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An Error Bound for a Noise Canceller

PIERRE COMON, memser, 1IEeg, AND DINH TUAN PHAM, MEMBER, IEEE

Absiract—Nonparametric estimation of a random signal from a set
of observations is often carried out in two steps (for instance, especially
in the MAP and Bayesian approaches). First, an optimal selution is
sought by assuming that the deterministic parameters entering the
probability distribution of signal or observation, such as the covari-
ance matrices, are known. Then, in order to apply the latter solution,
the covariances must actually be replaced by estimates, which confers
the filter its adaptive character, and at the same time compromises its
optimality, according to the criterion assamed initially. Taking advan-
tage of the statistical properties of the complex Wishart matrix and its
inverse, we investigate the decrease in performance stemming from
this substitution, in the case of Gaussian signal and observations. Our
performance criterion is based on the computation of the final output
error, which includes covariance deviations. This is carried out for a
certain class of linear observation models, involving an underlying
problem of noise cancelling using Noise Alone References (NAR),
namely, array processing techniques using 8 known array manifold.

I. INTRODUCTION

INEAR Least Mean Square Estimation (LMSE) re-
quires knowledge of the covariance structure of some
system. Assuming stationarity, it consists of correlation
functions in the time or space domain, and of power spec-
tral densities in the frequency or wavenumber domain.
These matrices are often unknown, and, in an adaptive
context, they are replaced by estimates. It is of interest to
evaluate the degradation in performance of the LMSE in-
volved when replacing these matrices by estimates.
Several authors have already discussed the importance
of this problem, and methods have been proposed that are
robust with respect to covariance uncertainties [8], [15],
{9]. In these techniques, uncertainty modeling is used,
such as the set of all possible covariance matrices. In con-
trast, our approach is based on the computation of the fi-
nal output noise variance, which includes estimation er-
rors. This principle was first introduced in a paper of
Akaike [1]. Our approach takes advantage of the Gaussian
character of both signal and noise, and signal and noise
are assumed independent throughout the paper. This pa-
per extends the previous results stated in [4].
Consider the following linear statistical model:

R(k) = A(k)s(k) + e(k) (1)
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where R(k) denotes the p X 1 observation vector, and k
denotes either a time, space, frequency, or wavenumber
known discrete variable; we do not specify this practical
aspect for the moment, but this will be made clear by some
examples. For each &, s(k) and e(k) are assumed to be
independent complex normal vectors as defined in [6], of
dimension r and p, respectively (r < p), with zero mean
and covariance matrices:

G,(k) = E{s(k)s(k)'}, G.(k)=E{e(k)e(k)'} (2)

where (7 denotes transpose and complex conjugated. Re-
call that a random vector is said to be complex normal if
its real and imaginary parts are jointly normal, and if ad-
ditionally their covariance matrices are equal and the cross
covariance matrix is skew-symmetric. This yields among
other things that a complex normal random vector R sat-
isfies E{RR'} = 0. Finally, 4(k) is a known determin-
istic p by r matrix of full rank r for each k, and each of
its columns defines a 1-dimensional manifold in a p-
dimensional space. Vectors s(k) and e(k) correspond to
signal and noise, respectively, and our purpose is to es-
timate the signal, and its power, from the observations of
R(k). The variable k will be omitted when this can be
done without ambiguity. In this paper, the sequences will
be assumed complex-valued for more generality, but sim-
ilar results hold in the real-valued case.

Examples: For r = 1, A(k) could be a steering vector
(known. for each k). This includes the model of power
selective analysis, where parameter k denotes either an
angle of arrival (spatial analysis, detection of arrival) or
the frequency (spectral analysis). Let us mention for in-
stance the so-called Maximum Likelihood Method (MLM)
introduced by Capon, and then used under different forms
by Lacoss [11] and others [7]. Also, the MUSIC approach
introduced by Schmidt {16] and Bienvenu-Kopp [2] is
based on the same model, but takes advantage of a rep-
resentation of the covariance matrix in terms of its eigen-
pairs. In these cases, vector R(k) does not depend on k.

On the other hand, in the problems of noise cancella-
tion, some observations contain noise alone [13], and can
be represented by setting A = [0, 1,]7 in our model (1)..
In that case, 4 does not depend on k, but R does.

