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RESUME :

Ces travaux présentent une méthode pour I'extraction desigbasée sur les moments conditionnels d’ordre deux de la
sortie d’un filtre. L'estimateur du filtre est dérivé d’'untérie de vraisemblance approximatif conditionné sur uncetgiur de
présence de la source d’intérét. Le moment conditionneliestfonction de contraste sous les conditions suivantesesl)
moments croisés entre le signal source d'intérét et legsastgnaux sources sont nuls 2) le moment conditionnel deuics
d’intérét majore les moments conditionnels des autres auargmns linéaires. Dans le cas de 2 sources, 2 observatiGosis
la condition qu’ils n’existent pas de moment d’ordre deusigges entre notre source d'intérét et les autres sourngseut
établir les bornes théoriques d’estimation. En outre, cesds théoriques et les bornes empiriques coincident. ilregations
montrent que notre estimateur est robuste par rapport dugawssien additif et que les erreurs induites par des appations
de l'indicateur de présence sont semblables aux erreungt@sdpar du bruit gaussien. La robustesse par rapport d@uebdes
approximations de 'indicateur garantissent une appiiitalétendue.

MOTS CLES:
Extraction de sources, estimation, fonctions de contsastaisemblance conditionelle

ABSTRACT.

This work presents a method for signal extraction based oditional second-order moments of the output of the extvact
filter. The estimator of the filter is derived from an approatemaximum likelihood criterion conditioned on a presendéeator
of the source of interest. The conditional moment is showhea@ contrast function under the conditions that (1) all £ros
moments of the same order between the source signal of shemd the other source signals are null and (2) that the sairc
interest has the largest conditional moment among all ssuif€or the two-source two-observation case, this allovis derive
the theoretical recovery bounds of the contrast when thditional cross-moment does not vanish. A comparison witpigoal
results confirms these bounds. Simulations show that tivaatsi is quite robust to additive Gaussian distributedseaoiAlso
through simulations, we show that the error level induce@ lsgugh approximation of the presence indicator shows agtro
similarity with that of additive noise. The robustness,tbuafith respect to noise and to inaccuracies in the prior mfttion
about the source presence, guarantees a wide applicabittig proposed method.

KEY WORDS:
source extraction, estimation, contrast function, cood#l likelihood
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Source Extraction by Maximizing the Variance in
the Conditional Distribution Talls

Ronald Phlypo*,Student Member, IEEBR/icente ZarzosoMember, IEEEand Ignace Lemahieigenior Member,
IEEE

Abstract—This work presents a method for signal extraction Component Analysis (ICA) [2], [3]. The algorithms for ICA
based on conditional second-order moments of the output of are based on the optimisation of a cost function, or contrast
the extraction filter. The estimator of the filter is derived from 4t jmposes a measure for independence on the outputs of the
an approximate maximum likelihood criterion conditioned on .. t It has b h that th timisati f
a presence indicator of the source of interest. The conditional unmixing system. as been s ovyn at the optimisation o
moment is shown to be a contrast function under the conditions @ny & such measure based on the independence of the outputs
that (1) all cross-moments of the same order between the sowc is sufficient to solve the separation of the observatiors time
signal of interest and the other source signals are null and (2) tha jndependent sources, up to the inherent ambiguities oihggal
the source of interest has the largest conditional moment among source permutation (order) and phase [4].

all sources. For the two-source two-observation case, this allev Si th biquiti f . th
us to derive the theoretical recovery bounds of the contrast hen Ince these ambiguities are wavelorm preserving, they are

the conditional cross-moment does not vanish. A comparison with generally of no detrimental effect on the separation and
empirical results confirms these bounds. Simulations show that hence admissible. However, one might imagine some préctica
the estimator is quite robust to additive Gaussian distributed sjtuation where only a single source or a well-defined subiset
noise. Also through simulations, we show that the error level yhq goyrces is of interest and thus the permutation amigiguit
induced by a rough approximation of the presence indicator . .

shows a strong similarity with that of additive noise. The MO Ionge'r accepted. A straightforward solution would beekias.
robustness, both with respect to noise and to inaccuracies in On a divide-and-conquer strategy, where the sources ate firs

the prior information about the source presence, guarantees a separated, followed by a selection procedure. However, the

wide applicability of the proposed method. total separation would present a non-negligible componati
Index Terms—Source Extraction, Estimation, Contrast Func- Overload, especially when large datasets are considered.
tions, Conditional Likelihood. An alternative to the joint separation and a posteriori

selection can be found in the BSS algorithms based on a
source-by-source extraction [5], [6]. This iterative agpgrh
to source separation estimates one of the sources at each
Lind source separation (BSS) aims to recover sourg@ration. The estimation is followed by a subtraction of th
signals when only a mixture of them is observed on @stimate’s space from the initial space, as such reducieg th
sensor array. Recovering the sources means that we havgjtfension of the observation space by one. This method is
inverse an estimate of the mixing system, or, more generalso known as deflation [5]. It can be shown that the objective
estimate an unmixing system, since the mixing system canf@hctions that are valuable for single source extractioneha
alwayS be inverted (aS is the case in Uﬂder-determinedmysteto be (|mp||C|t|y) related to the negentropy of the outpu} [7
but these will not be treated in this paper). An applicationheoretically, the extraction order of the sources can helfix
of this unmixing system to the observations then yields &j4sed upon their stochastic properties [8], allowing fag th
Output that is an estimate of the source Signal. The ternd bliPnore informative sources (h|gher negentropy) to be exdrhct
points out that neither the sources nor the mixing system &&t. Nevertheless, this does not improve the major drakbac
explicitly accessible and as such it is impossible to usegf deflation based algorithms, namely the propagation of the
distance measure between the sources and the output ford@mation error [5]. And thus, this might be insufficient in
separation as is the case, e.g., in the Wiener filter [1]. ~ some applications, because the specific source of intesest i
In the past two decades, the topic of blind separation hast necessarily the most informative one, appearing orb la

received growing interest. Specially since the introdartdf jn the deflation process and accumulating the errors made in
the quite natural model of independent sources, which seefRg previous iterations.
to be an appropriate model for communications and biomed-it is clear from the above that we can not resolve the
ical signal qnalyss, to give a f(_?W examples. The.a|90“mmbermutation ambiguity without adding some discriminating
and theoretic development of blind source separation uheer jnformation - other than negentropy - about the source of
aforementioned model is now widely known as Independeferest into the source extraction objective functionwideer,
_ , the prior information used to discriminate our source of
R. Phlypo and I. Lemahieu are with MEDISIP/IBBT, UGent - Hey-. £ h h hould be k .
mans Institute Block B, 185 De Pintelaan, 9000 Ghent, Belgifrmail: !ntereSt rom the other sources, shou ; e kept t.O a m'n'_mum
{ronal d. phl ypo,i gnace. | emahi eu}@gent . be if we want to keep the source extraction maximally blind.
o _ _ This is the aim of the class of constrained ICA (cICA)
V. Zarzoso is with UNSA/CNRS, Les Algorithmes - Euclide B, BIR1, | ith 9] [101. Th ICA h .
2000 Route des Lucioles, 06903 Sophia Antipolis Cedex, derai-mail: algorithms [ 1, [10]. ec aPproac puts a Cons_tra'nt
zarzoso@ 3s. unice. fr on the solution space of the maximum negentropy objective

