated to the relabelling Λ
andF be a family. If a subset Γ of Λ+ contains two different elements µ and ν in λPrefF
for some λ ∈ Λ∗, then the language G = Γ̃ is not an ω-code.

Proof The result is obtained by a generalization of the proof of Prop. 3.

The constraints a family puts on the antecedent of an ω-code are summarized
in the next proposition.

Proposition 4. Let L = Root(χ(Lω)) be a finite language associated to the relabellingΛ
and F be a family. For every ω-code G such that Gω = Lω, a language Π such that

Π̃ = G is a prefix code containing at most one element π in PrefF . So, Π verifies:

Π ⊆
(
{π} ∪ ( Λ+ \ PrefF )

)



Proof Π is a prefix code due to Prop. 2 and Prop. 3 ensures thatΠ cannot contain
two different elements in PrefF . So the other elements in Π are necessarily in
Λ+ \ PrefF .

3.2 Some examples

Perhaps the following of the paper will be clearer if we present some representa-
tive examples now. The construction of the essential setsΠ is based on a greedy
algorithm: we’re searching on line a Π-factorization of an ω-word in Λω, once
we have chosen the side of the family in which we take a particular element π.
Sometimes, we allow us to rewrite a part or the totality of the ω-word to go on
factorizing with non forbidden words.

Continued example Let us consider the language L = a + ab + ba associated to
Λ = 0 + 1 + 2. Its unique family is:



02 ≃̇ 10
02i2 ≃̇ 11i0 for every positive integer i
02ω ≃̇ω 1ω

0 and 1 are clearly incompatible. Here, we decide to keep 0 and so we com-
pute Π0. We set Π0 = 0 + 2 + (1+(0 + 2) \ 11∗0 ) and we get Π0 = 0 + 1∗2.
In Π0, 0 was chosen, 2 is neutral, 1+(0 + 2) describes the forbidden right proper
prefixes of the family followed by a letter in so far it doesn’t extend it into
another forbidden prefix, and finally we avoid the finite right hand side of the
family. Π0 is clearly a prefix code. Moreover, the infinite language G0 such that

G0 = Root(Π̃0) is an ω-code ω-generating Lω. Indeed, G = a + (ab)∗ba. Another
possibility is to choose 1. Then, symmetricallyΠ1 = 1+ 2+ (02∗(0+ 1) \ 02+) and
we get Π1 = 1 + 2 + 02∗0 + 02∗1. Although Π1 is clearly a prefix code, it doesn’t

lead to an ω-code. Containing a pattern like {00, 01} suffices to prevent Root(Π̃1)
from being an ω-code.

Example Let us consider the code non ω-code L = a2 + ba + b associated to
Λ = 0 + 1 + 2. Its unique family is:

{
10ω ≃̇ω 20ω

Removing 2 from Λ, we set Π1 = 1 + 0 + ( 20∗(1 + 2) \ ∅) and we get Π1 =

0+1+20∗1+20∗2. Because of {21, 22} for instance, Root(Π̃1) cannot be anω-code.
Besides,Π2 = 2+ 0+ (10∗(1+ 2) \∅). So,Π2 = 0+ 2+ 10∗1+ 10∗2 and contains for

instance {11, 12}. Once again, Root(Π̃2) isn’t an ω-code. Concomitantly, a result
from [6] states that, if L is a code non-ω-code, there is no ω-code among the
ω-generators of Lω.



Example Let us consider the code L = a+ab+bc+c associated toΛ = 0+1+2+3.
Its ambiguity resides only in finite-length words. Its unique family is:

{
02 ≃̇+ 13

Removing 1 from Λ, we set Π0 = 0 + 2 + 3 + ( 1(0 + 1 + 2 + 3) \ 13) and we get

Π0 = 0 + 2 + 3 + 10 + 11 + 12. Because of {10, 11}, Root(Π̃0) cannot be an ω-code.
Besides,Π1 = 1+ 2+ 3+ (0(0+ 1 + 2 + 3) \ 02). So, Π1 = 1+ 2 + 3 + 00+ 01+ 03.