In the next section, based on the model (1) where we
see now the polyvalence, we stress the underlying role of
Noise Alone References in multisensor processing as soon
as the dimension of the signal subspace r is smaller than
the number of sensors p.
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II. STATEMENT OF THE PROBLEM
Since covariance matrices are unknown, a set of M in-

delgendentmalizationsﬂ(k) ={R'(k),* -« ,R*(k)," -,

(k) }, each satisfying the model (1), wnll be necessary.
Henoe, we have R* (k) = A(k)s*(k) + e*(k) for any p
between 1 and M. It is well known that the best LMSE of
s* given Q(k), denoted by a superscript ( °) standing for
‘‘optimal,”’ is then given by

s*(k) = E(s*(k)/Q(k)) = GA'Gy'R*  (3)

where
Gr = E{RR'} = 4G, A" + G.. (4)

At this point; it is worthwhile to make a transformation
of the obscrvation, whlch provides an interesting inter-
pretation of (3). Denote l the Hilbert space of determm-
istic p-vectors, with the {ner product X'Y, and k3, the
Hilbert space of random p-vectors of second order, with
the inner product E {X*Y }. Now, since 4 is a p by r ma-
trix of full rank, it is always possible to define a semi-
unitary p X p — r matrix B so that the matrix [A4, B] is
regular. Deﬁne the linear operators P, = (A474)~'4" and
Py = B'. Thus, AP, and BPg represent the operators
which project onto the linear space /%(A) spanned by the
columns of 4, and onto its orthogonal complement, re-
spectively. The following linear transform is bijective,
and can be applied to any observation R*:

ul‘
R* e B2 = P(R*) = < “);
v

v* = PgR* e h}_,.

(3)

u“ = PAR“ eh:,

This transform has the advantage of providing the Noise
Alone Reference (NAR) vector v [14]. Indeed, we have
from (1)

u(k) = s(k) + x(k);  x(k) = Py(k)e(k) (6)

v(k) = y(k); y(k) = Py(k)e(k). (7)

Let us express (3) in terms of these new variables u and

v. Denote the four blocks contained in the covariance ma-

trix of P(R) by G,, C,,, G,., and G,. Then, using the

inversion lemma for block matrices, it can be shown that
[14]

5% = GG, = GuG;'Gu) ' (u* = GG 'v¥). (8)

This can be rewritten, with obvious notations, s°* =
F,(u* — Fv*), which shows that the optimal filter (3) can
be split into two filters F and F; as sketched in Fig. 1. In
fact, u° = (u — Fv) provides a first estimate, removing
the noise linked to the NAR and present in the signal space
12(A). This estimate is next improved by the second filter
F,, whose output s° is precisely the best Bayesian esti-
mate E(s/u®), viz., s° is the projection of s onto the
space h>(u°).

III. PERFORMANCE LiMITS OF THE NOISE CANCELLER

It is quite clear that the performance of the cstimation
process depends on the correlation (or the coherency) be-
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Fig. 1. Theoretical MS optimal filtering.

tween the NAR, v, and the noise disturbing the signal x.
In the extreme case where the noises are uncorrelated,
there is no gain in running any processing: one should
take u* as the estimate of the signal s#, Moreover, as is
shown below, due to errors in estimating the covariance
matrices, it is still preferable to perform no processing
when the coherency is not strong enough. This defines an
error bound to the filter deviations.

A. Qualitative Measure of Performance

From now on, and up to the end of the paper, we focus
on the limitations of the first operator F defined in the
previous section, namely, the noise canceller. The esti-
mate § of the signal s is computed by first calculating an
estimate £ of the corrupting noise X, and then by a sub-
traction so that § = u — Fv, where F denotes the estimate
of F (see Fig. 2). Two kinds of errors must then be con-
sidered. First, the minimal error z = x — x°, which can-
not be outperformed. That is, if there were no estimation
errors in the covariance matrices, the best estimate of x
would be x° = x — z = Fp. The noise z is therefore
independent of x°. Second, there is an extraneous error,
¢, made in estimating x° from the observation v, and due
only to estimation errors, viz. € = x° — £ = Fv — £.
This may be efficiently summarized by the relevant equa-
tions

u=s5+z+x°=u®+x°=s5s+x  observation
§=st+z+e=u+e=u-—=% estimation.
(9

We are now in a position to study the problem of sen-
sitivity of the estimation §, that is, the output of the noise
canceller, to covariance uncertainties. We shall say that
the estimated filter performs badly if it is ‘‘worse’’ than
an arbitrarily chosen trivial filter, the quality criterion
being the Output Signal-to-Noise Ratio (OSNR) for each
component of the output:

OSNR (estimated filter)(k) = OSNR (trivial filter) (k)

(10)
where the OSNR are defined for each k by the ratio of the
quadratic norms in A?.

. 2 . 2
OSNR (k) = | signal (k) || /| noise(k)||".

Of course, this criterion is fundamentally linked to the
choice of the trivial filter. Since we deal with a noise re-
duction problem, this critcrion turns out to be very natural
if we choose subtraction by zero from the observation as

Further reproduction prohibited.