I. INTRODUCTION
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function, by introducing a penalising term, generally lshseconstants be given as uppercase lightface charadigrsti{e
on a maximally admissible distance measure between thet of real numbers aR and sets by calligraphic uppercase
output and a reference signal. In contrast to the soluticharacters, whose cardinal number #4/). A set of K
obtained by minimising the squared error between the filtezalisations from the random vectar (a population) is then
output and the reference signal (the basis to the Wierdgfined ad/ = {ulk] ] u~ py,k=1,2...K} and will be
filter [1]), the solution to cICA is (at least theoreticallppt referred to by the short-hand notati¢n} -, although we will
the output that has a minimum distance to the reference, lmoimmonly make misuse of the notation and digpas well
rather the solution that has maximal negentropy among ths the accolades.
admissible solutions (under the constraint). A closelytes Furthermore, the mathematical expectation of a funcfion
algorithm is BSS with a reference (BSSR) [11], based on theth respect tax defined asf p, (x) f(x)dx will be denoted by
higher order dependencies between the output signal andtff(u)}. When conditional on a function of v it is defined
reference. The proposed algorithm differs with the Wienas [ p,(x|g(v))f(x) dx and will be denoted byE,{f(u)}.
filter mainly in the distance measure that is used. Becaudaly if the functiong would not be clear from the context,
higher order moments are considered, BSSR offers a better will denote the conditional expectation iy, ,{f(u)}.
performance when the reference signal has relatively faw ndrinally, the transpose of a vectaris written asu? .
zero values [11]. Closely related are the Quadratic Higher
Qrder .Criteria (QHOC) [_12], [13],. although thg referenc%_ Signal Model
signal is no longer held fixed, but instead iteratively dediv ) o
from an initial random filtering of the observations. Thiskea N this work, we use the generative linear model, where
the method less suitable for the purpose of single sour@@ M-dimensional random vectoy can be linked to the
extraction, where only a single source of interest is egega Underlying N-dimensional random source vecto(generally
although we will find that it is closely related to the BSSRY = V), through the instantaneous linear relation
method, once the reference is held fixed. y = As | 1)

In this paper we make use of the conditional moments
of the filter output, rather than using an explicit referenc&hich for a limited population can be expressedyas] =
signal. Although this approach to the problem differs frons[k],Vk =1... K. We assume that all random variables are
that of reference based filtering, we are able to show thEgro-mean, without loss of generality.
for certain well defined cases, the above algorithms of cICA,
BSSR, QHOC and Wiener filtering can be related to the theory 1. METHODS
presented herein. _ _ _ A. Contrast Functions

The paper begins with an introduction on the signal model . L .
and the notational conventions in Section Il. We then previd The goal of blind source separation is to estimate the set

the theoretical aspects of the framework and present tﬁse]“K in the model of Eq. (1) when only having access to

MaxViT method in Section Ill. Section IV places the presehtea I|m|te_d set of observationgy} . Blind means thafc one
s neither access to the source vestonor to the mixing

method in perspective with respect to some competing modg A Si | lati | i
and algorithms found in literature and we show that unddjatrix A. Since only a population samply}x of y is

certain conditions, some explicit or implicit relationsnche acceSS|bI.e, we neeq a measure to evaluate' the accuracy of
shown between these alternative methods and the preser‘i dpOSSIbIe estlmatlon_s @ without refer_encmg tO{S}.K )
method. Because of their similarities, these algorithmd a we Suppose tjbat es_t|mates efare restricted to a I|n_e ar
models will be used in comparison studies in Section V aftglan§format|onH Tapplled gny then v;e haye the followlng

the performance bounds and some properties/charameris'ﬁalat"_ms:X = H'y = H'As = G's. Blind separguon

of our method are examined. This will be followed by a?f y into the sources can now be done by calculating an

discussion in Section VI to conclude with a summary iﬁlpproprlate measure of. If we choose this measure to be
Section VII. independence (or any approximation thereof), this leadsdo

contrast functions for ICA [3]. These contrasts can be seen
as an extension to the instantaneous linear (generativegimo
of the objective functions for minimum entropy deconvabuti

A. Notational Conventions introduced in [14]. It states that for the linear model of Ep,

(x) fulfilling the properties

II. SIGNAL MODEL AND NOTATION

Scalar variables, column vectors and matrices are respBBY function®rc.
tively given by lowercase lightfaceu), lowercase boldface (P1) Invariance
(u) and uppercase boldfac¥] characters. Consistency of the B = AP" = U;ca(x) = Ur0a(B"x) ,
notations then requires thith entry ofu to be denoted by (P2 Domination
u;. The probability density function (p.d.f.) associated he t Wrca(s) > ¥roa(B's), VB and
random variable: will be denoted byp, and the association (P3) Discrimination
is denoted as: ~ p,. Realizations of random variables or Urca(s) = Uroa(B's) & G = AIT" |
vectors are respectively given as scalars or vectors with @nandII respectively a diagonal scaling matrix and a permu-
(arbitrary) indexing to identify the samples, e.gl[k] stands tation matrix) is a contrast function for ICA and can be used
for a sample ofu, referenced to by the indek. Also, let to solve the separation problem through its maximisation. |
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other wordsx = [arg maxg V704 (H”y)] Ty is an estimation likelihood becomes
of the source vector. Since the model is based on independent
sources, it is easy to verify that permutation and scalireg af (H|¥) = /pzj (u)log ps, (u)du + / px(u)log ps(u)du ,

indeed the inherent indeterminacies of the model. R RN

The same strategy also applies for source extraction, where ) _ @)
only a single source, say, is of interest. The above propertieé’\’herex 1S defme_d a_nalogously_as ) )
then translate into: With the (Iog—)llkellhpod function defined as in Eq. (@)sj .

, . andpz have to be available (e.g., through a parametrisation).
(P1) Invariance . . ] X

However, since we are only interestedsiy) we can consider
A€ R\{0} = W(z;) = W(\z;) |

the latter as a nuisance parameter and marginalise our log-

(P2) Domination likelihood overps, yielding

U(s;) > ¥(bTs),vb and

(P3") Discrimination ) -
e e, £y v) = [ b, @bogp,de . @)

R
where A; is the j-th column of a diagonal scaling matrix.

It should be clear that the permutation ambiguity, althoud;however’ we still neeg;, which is rare_ly. available. To_cw—l
inherent to the separation problem, does no longer exists w umve_nt fthls_drawback, _vv_e_opt_for a minimal parametrisation
the above definition of contrast functions for source exioac of a distributionp,, by dividing its support se& (generally
once j has been fixed. This is in contrast with previould) N0 two half spaceds = {u|lul > C} andB = §\B and
definitions of contrast functions for source extractione(séje]clne the probabilities

e.g. [7], [15], [13]), where the contrast functions have rbee B) = /p (u)du

defined keeping in mind the consecutive extraction of saurce 5 g 7 ’

for solving the complete separation problem. It is cleat tha —

the latter case, the order in which the sources are extrasted Py, (B) = /Ep%' (w)du =1~ Py, (B) .

of no importance (cf. the permutation ambiguity in the abo\LFhis is also defined as a Bernoulli distribution associated t

definition of contrast functions for ICA). . i
L Lo . .our variables; for the eventss; € 5 ands; ¢ B and brings
Fixing j also means that some marginal information is

required to distinguishs; from s;,Vi # j. In this work Us to
we propose to use a presence indicator, showing whether orL(h; |y) = P,,(8B)log P, (B) + P, (B)log Ps,(B) .