By reason of {00, 01}, Root(Π̃1) cannot be an ω-code.

We are convinced that if none of these two languages later calledΠle f t andΠright

leads to an ω-code, there is no hope that one exists.

3.3 Two candidates per family

In this section, we describe a way to eventually find an ω-code in the case
where the family is unique. The idea is to construct a prefix code Π over Λ

such that Root(Π̃) is guaranteed to be an ω-generator of Lω. On the one hand, it

is always possible, on the other hand, theω-generator Root(Π̃) may be anω-code.

Let L = Root(χ(Lω)) be a finite language associated to the relabelling Λ andF be
a family. We call πle f t (resp. πright) the only prefix of length 1 in LPrefF (resp. in
RPrefF ). We propose the next two languages:

Πle f t = ( Λ \ {πright} ) ∪ ( PRPrefF \ ΨF )

Πright = ( Λ \ {πle f t} ) ∪ ( PLPrefF \ ΦF )

where:
ΦF = {ϕ, (ϕ ≃̇+ ψ) ∈ F }, ΨF = {ψ, (ϕ ≃̇+ ψ) ∈ F }

PRPrefF = {µσ, µ ∈ PRPrefF , σ ∈ Λ, µσ < PRPrefF }

PLPrefF = {µσ, µ ∈ PLPrefF , σ ∈ Λ, µσ < PLPrefF }

Actually the right hand sides of the unions can be rewritten as follows:

PRPrefF \ ΨF = (PRPrefF · Λ) \ RPrefF

PLPrefF \ ΦF = (PLPrefF · Λ) \ LPrefF

With respect to the open problem, the idea is to test, when the family is unique,

if the respective languages Root(Π̃le f t) and Root(Π̃right) are ω-codes ω-generators
of Lω. To start with, we give some remarquable properties of these sets.

Proposition 5. Let L = Root(χ(Lω)) be a finite language associated to the relabellingΛ

and F be a family. The languages Π̃le f t and Π̃right are ω-generators of Lω.



Proof Let us prove that Π̃le f t is ω-generator of Lω. Clearly, (Π̃le f t)
ω ⊆ Lω. Now,

consider a given ω-word w in Lω and let λ = λ1λ2... be an infinite sequence over

Λ such that λ̃ = w. We intend to show that w admits at least a Π̃le f t-factorization.
Four different cases arise:

– if λ1 ∈ (Λ \ {πright}) then λ ∈ Πle f tΛ
ω and so w ∈ Π̃le f tL

ω;
– if there exists a prefix of λ say ψ in ΨF such that λ = ψ κwith κ ∈ Λω. There

exists a word ϕ ∈ Λ+ such that ϕ ≃̇+ ψ. Since ϕ̃ = ψ̃, the ω-word w verifies

w = ϕ̃ κ̃. Since ϕ starts with πle f t ∈ Πle f t, we get that w ∈ Π̃le f tL
ω;

– if λ = ψ such that the relation ϕ ≃̇ω ψ is verified for some ϕ ∈ Λω. We obtain

that w = ϕ̃. Again, since ϕ starts with πle f t, we get that w ∈ Π̃le f tL
ω;

– if there exists a prefix ρ ∈ PRPrefF such that λ = ρκ for some κ ∈ Λω. ρ is
chosen of maximal length and we set κ = κ1κ2...with ∀i > 0, κi ∈ Λ. Because
of ρ maximal length, the word ρκ1 cannot belong to PRPrefF . Either ρκ1

belongs to ΨF and we refer to the second case of this proof, either ρκ1 < ΨF
and necessarily ρκ1 belongs to PRPrefF \ΨF . Once again, w ∈ Π̃le f tL

ω.

In every case, we’ve shown that w ∈ Π̃le f tL
ω. Hence, by infinite iteration of the

inclusion Lω ⊆ Π̃le f tL
ω, we deduce that Lω ⊆ (Π̃le f t)

ω. So, the equality holds. The
proof is analogous for the language Πright.

In addition, it happens that those languages built over Λ are prefix codes.

Proposition 6. Let L = Root(χ(Lω)) be a finite language associated to the relabellingΛ
and F be a family. By construction, the languages Πle f t and Πright are prefix codes.