COMON AND PHAM: ERROR BOUND FOR NOISE CANCELLER

* trivial filtering u
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Fig. 2. Actual filtering with estimated covariances.

a trivial filter. Consequently, if the criterion is satisfied,
with this choice of trivial filter, the adaptive filter will
always improve the SNR by definition. Consider now the
structure that we deal with presented in Fig. 2. Since u
corresponds to the output (and input) of the trivial filter,
the performance criterion is

latk) + @] = |atk) + 2@, 1sis<r

(11)

for each component i of the output. We note that if the
noise z is independent of the error e, this criterion is
equivalent to

le| = = @], (12)

B. Compuration of the Final Error for a Spectral Filter

As previously mentioned, we shall deal with observa-
tions R(k) that are complex Gaussian random variables
for each k, as introduced by Goodman [6]. They can be
obtained, for example, by Discrete Fourier Transform of
stationary time series. In the case of a spectral filter, the
variable k denotes the frequency, and the R(k)’s are
asymptotically independent. If we wanted to deal with a
transversal filter acting in time domain instead, our deri-
vation would still hold but would need the samples R(k)
to be independent, namely, the series R(k) to be white.
In this section, we present an exact calculation of the final
error, which extends preceding results [4]. The basic idea
lies in the use of the fact that the PSD estimates (Aver-
aged Periodograms) are asymptotically complex Wishart
matrices with M degrees of freedom up to a factor 1/M
[3}. For instance,

MQu(k) ~ W;(M» Gu(k) ) (13)

If the covariance matrices are estimated by Smoothed
Averaged Periodograms (SAP), then
M N-1

0u) = I Z win - Dut(m)o*(n). (14)

l<si=<r.

SAP estimates (14) are asymptotically complex Wishart
variables with BM degrees of freedom, provided that the
considered frequency k is sufficiently far from the zero
and Nyquist frequencies [3], 8 being the bandwidth of the
smoothing window w(n) defined as

B=1/Lw(n), withZwn)=1 (15)

Let us drop the variable k for convenience, and assume
for the moment that we are dealing with Averaged Per-
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iodograms (no smoothing). The general case will be stud-
ied in a next subsection. Each component i of the etror ¢,
1 < i < r, may be written as

€ = xio - Flv (16)
F, being the ith column of the estimated filter gain
Fi=0.,0;'. (17)

Remembering that the 1 by r row vector F; is the true filter
gain, this can be equivalently written

& = (F — F)v. (18)

Now assume the estimated filter F; fitted to the series
{u*, v*, 1 < p < M} is applied to another realization
v independent of {u*, v*}. This important assumption is
very helpful and is always made in regression theory. We
have then

lel’ = E{ee} = E{trace [G5' (B - F)'(F; - F)]}.
- (19)

On the other hand, if we note that u* = s* + z* + Fv¥,
(13) yields

M
Qu = (1/M) 2 (s* + 22" + FQ,.
Thus, from (17)
M
(Fi = F) = (1/M) Z (st + )00, (20)

Observe that s* as well as z* are independent of v*;
hence, the conditional distribution of (¥, — F;)! given
{v', -, 0"+, oM™}, thatis, Q, is given, is com-
plex normal with zero mean and covariance matrix

0; = 1/Mvar (s + Z)Q;".

Thus, the conditional expectation of | ¢;|* given { !, * - -,
v*, +++, vM} is from (18), recalling that u® = 5 + z

E“filz/vl’ cee L pR e ,vu}

= (1/M)G,s; trace (G,Q; ). (21)
The final prediction error is the expectation of the above
right-hand side. From the lemma stated in the Appendix,
we have
« = E{trce (G,2;")} = a/(M - q) (22)
where g denotes the number of NAR, i.e., g =p — r.
Furthermore, observe from Section II that G,., = G, —
G,; (this is due to the fact that u° and x° are orthogonal
in h?) and also G;., = G, C,.,, if C,,,(k) denotes the mul-
tiple squared coherency between the component #;{k) and
the vector v (k)

Cuw(k) = Gyw(k)Gy' (k) Gyy:(k)/ Gy (k).
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Then the foregoing expressions are derived for each fre-
quency k

E{|al'} = «/M(Gy - G») = G,
+ [“/M - (1 + O‘/M)Cmv(k)]Gw
(23)

where a = q/(M — q) as defined in (22). This error
expression includes the deviations in covariance matrices
Gyiv and Gy, which are generally correlated, since they
are estimated from the same set of observations Q. It can
easily be verified from the first equation in (23) that for
large samples, the final error tends to zero. It may be seen
from the right-hand side of (23) that the final error
| ; (k) |I? cannot be evaluated. On the other hand, and this
is the whole astuteness of the method, the difference
lle; (k)12 — JlxP (k) ||* may be accessed, which is suffi-
cient for our purpose.