not the samples;[k] has been drawn from the tails of its i ﬂ] ith th
distribution . We are still left with the parameteP;, (3). To overcome

this, we can define the conditional marginal likelihood fiimc

B. From Maximum Likelihood to a Presence Indicator L(hj|y.I.,) = P (Blzs;)log Py (BLISJ-) i
Consider the model of Eq. (1). Having perfect knowledge +Pu,(B| L) log Py, (B| ;)
of the observations (i.e. the distribution functipy is known, “4)

or can be estimated from the sampjes the expected obser-

; = ) i where we denoted b¥, the event|s;| > C (i.e. s; € B),
vation log-likelihood ofA (ands) is defined as I 1331 (ie. s; )

which is a presence indicator fey with respect to a threshold
_ C and whereP, (B |Z,,) = 1 and P, (B | Z,;) = 0.
LA]y) = / py(u)logpy(u| A, s)du It is clear that this conditional likelihood heavily pereds
estimates: = h”'y, which are not conditionally distributed as
— /IAHI;DX(U) log |Am|px(u | A, s)du the sources, or for whict®, (B | Is_j_) > 0. If we denote by
g Cu = {k||u[k]| > C} a set of conditional sample indexes, we
R have that the likelihood for a population samgdte} of
N loe |A 1 strongly penalises the conditiah,\C, # ()
= |Anf log|An[+ /px(u) ogps(u) In the sequel, let us define = z; or {z;}x andh = h;
RN as well asC(x) = L(h; | y,Z,,) for notational convenience.
_ /p (u) log ps (1) Let us now verify whethei’(z) can be used as a contrast
* ° ’ function for the extraction of; from a mixturey by exam-
ining if it fulfils the properties P1)-(P3).
wherex = H'y = H" As is the filter outputAn = det H (p1) By replacing the conditioru| > C by [u| > C,, with
and we assumed the identitigslet A| = [detH| = 1. C, = Co, in the above definitionssf being the second
Remark that these identities can always be fulfilled, e.g. by  order moment ofy), £(z) meets propertyR1).
putting H « [Ap|"/VH and x « |An|"/Vx. Let us (p2) Itis easy to see thaf(s;) = 0, and since we havé(z) &
furthermore defineH” = A~!, the maximum likelihood {0, —c}, property P2) is fulfilled for £(x).
solution is then given &bl = arg max £(H |y)- (P3) The discrimination property requires that(z) = 0 if
If we furthermore assume that; is independently dis- andonly if z = Xs;, with A € R\{0} a scaling factor.
tributed with respect t&8 = [s1...s;-1,8;4+1...sn], the This condition should be investigated in more detail, and

RN

RN
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we content ourselves by proving thafz) fulfils this in the maximum likelihood sense. Introducing the shorthand

property for a specific source model. notations®y = E, {uu’} and®, = E{uu’}, we can write
Proposition 1: £(x) is a contrast for the source model 3%  hTd%h
where s; is independently distributed with respect o= U(r) = —— = 72— . (8)
- ; $, hTdyh
[$1...8j-1,8;+1...sn]" and this for anyC' > 0.
For a proof, we refer the reader to the appendix. This is a generalised Rayleigh quotient, and its maxinosati

Now we know that£(z) is a contrast under the abovehas as an algebraic solution; see e.g., [16, Sec. 8.7.1].
condition, §; can be found by maximising the conditional The maximisation of Eq. (8) can be done through the eigen-
marginal likelihood from Eq. (4). Becausg is a singular value decomposition ob,'®y’ (wheneverd, is invertible)
point and £(z) € {0, —oc}, the maximisation of£(z) is @and choosing the major eigenvector/eigenvalue paix for
equivalent to an exhaustive search ofér= {h} and thus which

NP hard. 1Py q=Aq . 9)
A is the maximum function value angl is the estimate oh
C. Relaxation of the Binary Likelihood Function from which we obtainz = §; = h'y.

To assure the optimisation of the above likelihood func- We have already seen that the log-likelihood as defined in
tion is no longerN P hard, we can replace the conditionaFd- (4) is a contrast function for a soureg independently
probability density function in Eq. (4) by a smooth functiondistributed with respect te,, i # j. However, sincel(z) in
Since in the above conditional log-likelihood, the protigpi Ed- (8) is an approximation thereof, we need to investigate
Pm(E|Isj) was heavily penalised by the terg st(g|_'[sj) under w_hat conditions the above gpproximate likelihood may
in comparison withP, (B | Z,,) whose penalising term is P& considered as a contrast function.
log Py, (B|Z,,). Any approximation of the conditional proba- Proposition 2:

bility should thus share this penalisation, which is eglert B _
to U(x) = subject tox = h'y (10)
7 d
P, (B|Z,,) @
P (BlT.) (BT, —0 (®) is a contrast for the extraction of; under the following
_ L N sufficient conditions?i # j:
Let us consider a candidate conditional probability (C1) Efs;s,) =0 ;
oty — )
Bu? /o2 . (C2) ES{S '87',} =0 X
_J Cie J if x| <D i 15)
ps; (u] Ty, ) —{ o otr‘1 e|rwis o o O (C3) E,{s7}/E{s3} > B, {s7}/E{s}} .

o _ o For the proof, we refer the reader to the appendix.
where the proportionality constadt, is the appropriate inte- Remark that the statistical independences pfwith respect
gration constant andl; guarantees the invariance with respeg s js no longer a necessary condition, and that this condition

to scaling PT). has been relaxed to second-order independence (deciomglat
The above conditional p.d.f. is not necessarily restrtivgnjy.

because in a practical situation we can always find'a
sufficiently large such thats, (|s;| > D’) ~ 0, Vi. Moreover,
the definition of Eq. (6) always allows us to choose such

a D' together with a value folC' such that the condition While the starting point of our method is quite different
in Eq. (5) is met. For the generative model, we have= than those of the methods that will be discussed below, inerta

gTs and thus by takingmax; |g;| < oo it follows that F:or)nections yviFh some methods in literature can be made. We

pel(lz] > ND'max;|gi|) ~ 0, thus allowing for any value insist on clarifying the coherences between those mgthmds a

D > ND' max; |g;]. the proposed Max\ﬁT method .before the presentation of the
With the above conditional p.d.f. from Eq. (6), the condif€sults as to motivate our choice of algorithms used in later

tional marginalised log-likelihood of the estimatecan be COmparisons.
written as

L) = [ palu] Z) (9002, +logCr)

IV. CONNECTION TOOTHER METHODS

A. ICA

In most practical cases, the mutual independence of the
_ 2/ 2 sources is an acceptable prior, which makes ICA one of the
= logCh +6/pm(u]15j)u fos, du () most popular source separation algorithms nowadays [17],
This functional has some attractive algebraic propertiesye [18], [19], [3]. We prove next that the independence of the
will see next. sources is a sufficient condition to be recovered by the appro
imate maximum likelihood estimator of MaxViT, under the
assumption that the conditional covariance can be cakuljlat
i.e., the seC;, should be available.

The maximisation of £(z) in Eq. (7) is equivalent Since the independence of the entries already assures that
to the maximisation of U(x) = E, {z*/E{z*}} = (C1)and C2) are met, we are left to show the plausibility
E,, {«*}/E{2?}, where we us&{2”} as an estimator for  of (C3) under the independence assumption. Independence

D. A Contrast with an Algebraic Optimum
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means thap(u|s;) = p(u),Vu # f(s]-), where f(-) can be the BSSR cost function accepts the closed-form solution
any function. We thus havé, {s?} = E{s?},Vi # j and q = E{yr}; this is the optimal Wiener filter associated
]Eéj{s } > E{s?}, where the Iast inequality is proven in thewlth reference signal if the observationsy are spatially
appendix. In addition, the results obtained |n the appendixhite (E{yy”’} = I,,). At orderp = 1, the cost function

allow us to alter the condition in Eq. (5) g%ps7 )g(u)du — can also be solved algebraicalfjt3]; indeed, h is then
0, which is a condition on the functiog(u) = Iogﬁsj (u]ISj), given by the dominant eigenvector of the reference-weighed
but now in relation top;, (u). covariance matriXE{yy”?r?}. The BSSR method (and thus
' also QHOC) at orde2p = 2 (respectively any pair ordeR)
B. Reference-based Filtering seems equivalent to the MaxViT method when using a binary