Proof Let us consider Πle f t. The length of every element in the set Λ \ {πright}

is 1 and none of them is prefix of a word in PRPrefF \ ΨF . So, it remains

to show that no word is prefix of another in PRPrefF \ ΨF . By definition,

PRPrefF = {µσ, µ ∈ PRPrefF , σ ∈ Λ, µσ < PRPrefF }. This yields that the

set PRPrefF \ ΨF is equal to {µσ, µ ∈ PRPrefF , σ ∈ Λ, µσ < RPrefF }. Yet, all the

proper prefixes of words in PRPrefF \ΨF belong to PRPrefF . As a consequence,

whatever the two distinct elements we choose in PRPrefF \ ΨF , they are not
comparable by prefix order. SoΠle f t is a prefix code. The demonstration is anal-
ogous for Πright.

So, the two languages Root(Π̃right) and Root(Π̃le f t) have a lot of interesting prop-
erties. Under the assumption of the unique family and from the point of view
of the open problem, they appear as the first languages we must test in order
to find an ω-generator ω-code. For now, if both of those languages fail to be an
ω-code, we cannot deduce anything. Nevertheless, it would be surprising that
another (more complicated) language were an ω-code and not one of them. We
have to pursue the study.
Notice that Corollary 1 gives a sufficient condition to check that the languages
Πle f t or Πright have no chance to provide an ω-code.



At last, we give two examples with two families. Our method doesn’t hold in
this case but one can easily imagine its generalization. Indeed, everything we
did for a particular family holds, except the chance to reach an ω-code without
taking into account the other families. Thus, a combination of conditions of each
family is needed, otherwise, there is no possibility to find ω-codes.

Examples The language L = a + a3b + ba2. L admits two families and finally, Lω

is ω-generated by an ω-code. The language L = a2 + a3 + b + ba has two families
as well but no ω-generator ω-code for its ω-power.

4 Conclusion

In this work, we introduced the concept of family to understand how ambiguity
andω-ambiguity grow. Indeed, the ambiguities, if they exist, are minimal when
the family is unique. Afterwards, we showed that every family provides two
sets of incompatible prefixes. Mixing prefixes issued from both sets in the same
ω-generator prevents it from being an ω-code. So, the least we have to do to ob-
tain ω-codes is to remove all the prefixes from one of each pair of incompatible
sets. Already in [7], the method consisted in removing a set of easily identified
prefixes. But the structure of their set was limited yet. A lot of questions remain
to deepen this study. On the one hand, we are interested in the generalization
to several families. On the other hand, a challenge is to establish a link between
the existence of ω-generators codes and the necessity for acceptable candidates
to be ω-codes themselves. In addition, some convictions are reinforced by our
experimentation. Hence, among the ω-generators of a finitely ω-generated lan-
guage, it seems impossible to find at the same time a code non ω-code and an
ω-code, a finite ω-code and an infinite one.
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Annex

L = 0 + 1 + 2 ... F Πle f t Root(Π̃le f t) ω-code?

= Root(χ(Lω)) Πright Root(Π̃right) ω-code?

RPre fF = 0(0 + 1)∗ 0 + 2 + 12 yes
a2 + a3 + b

LPre fF = 1(0 + 1)∗ 1 + 2 + 02 + 002 yes

02k≃̇ 1k0 0 + 1∗2 yes
a + ab + ba

02ω≃̇ 1ω 1 + 2 + 02∗(0 + 1) no

02k = (10)k0 0 + 2 + (10)∗(11 + 12 + 2) yes
a + ab + ba2

02ω≃̇ (10)ω 1 + 2 + 02∗(0 + 1) no

0 + 1 + 20∗(1 + 2)
a2 + ba + b 10ω≃̇ 20ω

0 + 2 + 10∗(1 + 2)
no (never)

0 + 2 + 3 + 1(0 + 1 + 2)
a + ab + bc + c 02≃̇ 13

1 + 2 + 3 + 0(0 + 1 + 3)
no (never)

Table 1. Some representative examples