C. Extension to Smoothed and Exponentially Averaged
Periodograms

In adaptive processing, Smoothed Exponentially Aver-
aged Periodograms (SEAP) are of interest because they
allow an updating of covariance matrices on-the-fly. The
result (23) is available for Averaged Periodograms, but
may be extended to an exponential average instead. More
precisely, a SEAP with an exponential averaging like

Qum(k’ m) = (1 - 6)QUH’("» m - 1)

+ 8 Eo w(n — k)ul(n)v™(n) (24)

is a block of a matrix which is asymptotically distributed
as W (L, Qu,(k /L), where the number of degrees of
freedom L is equal to :

L=ﬁ(2—6)/6,. 0<éd< 1. (25)

Result (23) holds by replacing M by L, without forget-
ting that « = ¢/(M — gq) has also to be replaced by a =
q/(L — q). The same remark holds for usual SAP as in
(14), where the number of degrees of freedom is L = (M.

D. A Robust Noise Canceller

The purpose of this section is now to use the perfor-
mance criterion (12) and the final error expression (23) to
build an adaptive noise canceller which is less sensitive
to covariance deviations. A robust filter F® can simply be
designed by choosing the best filter from the estimated
and the trivial, according to (12). Taking into account the
result (23), we get the performance criterion

Cuwkyzt, 1=1/(1+L/a). (26)

So, if the coherency is greater than the threshold ¢, the
filter performs well, i.e., it reduces the noise, and in-
creases the OSNR. On the other hand, if it is smaller, the
harmful effect of the filier can be prohibited by setting it
to zero. Hence, it coincides in this case with the trivial

IEEE TRANSACTIONS ON ACOUSTICS, SPEECH, AND SIGNAL PROCESSING. VOL. 37, NO. 10. OCTOBER 1989

Fig. 3. Robust noise canceller.

filter. Let T;(k) be a function whose values are one if the
filter performs well, and zero otherwise. A robust filter
can be defined as

F{(k) = Fi(k)T,(k) (27)
where
Ti(k) =1 if Culk) = ¢
T(k)=0 ifC, (k) <t

This testing and correction procedure is sketched in Fig.
3, and may be applied independently to each component
i of the input ¥ (k). Of course, coherency C,;, (k) has to
be itself estimated, and contains relative errors. So, the
correction is not perfect, and some ‘‘ineffective ranges’’
might obviously still remain. As a result, the robust filter
is not totally insensitive to covariance uncertainties. Tak-
ing into account the fact that « is a function of L and q
yields

t=gq/lg+(L~-q)]=4q/L (28)
Let us finally review the different possible forms, accord-
ing to the assumed covariance estimates. For an Averaged
Periodogram, we would have 1 = ¢/M, for an SAP de-
fined in (14), we would have t = g/8M, and finally for
an SEAP as defined in (24), we would have ¢ = g8/8(2
— &). Recall that ¢ denotes the size of the NAR vector v,
and that the expression for b is given in (15).

IV. SUMMARY AND CONCLUDING REMARKS

In Sections I and II, the Noise Alone References (NAR)
have been shown to be relevant in a class of array pro-

- cessing models with a known array manifold matrix. In

Section III, performance limits of the adaptive noise can-
celler have been investigated, specifically for the case of
a spectral filter to illustrate the ideas. It has been shown
that its performance depends on the quadratic coherency
between the corrupted signal and the NAR. Indeed, it is
preferable to run no processing when this coherency is not
strong enough. A rule has been proposed in order to de-
cide when to switch to the “‘no processing’’ scheme. Con-
trary to some previous results, the results given here are
available without any approximations, provided the sta-
tistical properties are satisfied. In the case of a spectral
noise canceller, these properties are asymptotically sat-
isfied. On the other hand, in the case of a transversal noise
canceller acting in time domain, these results are valid for
white signal and noises.
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APPENDIX
Lemma: Let Q be Wi (M, L), then

E{Q'}) = X7 /(M - g).

Proof: Kshirsagar has shown that in the real case we
have [10, lemma 10, p. 72]: E[Q"'} = 1/M - q -
1)C~". Our proof is very similar to that of this lemma.
First, let T = CC"; by using a linear transform, it is easily
seen that

E{g7'} =cT - E{a7'} - 7!,
where A is Wi (M, I).

Next, if a” are the generic elements of A, then E{a?}
=0ifi # jand E{a"} = E{a%}, by the same argu-
ments as used in [10]. So, it remains only to compute
E{a%}.

The variable 1 /a% is W{(M — g + 1); this means that
2/a% is W, (2(M - q + 1), 1), that is, a x° variable
with 2(M — g + 1) degrees of freedom. Thus, it is well
known that

E{a®/2} = 1/[2(M - ¢ + 1) - 2]
which yields finally E{a"} = 1 /(M — gq). ¢
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