When a reference signal is available for the extraction &fference signal
a source, one can use extraction filters such as obtained, sign(s; [k]) if ;]| >C
amongst others, via the optimal Wiener filter estimate [1] or rlk] = { 0 otherwise J (14)
via Blind Source Separation with a Reference (BSSR) [11].
In this section we show that by choosing the right referen
for the Wiener filter or the BSSR method, we obtain the sal %f

result as with the approximate maximum likelihood estimat ich rgnders MaxViT Iesg su.sceptlble to the performance
of MaxViT under certain conditions. ounds imposed by a prewhitening stage [20]. It should a¢so b

Consider first the Wiener filtehyy = E{yy”} ' E{yr} note_d that the B_SSR meth_od has been proposed with a spegific
application in mind, and little research has been done on its
convergence and robustness, whereas the QHOC restriegted th
references to be a linear combination of the observatians. |
this paper, we make grateful use of the coherence between

d under the condition of a spatially white observatiortamec
or BSSR. The latter is not explicitly required by MaxViT

wherer is the reference signal. Taking as a reference s;,
we havehy, = @, 'E{ys;} and the variance of the output
zw =hly is

O, = E{s;y"}o,'E{ys;} these methods to show that they are near optimal in the sense
= E{s;sT}AT(A®,AT) ' AE{ss;} that they are derived from a quasi-likelihood. A_dditioy_all
— B0, (11) we will show the robustness with respect to arbitrary binary
- % s 70 references, which we prefer to address as a conditional indi
where the last equality follows from CQ), from cator function, as such providing as a byproduct a study of
which follows that [®;'];; = (det®s) '(det®s) = the robustness of the BSSR method for the aforementioned
(det @g)—l[és};jl(det Oz) = [fI)S]j_jl = E{s3}~'. The specific case. Remark that, whenever we will refer to BSSR
conditional variance is analogously given by in the sequel, we refer to the iterative version of [11].
o3, = E{s;}°[(®5) )5 12) V. RESULTS
where [(®27)7];; = [(q):j)]j—jl = Esj{é’?}_l if (C2) is A. Estimation Bounds of MaxViT
fulfilled. In this section we establish the error bounds on the estima-

The value of the solution to the Wiener filter in the contrasion of s; in the modelz = h” As = g”s. This error can be
function can be given by combining Egs (11) and (12) an@ieasured through the interference to signal ratio (ISRhddfi

putting them into Eq. (8), yielding as SR
) ) i 19i
Y. D, DL ISR= =71 " (15)
_ xT _ SJ < < SJ _ 1 . 2 k)
\II(:EW) (I)IW (bi“; = 1 = (I)sj ) (13) (n )|g]|

_ - _ . _ which is a measure for the average interference, and takes
with equalities if and only if®;, = @, or Ps;(B) = 0. the value zero if and only if the extraction filter is theth
Unfortunately, we then no longer have the dominance of thk@nonical vector.

sources; in the contrast function since all sources now satisfy The filter g is the product of the dominant generalised

DI/, = 1. ~ eigenvectorh associated tAA®¢’ AT /A® AT and A. Here,
For the BSSR method we have the more general objectiy@ only consider the bias in the estimatehods a consequence
function (defined for real variables): of the non-vanishing conditional covariance betweerand
) T \2p.2p - si,i # j. The ISR as a function of this covariance can be
¢pssr(h) = *E{(h y)Frt — (h h—1), calculated fors € R? as:
wherer is the reference signal arb the order. This may be R(o.8) — V02 4 [p? =0 620 1+ (pl/0)* =1 16
seen as a special case of the QHOC [12], [13], where we ha\}g pr0) = /52 + [p|2 + 6 1+ (10/0)2 (pl/0)2+1 "’ (16)
(in the real case)
(R) T 2 R—2 T where
h” Cu ““}h, subject toh” ®,h =1
doioc(h) =h' Cumfy*r"}h, subj yh=1, o = (on-a3)/ (17)
although the reference is held fixed and is no longer itezbtiv '
9 ger itezh p = B {s;s:} . (18)

updated. An iterative fixed-point algorithm was proposed
in [11] to optimize this function. Nevertheless, algebraic The calculations for the value of ISR are given in appen-
solutions exist at orders = 1/2 andp = 2. At p = 1/2 dices C and D and the relation betwdgtys and the theoreti-
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The above Eq. (16) is a compact expression for the case

15 7 s € R?, but fors € R",n > 2 the calculations become more
-20¢ ] cumbersome. For = 3 we turn to simulations on a synthetic
o8 dataset, for which we give the results below.

@

S .

2 B. Performance Comparison
“ To compare the performance of our algorithm with respect
4% ] to the related algorithms discussed in Section IV, a dataset
505 e " has been created based on realisations of a source weg¢tor

pld R?, for which we haveK = 1000 realizations. The entries

in {s}19s are samples from an i.i.d. unit-variance, zero-mean
Laplacian distribution. The so-obtained source signadgtaen
transformed through a unitary matriX to the observation
spacey = As. Without further specifications, we have set

cal ISR value is given in Fig. 1. We can give an impression f = 1 t0 determine the conditional probabilities.

the accuracy of this theoretical measure by comparing hwit 1h€ algorithms of the Wiener filter and our MaxViT al-

the obtained ISR as obtained through the relation of Eq. (1§Prithm both have a closed form solution, whilst the ICA
We did this for 1000 Monte Carlo realisations of 2 i.i.d@!gorithm (COM2 [3], without pre-whitening, since we have
(respectively Laplacian, Gaussian and uniformly distéo) @ unitary mixture) and the BSSR algorithm (taken at higher
unit variance, zero-mean source signalgf= 1000 samples Order 2p = 4 for the evident reason of avoiding similarity

each observed through an orthonormal mixing mafixWith with our MaxViT contrast, see section 1V-B) are iterativénel

this simulations, we obtained a maximum absolute error 5OM2 algorithm has been run over the classicak- /n]
9.4410~16 confirming the accuracy of Eq. (16). sweeps over all the signal pairs, which guarantees (althoug
From both Eq. (16) and Fig. 1, we see that §; ~ s; if heuristically) its convergence. The BSSR algorithm haseeit

|p] <« ¢ and a good estimation of the souregis guaranteed been run until convergence or over iter_ations, whatev_er has
even if |p| tends tos (we still have a theoretical -10dB if been reached flrst. Since COM_2 provides a separation rather
|p| = 5), which is a reasonable assumption in many practicﬁ]a” an extractlpn, we only retained the putputhat had the
situations. It can be seen that the smaller the discrinminati  Nighest correlation with,, the source of interest.

the conditional variance becomes i@3), the more stringent Both BSSR and the Wiener filter can be used with different

the condition C2) on || becomes (and thus automatically als&€ference signals. To restrict the wide scope of possésliwe
(C1)). Under the conditior{p| = 0, we have already shown retain only those references that have a close resembldtice w

that Eq. (10) is a contrast for the separationsgffrom a the c_onditional used for MaxViT, i.e., throug_h the indicato
mixture in Section I1I-D and, indeed, we obtain ISR from functionZ, «([k]) = 1 < k € C,,. The so obtained reference

Fig. 1. The theoretical bounds for the value of ISR as a fonctf the
conditional covariance and the conditional variance dominatiéon

Eq. (16), no matter the value of signalr is then defined as
Table | gives the mean fraction f|/0 for three different R (k] if s;[k]] > C 19
distributions (Uniform, Laplacian and Normal) and for diff rlk] = 0 otherwise ’ (19)

ent values ofC. Note that the number of sample indexes in — . . ) .
the setC,. differs according to the chosen distribution, an Derivations of this referenpe function definedbas sign(r)
consequently has a considerable influence on the variance;0f. alsp Eq. (14)) .qb.l = [sign(r)| are alsp used, where we
the statisticsl, {f(x)} = S e f(x[k])/#C,,. Therefore, define sigri0) =0. Similar reference f_unctlons have also been
we decided to’ ﬁseK sam Ieesfjon a basisjtﬁ( where proposed, e.g., in [21], [10]. All experiments are evaldateer
ples ¢ b 1000 Monte Carlo realisations ¢&}19s and A.

i]rf d:xé{;{r%anf?gr: vl: ﬁiéE])E T?}?S)rinigsetsﬁfmr;gbg r;):] Z?r:]ngslf In Table II, we show the mean ISR value as defined in
equal numl;er, independeth of the distribution used. The ISK.. (15). The ISR is a measure that quantitatively meastiees t

: . ~ “estimation of the filteh, through an evaluation ¢f = A”h.
or the fractionip| /0 can now directly be compared for a glVenContrary to measures such as Pearson’s correlation ceeffici

EKp. it is an asymptotic evaluation of the interference to sigatb,
TABLE | and does not make any assumption on the distribution of the
THE FRACTION || /8 FOR DIFFERENT DISTRIBUTIONS AND DIFFERENT  error. Table Il is organised in such a way, that, reading it
VALUES FOR ¢ BASED ON UNIT VARIANCE, ZERG MEAN 1.1.D. from left to right, the information content in the reference
REALISATIONS AND A BASIS OFKb =10 SAMPLES(SEE TEXT). THE . .
VALUES ARE GIVEN AS MEAN 4 STANDARD DEVIATION. signal decreases. The values between brackets are obtained
after a rotation of the i.i.d. vectog by a unitary matrix.
Uniform Normal Laplace This results in decorrelated entries efthat are no longer
c=1 0.124+0.09  0.09+0.07 0.0740.06 guaranteed independent.
c=+2 0.1240.10 0.0940.07 0.07+0.06 L : , ,
= \/§ N/AL 0.1040.06  0.09+0.06 For ¢ = /3, we haveusj (B) = 0 and our method is not applicable

(N/A).
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TABLE I
ISR AS A MEASURE FOR THE ASYMPTOTIC ACCURACY OF THE SOURCE ° o~ MaxViT
ESTIMATE FROM A SYNTHETIC DATASET OF3 I.1.D. LAPLACIAN SOURCES -5 -9~ MaxViT(c = V3)
OF K = 103 SAMPLES FOR DIFFERENT ALGORITHMS AND DIFFERENT " —— Wiener (b)
INFORMATION FEEDS VALUES BETWEEN BRACKETS ARE OBTAINED FROM - +-Wiener (r)
DECORRELATED SOURCES WHICH ARE NOT INDEPENDENT _15 v COM2
g % BSSR ()
r b || no ref. =N -x-BSSR (r)

MaxViT(1) . . -36.01 : 25

Ko s
KX 3 ¢ 5% 3 X X=X =% % % X X

. (-28.62) . i
MaxViT(v/3) : : -34.19 : RS NG
: (-28.58) : DA S ‘
Wiener -36.61 -35.80  17.31 ¢ IR 20
(-29.37) (-28.91) (17.08) ’
BSSR?=2 -26.13 -31.91 -31.91 . Fig. 2. The source interference ISR (dB) as a function of igead to noise
(-25.37) (-29.30) (-29.30) . ratio SNR (dB). The noise is normally distributed additivéseo(see text for
COM2 -33.80 details). The method is compared with a classical ICA methoel, BESR
’ ( o4 '26) solution and the solution by a Wiener filter.
o —o—MaxViT

- ¢ -MaxViT(c = v/3)

—— Wiener (b)

-5

C. Influence of Additive Noise

-10r - » - Wiener (r)

We start from the same observations and source signals

—15- v COM2
as defined above. To discard the influence of the parameter ) " ~»-BSSR (b)
quotient|p|/d on the ISR - see Eq. (16) - we assure that we =72 -x-BSSR ()
havep(|s;| > coy, | |s;| > Cos,) = p(|s;| > Coy, | |si] > - 25
Cos,) = 0,Yi # j by permuting the samples ofs;}x s

appropriately. To test the performance of the algorithmeund
noisy conditions, centred Gaussian noise N (0, 0213) has

been added to the observatiopsSince the observations are 0 5 10 15 20
standardized and the noise is isotropic, the signal to naise

. . f —2
(SNR) can be expressed with the simple relation SNR, ™. Fig. 3. The ’correlation’l — j(z,s1) (dB) as a function of the signal to

The model readyy = As + 7 and the estimate 0f; iS noise ratio SNR (dB). The noise is normally distributed zewean additive
T = gTS + ng. isotropic noise (see text for details). The method is compasidda classical

. ICA method, the BSSR solution and the solution by a Wienerrfilte
The influence of the SNR on the performance parameter Y

ISR is shown In Fig. 2. Since in the case of additive noise, an
accurate estimate of the filter does not guarantee an aecu
estimate of the source, we also give the valuelof |j|,

E%tnditionally on their indexk, which gives us a sample-

. X based conditionap(u[k] | k € Cs,). In what follows we

A 211/2 211/2 X J N i

\_’rvr']t.h ,g.the sample gsum;te (E{xsrl]}/(E{x 1 I.E{Sl}d r)] experimentally analyse the robustness of the algorithnim wit
is direct comparison between the source estimaied the o< o0 15 5 mismatch of the conditional et.

sources; can be found in Fig. 3. The comparison of MaxV|T_ As above, we havek — 1000 realisations of three ii.d.

has been carried out with respect to the algorithms used findardised Laplacian sourcesbserved through the obser-
Table Il, however, making a selection of reference sign?

a\l?i’[ionSy through a unitary mixtureé\. The samples of,; have
which we judged most useful for comparison. This includ . ; o J
the performance of a Wiener filter and the BSSR method wi een permuted such tha 7 j, C,, (1(U; Cs,) = 0 and thus

, . e sources; can be estimated since we haligs;s;} ~ 0,
ﬁlr;ot:;s;ggﬁdarse;‘serfggg,inalc\i/ldal‘?(gﬁ_erxactly the same amount o s, {sis;} =~ 0 (i.id. variables) and®y’/®, > 1 (see
T | h ; g | dd M vSection V-A). Remark that we artificially lowered the theo-
0 complete the periormance picture, we also a axViLiical ISR estimation bound by permuting the samples and

with €= V3 for comparison. Note that in Fig. 3, the W'enelihus augmenting. Also, define the following sets of sample
solution has all of its performance values out of the rangelus; | .. o<

for plotting ISR\ iener(|b|))e [10, 50]dB).

e K={k|keN,1<k<K}
o Cs, = K\Cs,
D. Robustness with Respect to the Conditional Set o Cnhe =0, Cs,

b Cco j — ; 'Cs- Cs,-
Assume we no longer have(- | |s;| > Co,,) but rather 3= Uiz GG, i
(- | s;| + n > Co,,), wherep is a nuisance parameterThe latter two sets are respectively the neutral and the con-
expressing the uncertainty we have about our initial céomit fICting set with respect (a;. _
As before, let us denote by,, = {k | |s;[k]| > Co,,} the Consider also the following three set operations:
conditional set of sample indexes. We can now suppose that ShrinkagéP;,n):
the samples are no longer independently drawn but rather P, C Py with #(P2) = (1 —n) x #(P1)
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0 Oop 0
R P
=5 wecs shrinkage il =5 shrinkage ‘,' =5p smart shrinkage i

——uwecs neutral gonflation e . —neutral gonflation i ——smart neutral gonflation !

=10 ——wcs conflicting gonflation Pl =10 ——conflicting gonflation -10r —e—smart conflicting gonflation| N
- - -wcs neutral interchange ,:' - - -neutral interchange - - -smart neutral interchange

-15 -« -wcs conflicting interchange ,* : -15¢ -+ -conflicting interchange : -15r - ¢ -smart conflicting interchange

. . 3 v

0 20 40 60 80 100
n (%)

@)

Fig. 4. The effect of a perturbation of the conditional €ef. The effect of the mismatch is measured through the sourcdergece ISR (15) as a function
of the relative number of samplesthat are affected by the set operations. See text for mordsieta

« Gonflation Py, Z,n): prior, using the waveform from Eq. (19), which is generally
Py =P1U Z with #(P2) = (1 +n) x #(P1) not available. In an observation environment contaminated

« InterchangéP;,n): by isotropic Gaussian distributed zero-mean i.i.d. notke,
Gonﬂaﬁon(shrinkagéphn)7g7 lfn) MaxVIT estimator shows to be robust, being competitive with

the methods used in the comparison, with a slight estimation
in percent gain over almost the whole SNR range used in the simulations
By appl.ying set operations 16, , we obtain an estimate (Figs 2, 3). The only competitor that outperforms MaxViT is
. Lo . the Wiener estimate, using the source samples on the sample
of the perturbation of the conditional probabilipy- | |s;| + .
n > Cos.) as has been explained above. The results of tHPsdeX_eS belonging W?J‘) to construct the reference, bUt. as
perturbation study can be found in Fig. 4, where we preserrqemloned above, this goes at a cost of a non-negligible

the results of the above defined set operationsCon The |n}\c/)\;matl|on gzln Ir:]/ thf? pr)rr]lo_lr_. ble Il that th rforman f
set Z is chosen a&,. or C., ; for a neutral, respectively a € alSo Observe 1ro avie at the performance o

conflicting operation with respect t©;,. The influence of the BSSR remains equal, whether a signed or unsigned binary

set perturbation is expressed in terms of the source inggrte r-eftlare.nce is used. This is an immediate consequence of the
ratio ISR (15). limitation of the BSSR algorithm to use even powers in the

reference 4p) [11]. Surprisingly, as can be seen from the same
r'feable II, the BSSR (and we can extrapolate this performance
éa the QHOC method) algorithm does not yield a significant
increase in estimation accuracy with an increase in aJailab
ierz}formation frombd to . This points out that the conditional
relative variance may be seen as a sufficient statistic t@etxt
the sources; from the mixture.

The MaxViT estimator also has been shown to be quite
robust to mismatches with respect to the conditionalCset

where# is the cardinal number of the set ands expressed

If the indices of the samples on which the actions al
performed form a random subset @f, we obtain the results
of Fig. 4(b). Any of the above set operations could be carri
out by a more careful selection of the samplesCof and
of Z that determine the set operations. If we shrink the s
Cs,;, maintaining the largest entries éh, and/or gonflate,,
adding only the smallest entries fro@),. or C., ;, we are
reducing the influence to a minimum, since we keepn

Eq. (16) maximal (while only having relatively small chasge . o
of || for sufficiently low n). Let us call this a smart choice S€€ Fig- 4(b). This distinguishes our method from other work

of the subsets, of which the results are given in Fig. 4(ce TRUCh as [9], [22], [11], where the estimator is reported to

inverse is denoted as the worst case scenario and is giverp' susceptible to mismatches between the used reference and
Fig. 4(a) slk];, especially with respect to its phase. Heuristically, BSSR

has already been shown to be robust to reference mismatches
including time shift and sample omission (i.e., the equnél
VI. Discussion of a shrinkage of the sef,,) [23]. By placing BSSR in
The performance of MaxViT in the noiseless case has showre framework of MaxViT, this can now partly be explained
competitive results with respect to the algorithms usechen tby the robustness of MaxViT to the conditional s, .
comparison Table 1. MaxViT even outperforms the referencehis follows from the supposition that BSSR with a binary
based algorithms BSSR{ = 4) and the limited support reference inherits certain properties of MaxViT, whilsirige
Wiener filter that have access to a larger amount of infoimnati equivalent to MaxViT for2p = 2 and reference signal
(b instead of|b| makes a 1 bit per sample information gain)defined in Section V-B.
We also outperform a completely blind algorithm based on The errors induced by the mismatch between the condi-
higher order statistics (COM2), showing the advantage tibnal setC,, and (fsj added as a prior to the algorithm are
using a probability conditioned on the source of interedy.on comparable to those induced by additional noise as has been
Moreover, the little performance gain that can be obtaingd suggested in Sec. V-D. However, notice that small errorkén t
the Wiener filter is at the expense of a highly informativélter estimate induce a smaller error in the filter outputntha
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the additional noise does. This can be deduced from the facand D, but this should be investigated in more detail.
that our filter output can be written as a function of the opfim  Within the framework of sparse component analysis,
filter h* and a perturbationy, asz* + ¢, = (h* +e,)Ty, MaxViT - calculating the variance dominance on a subset of
whereas in the case of additional noise, the same error in the observations - can then also be seen in the category of
filter estimate results in* + ¢, = (h* + e,)T(y +7) = algorithms based on piecewise linear source separatidn [26
2" + e, + (h* + ep)Tn. Thus for the same error in the filter[27]. The latter has the basic assumption that outside the
estimate, we would obtain a better estimate of the sourcesiipport of the source of interest, its amplitude is zero or is
the error is due to the set mismatch only. captured in the background noise with a predefined (low)enois
Note that despite the use of optimally designed simulatiorariance. MaxViT has an equivalent assumption on the source
to reduce the fractionp|/é and thus to minimise the ISR presence, namely that it is negligible, except on sheport
(by choosingCs; (U, Cs;) = 0), we may generalise ourC,;. This is even more clear when we consider the following
results to independently distributed sources that have mightly adapted MaxViT contrast function,

been corrected, since from Table | we have that the fraction 9 9

: L . , E, {z°} — E{a*}
|p|/6 generally remains acceptably small for i.i.d. Laplacian, U (r) = 2 i =U(z)—1.
Gaussian and uniform sources. E{z?}

A quick overview of the performance of the MaxViT This equation has the same maximisers, but we now have that
algorithm can be given by evaluating under what conditiorsdl other eigenvalues - other than the major eigenvalue alequ
we obtain an acceptable ISR eB0dB. It follows from Figs 2 0. The maximisation of¥'(z) is thus equivalent to a search
and 3 that we accept a signal to noise level no lower ti  for a matrixH that renders the diagonal " (IE,, {yy”} —
and (from Figs 4(a)-(c)) a worst case interchange of indexB{yy’})H / H'E{yy’ }H maximally sparse.
of C,, with C;, of up to 7% of #C,,. However, in practical  In Section IV, we have shown that the independent source
S|tuat|ons an estimation of the s@; is usually done with model, which is the basis for ICA, is also a suitable MaxViT
more care and even when unfortunately chosen, we wouttbdel under a not too restrictive condition (i.e., the ctiodi
randomly interchange samples between sets. This can be disngenerally satisfied by the sources because of their inde-
for up to some30% to 70% of the samples of;, depending pendence). Within this perspective, MaxViT (and thus also
on whether conflicting, respectively neutral sample indexe BSSR at orde2p = 2) may be seen as a direct competitor to
added. In practical situations, a set estlmé;e offering a cICA [10]. Where the methods of cICA are generally based on
considerable performance should thus often be availatije, ethe formation of an augmented Lagrangian in the framework
by using a threshold on the amplitude of the observations (@fsconstrained programming using iterative updating mesho
in [22]) or based upon prior knowledge of the support in thend Newton iterations, the contrast function in MaxViT odfe
frequency domain (see e.g., [24]). a closed form estimator for the extraction filter. Contraoy t

The estimation of a source; from a set of observationg the family of cICA algorithms, we can now guarantee a global
can be done for every source in the mixture (approximatelgptimiser in the low-noise conditions. Moreover, in thegesi
satisfying the sufficient conditionsC()-(C3) and this when- less case and for independent generating sources, MaxViT
ever an approximation of its conditional set is available.eWh will provide a filter estimate from which we can obtain the
more than one source is of interest, we propose an iteratimeependent source, of course under the condition that we ca
estimation without deflation, especially whet(C,, (Cs,) is approximate the conditional s€f; sufficiently well. A simple
relatively small. Avoiding the subtraction of the projectiof indicator functionZ;, (k) = 1 |f k € Cs. and 0 otherwise,

y onto s; from y prior to estimatings;, reduces the possiblecan now be seen as a simple binary reference signal. It should
error propagation from which the deflation approaches suffée investigated whether an appropriate weighing ofc (k)

Also interesting is the similarity between the sparsitysuitr  (e.g., as a function of the confidence one has in the relation
methods (e.g. [25]), where the objective is to have a loi € C,,), getting a waveform rather than a binary reference,
approximation error of the observations (with respect tmeso would yield better results.
measure, generally¥s) with only few representative basis Another drawback of the cICA based methods, is the
functions and our MaxViT model, aiming at minimising theconstraint on the solution space to the correlation hypeeco
approximation error (through a maximisation of the expgain around the reference signal, which is definedtas= {z :
variance of the observations) on a limited amount of sampl@s{zr}|/(E{z>}'/2E{r}'/2) < ¢}. This requires a constant
(the basis functions being Dirac functions). While MaxViTe to be set, separating the search space in an admissible and
needs a prior knowledge about the presence; dfn absolute inadmissible correlation half space (the hypercohacting as
value with respect to a threshold levél ), sparsity pursuit the separating surface). The choice of the value attribtded
for multidimensional signals aims at searching a combamati the constant has a direct consequence on the convergence of
of the minimum number of dictionary elements needed tbe algorithms and is generally not intuitive [10]. As exp&d
approximate the observations [26], when the mixing matrix Section IIl, the only constant in MaxViT that has to be &&t,

A is known. Combining these two strategies would give @. Fortunately, from Table | we see that its value is not ciltic
weighted conditional covariande,, {yy” } = E{yDD”y”}, at least for large sample populations. In practical situes]
where D can be any dictionary (including the ensemble ofvhere only a small population sample is available, it should
Dirac functions). Maximising the MaxViT contrast under aieither be taken too large, nor too small, respectively bsea
maximum sparsity constraint could then be done jointly ovéne conditional correlation would be calculated on a toolkma
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sample set or because the condition in Eq. (5) would no long@nce our sources are uncorrelated, both conditionally and
be met. Even more, it should be remarked that in practice waconditionally. Splitting up the sum in the different cont
can use an arbitrary functiofi(s,) in the conditional instead butions gives us (up to a multiplicative positive constant)

of a simple threshold on its absolute amplitude. Its interes S 9 s, 9. 9 s,

may be to lowerlp|/d on the seC,,. However, this is out of 933P ®% + > P®% + D oi*@F = loi*

the scope of this paper and should be further investigated. 73 7 7
which can be rewritten as
VII. CONCLUSION O+ Y |gifP (@3 - @) < @

1

We have shown that the maximising the likelihood criterion i .# s, .. o
conditioned on a presence indicator gives rise to a contridiere the inequality follows fronf®; — @7) < 0,Vi # j.
function for the extraction of a source of interest. The filte! NS Proofs the domination.
corresponding to the optimum of the contrast function canWe also have
be found algebraically, provided that the conditional setco o . . 5
moment cangbe estim)elltepd from the observations. The MaxViT P =05 < Z il (@5 — ®53) =0
estimator has interesting properties, such as robustoessge =2
or perturbations of the conditional set, making it a valeabNow, since (®;) — ®/) < 0,Vi # j, we have the above

alternative to constrained ICA algorithms. equality if and only if|g;|? = 0,Vi > 2. And thus
ghodg @
APPENDIX glolg @,

This proofs the discrimination and thus, together with the
domination, P1) and (P3) are fulfilled.

Since any objective function fulfilling R1)-(P3) is a
contrast function for source extraction, our functidnz) in
Eq. (10) is a contrast under the conditiolx1)-(C3). ]

Note that this could further be extended to the case
where the covariancdi, {s;Sr} # 0,Vi,k # ji # k,
as long aslk,; {s;s;} = 0,Vi # j. For the proof, define

4 th ith tto all(i £ ) hans set § = [s1,82...8j-1,8j+1-.-.5n]1. Now take the eigenvalue
and thus with respect to a;(i , we have thats; is o 5 sixy .
P ! J J decomposition of®’ as VI®’V = A, where A is a

independently distributed with respect4oAs a consequence,diagona| matrix with the eigenvalues on its diagonal and
the distributionp,, (u \ 7,,) can be written as the convolutionextendv to

of the distributionsps, (u | Z,,) andp;(u), or v < 1 o7, )
0,1 A% ’

A. Proof of Proposition 1

Since the log-likelihood is eithdr or (—oco), andL(z) = 0
holds if and only if we havey, (B | Z,;) = 0, it remains to
prove that the latter condition implies the equality= \;s;.

Proof: Suppose that we have # A;s;, and thusx =
g’'s = gjs; + 2,2, 95 = g;5; + 3, where at least one;
has a non-zero value and for whigh(B | Z;, ) = 0.

Since s; is independently distributed with respect

pe(u]Zy,) /]Rps,- (r—u|Z)ps(rydr . (20) where 0,,_; is a vector of zeros ifR™!. The proof then
A necessary condition for: to yield £(z) = 0, is that Ccontinues similarly as above but _re_:placiﬁ_zjf by A andg
pa(u ’ T,,) = 0,Yu € B. However, if 3¢ with non-zero by Vg. AsS a consequence, conditio€3) in Section 1lI-D
Lebesgue measure for which the support Sedf ps has a P€COMeSPy; > max A;.
measurgsS| > e and for whichp,, (C' < |u| < C+e||Zs,) >
0, then, by Eq. (20),3u € B : p,(u|Z,,) > 0. As a
consequence, our initial supposition was wrong and we must
haveg; = 0,Vi # j, i.e. L(z) = 0=z = Ajs;. m C. Algebraic Solution for th@ x 2 Case

o _ _ Suppose thaty has uncorrelated, unit-variance and zero
B. The objective function of Eq. (10) is a contrast for ththean entries, without loss of generalisation, sincecan
extraction ofs;. always be rendered so through whitening. Sidgg = I,

To proof thatW, is a contrast under the conditiong1)- he eigenvector that would separate our source asejy is
(C3) from Section IlIl-D, we need to show that it has thdhe dominant eigenvector of the covariance mad¥jx, which

properties P1')-(P3’) from Section II-B. has a general symmetric form
Proof: The indeterminacy of the source scaling has been % — | @ b 1)
taken care of by the denominator in Eq. (10), and tHR&')( Y70l b e
holds. The above matrix has eigenvalues
Furthermore we have
T &5 T &5 1255 _ o\ 2
h 9yh _ g o gzzi il ) >\1,2=a+ci <a C) +o (22)
hT(I)yh gT(I)sg Zz |gi|2 2 2
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and thus, ifa # ¢, has a largest eigenvector

o — il%\/1+52+ﬂb|2
1= )
175/ GaanE

with ¢ = <.

D. Calculation of ISR

We induce the estimation bound in case the sources are 6t
perfectly conditionally uncorrelated. Since we only colesi
unitary transformationsA = Q (for our y is or has been
rendered spatiallywhite), we know that the eigenvalues &£’
and @y’ are equal. Moreover, theth eigenvectory; of @3’
equalsQe;, wheree; is thei-th eigenvector ofb:’ (see also

(23)

(2]

K]
(4]

(5]

(7]

(8]

the equivariance property [20]). As a consequence, we only

need to consider the simpler case whé€e= I,,, without

loss of generality.

El

Limiting s to belong toR?, the matrix®s’ takes the form (10]

Y Eg, {s1s2}
Eg, {s152} 3

Pe(s1) = oo
s2

(24)

(11]

From Eqg. (23), one can explicitly calculate the separatiqiy,
filter h associated tebs' by the above Eq. (23).As such we

obtain for the ISR [g2|*/|g1|* = [h2|?/|h1):

52 2_
ISR = ¢ ’ (25)
52+ [pP? + 62
with 6 = 29225 andp = B, {5}

E. Proof of the inequalityE, {s7} > B{s7}

(13]

(14]
(15]

(16]

Proof: To proof the inequality, we proof the more generdf’]
form I, {g(s;)} > E{g(s;)} for any positive valued function 44,

(19]

(20]

(21]

[22]

(23]

g. We have
E,{o(s)) = [ po(u]Z)g00)du (@5)
_ Jsps, (g(u)du @
P, (B)
_ Iy gdu — fgps, (g(wdu e
P, (B) '
> [ g =Efg(s)) . (@9)
These results hold if we impose the condition of
Eq. (5), since we have from dfders inequality that

prSj (u)du fgg(U)du >

fgpsj(u)g(u)du and thus [24]
Jps;,(wdu — 0 = [5ps,(u)g(u)du — 0 for al

positive valued functionsg. As a consequence, we have
Eg,{9(s;)} > E{g(s;)} with equality if and only if 5

P,,(B) =1, i.e.,, C = 0. Sinceu? is a non-negative valued

function andC > 0, we haveE,, {s?} > E{s?}.

REFERENCES

[1] B. Widrow, J. R. Glover, J. M. McCool, J. Kaunitz, C. S. Wains,
R. H. Hearn, J. R. Zeidler, E. Dong, and R. C. Goodlin, “Adapti
noise cancelling: Principles and applicatiorBfoceedings of the IEEE

vol. 63, no. 12, pp. 1692-1716, 1975.

(26]

[27]

11

C. Jutten and J. Herault, “Blind separation of sourcest p An adap-
tive algorithm based on neuromimetic architectu®@ignal Processing
vol. 24, no. 1, pp. 1-10, 1991.

P. Comon, “Independent component analysis, a new contegighal
Processingvol. 36, pp. 287-314, 1994.

L. Tong, R.-W. Liu, V. C. Soon, and Y.-F. Huang, “Indetermmacy
and identifiability of blind identification, JEEE Trans on Circuits and
Systemsvol. 38, no. 5, pp. 499-509, 1991.

N. Delfosse and P. Loubaton, “Adaptive blind separatdimdependent
sources: A deflation approactSignal Processingvol. 45, pp. 59-83,
1995.

A. Hyvarinen and E. Oja, “Independent Component Analygifgo-
rithms and Applications,Neural Networksvol. 13, no. 4-5, pp. 411—
430, 2000.

S. A. Cruces-Alvarez, A. Cichocki, and S.-i. Amari, “Fraofind signal
extraction to blind instantaneous signal separation:e@at algorithms
and stability,”IEEE Transactions on Neural Networkeol. 15, no. 4,
pp. 859-873, 2004.

A. Cichocki, R. Thawonmas, and S. ichi Amari, “Sequentidind
signal extraction in order specified by stochastic propsjtElectronics
Letters vol. 33, no. 1, pp. 64-65, 1997.

W. Lu and J. C. Rajapakse, “ICA with reference,” Rroc. Int. Conf.
on ICA and BSS2001, pp. 120 — 125.

——, “Approach and applications of constrained icEEEE Trans on
Neural Networksvol. 16, no. 1, pp. 203-212, 2005.

M. Sato, Y. Kimura, S. Chida, T. Ito, N. Katayama, K. Okamuaad
M. Nakao, “A novel extraction method of fetal electrocardam from
the composite abdominal signalEEE Trans on Biom Engvol. 54,
no. 1, pp. 49-58, 2007.

A. Adib, E. Moreau, and D. Aboutajdine, “Source sep@amtcontrasts
using a reference signalEEE Signal Processing Lettergol. 11, no. 3,
pp. 312-315, 2004.

M. Castella, S. Rhioui, E. Moreau, and J. C. Pesquetatfpatic higher
order criteria for iterative blind separation of a mimo comide mixture
of sources,”IEEE Trans. Signal Processvol. 55, no. 1, pp. 218-232,
Jan. 2007.

D. Donoho,On Minimum Entropy Deconvolution Academic Press,
1981, ch. On Minimum Entropy Deconvolution, pp. 565-608.

E. Moreau and P. Comorgeparation de sources Hermes-Lavoisier,
2007, vol. 1, ch. Fonctions de Contraste, pp. 75-115, incfren

G. H. Golub and C. F. Van LoanMatrix Computations3rd ed. The
Johns Hopkins University Press, 1996.

A. Hyvarinen, J. Karhunen, and E. Ojadependent Component Anal-
ysis  Wiley Interscience, 2001.

A. Cichocki and S.-I. AmariAdaptive Blind Signal and Image Process-
ing: Learning Algorithms and Application®005th ed. Wiley, 2002.
S. Roberts and R. Everson, Edfndependent Component Analysis:
Principles and Practice Cambridge University Press, 2001.

J.-F. Cardoso and B. H. Laheld, “Equivariant adaptieeirse separa-
tion,” IEEE Trans. on Signal Processingpl. 44, no. 12, pp. 3017-3030,
1996.

C. J. James and O. Gibson, “ICA with a reference: extngctesired
electromagnetic brain signaldyledical Applications of Signal Process-
ing, 2002.

C. J. James and O. J. Gibson, “Temporally constrained EZ¥applica-
tion to artifact rejection in electromagnetic brain signaalysis,”IEEE
Trans on Biomed Engvol. 30, no. 9, pp. 1108-1115, 2003.

T. Netabayashi, Y. Kimura, S. Chida, T. Ito, K. Ohwada, atayama,
K. Okamura, and M. Nakao, “Robustness of the blind sourceragpa
with reference against uncertainties of the referenceatsgnin 30th
Annual International IEEE EMBS Conferenceol. 30, Vancouver,
British Columbia, Canada, 2008, pp. 1875-1878.

R. Phlypo, V. Zarzoso, P. Comon, and |. Lemahieu, “Cumutaatching
for independent source extraction,” 80th Annual International IEEE
EMBS ConferengeVancouver, British Columbia, Canada, 2008, pp.
3340-3343.

S. Mallat and Z. Zhang, “Matching pursuits with time-dresncy dictio-
naries,”|IEEE Trans on Signal Processingol. 41, no. 12, pp. 3397—-
3415, Dec. 1993.

R. Gribonval, “Piecewise linear source separation,Proc. SPIE'03
ser. Wavelets: Applications in Signal and Image Processio,5207,
San Diego, California, USA, 2003.

M. Aharon, M. Elad, and A. Bruckstein, “K-svd: An algttm for
designing overcomplete dictionaries for sparse represenfa |IEEE
Trans. Signal Processvol. 54, no. 11, pp. 4311-4322, Nov. 2006.



