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Possible objetivesComputer experiment = simulations
x ∈ R

d → observation Y (x) (real phenomenon, physialsystem)Numerial simulation: x → Y (x) = f(x)Pairs (Xi, f(Xi)), i = 1, 2, . . . , n → approximation ηn(·) of
f(·) (→ epistemi unertainty � due to simulator, model ηn(·),�nite data set. . . )
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Possible objetivesComputer experiment = simulations
x ∈ R

d → observation Y (x) (real phenomenon, physialsystem)Numerial simulation: x → Y (x) = f(x)Pairs (Xi, f(Xi)), i = 1, 2, . . . , n → approximation ηn(·) of
f(·) (→ epistemi unertainty � due to simulator, model ηn(·),�nite data set. . . )optimization: �nd x∗ = argmaxx∈X f(x) (hopefullylose to argmaxx∈X Y (x))inversion: reonstrut {x ∈ X : f(x) = T}estimation of failure prob. Prob{f(x) > C} when

x ∼ φ(·) (intrinsi unertainty due to input variability)sensitivity analysis (funtional variane analysis)approximation/interpolation3 / 37
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1 Spae-�lling design
Objetive = approximation/interpolation
f(x) some unknown funtion de�ned for x ∈ X ⊂ R

donstrut a 'good' approximation ηn(·) of f(·) over X frompairs (Xi, f(Xi)), i = 1, 2, . . . , n (n not neessarily �xedbeforehand)Sine f(·) is unknown → put n points Xn = (X1, . . . ,Xn) in
X as dispersed as possible (an be justi�ed preisely[Biedermann & Dette, 2001℄)
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miniMax and MaximinClassial measures of dispersion (often X = [0, 1]d)

➀ miniMax distane: minimize
ΦmM (Xn) = maxx∈X mini ‖x − Xi‖
d = 1 ⇔ Xi = (2i − 1)/(2n), i = 1, . . . , n

⇒ Φ∗
mM = 1/(2n)

d > 1 ⇔ sphere-overing
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miniMax and MaximinClassial measures of dispersion (often X = [0, 1]d)

➀ miniMax distane: minimize
ΦmM (Xn) = maxx∈X mini ‖x − Xi‖
d = 1 ⇔ Xi = (2i − 1)/(2n), i = 1, . . . , n

⇒ Φ∗
mM = 1/(2n)

d > 1 ⇔ sphere-overing
➁ Maximin distane: maximize

ΦMm(Xn) = mini6=j dij = mini6=j ‖Xi − Xj‖
d = 1 ⇔ Xi = (i − 1)/(n − 1), i = 1, . . . , n

⇒ Φ∗
Mm = 1/(n − 1)

d > 1 ⇔ sphere-paking5 / 37
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miniMax and Maximin (2)

➀ miniMax d = 2, n = 7(radius=φmM (X))
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miniMax and Maximin (2)

➀ miniMax d = 2, n = 7(radius=φmM (X)) ➁ Maximin d = 2, n = 7(radius=φMm(X)/2)
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➀ miniMax riterion ΦmM

➠ ΦmM has nie properties in terms of approximation theory,but is di�ult to omputePossible evaluation via Delaunay triangulation (tessellation)
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➀ miniMax riterion ΦmM

➠ ΦmM has nie properties in terms of approximation theory,but is di�ult to omputePossible evaluation via Delaunay triangulation (tessellation)
Xn (= n points in X = [0, 1]d) → take all symmetripoints w.r.t. 2d faes of XCompute the Delauany triangulation (tessellation)andidates for argmaxx∈X mini ‖x − Xi‖ are enters ofa irumsribed spheres7 / 37
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miniMax with Delaunay tessellation: 5-point Lh
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miniMax with Delaunay tessellation: 5-point Lh

−1 −0.5 0 0.5 1 1.5 2
−1

−0.5

0

0.5

1

1.5

2

ΦMm(X) an be alulated. . . but remains omputationallyostly: up to M ⌈d/2⌉ simplies (and irumsribed spheres)with M = (2d + 1)n → omputing time
O(M log M + M ⌈d/2⌉)8 / 37
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➁ Maximin riterion ΦMmRelation between Maximin-optimal design and sphere paking:

d = 2, n = 7

9 / 37



Lu PronzatoWorkshop del�ture ANROPUS21/10/20111 Spae-�lling2 RegularizedMaximin3 Beyondspae �lling4 Conlusions
➁ Maximin riterion ΦMmRelation between Maximin-optimal design and sphere paking:

d = 2, n = 7 d = 2, n = 10

http://www.pakomania.om/9 / 37

http://www.packomania.com/
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To ensure good projetive properties along all axes: make eahone-dimensional projetion Maximin-optimal (Xi = i−1

n−1) (→�nite set, with (n!)d−1 elements)Maximin Lh (d = 2, n = 7, radius=φMm(X)/2)
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To ensure good projetive properties along all axes: make eahone-dimensional projetion Maximin-optimal (Xi = i−1

n−1) (→�nite set, with (n!)d−1 elements)Maximin, not Lh, (d = 2, n = 7, radius=φMm(X)/2)
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2 Regularized MaximinDe�ne dij = ‖Xi − Xj‖, so that ΦMm(X) = mini6=j dij

φ
[q]

(X) =





∑

i<j

d−q
ij





−1/q and φ[q](X) =





∑

i<j

µij d−q
ij





−1/qwith µij > 0 and ∑i<j µij = 1
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2 Regularized MaximinDe�ne dij = ‖Xi − Xj‖, so that ΦMm(X) = mini6=j dij

φ
[q]

(X) =
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ij





−1/q and φ[q](X) =
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µij d−q
ij





−1/qwith µij > 0 and ∑i<j µij = 1Then
φ

[q]
(X) ≤ φMm(X) ≤ φ[q](X) ≤ µ−1/q φ

[q]
(X) , q > 0 ,with µ = mini<j µij (onvergene monotoni in q from bothsides as q → ∞)11 / 37
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2 Regularized MaximinDe�ne dij = ‖Xi − Xj‖, so that ΦMm(X) = mini6=j dij

φ
[q]

(X) =





∑

i<j

d−q
ij





−1/q and φ[q](X) =





∑

i<j

µij d−q
ij





−1/qwith µij > 0 and ∑i<j µij = 1Then
φ

[q]
(X) ≤ φMm(X) ≤ φ[q](X) ≤ µ−1/q φ

[q]
(X) , q > 0 ,with µ = mini<j µij (onvergene monotoni in q from bothsides as q → ∞)By ontinuity: φ[0](X) = exp

[

∑

i<j µij log(dij)
]11 / 37
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Regularized ΦMm

µ = uniform measure (µij = µ =
(n
2

)−1 for all i < j) ⇒
φMm(X∗

[q])

φ∗
Mm

≥
(

n

2

)−1/q

,with X∗
[q] optimal for φ

[q](Maximin e�ieny > 1 − ǫ for q > 2 log(n)
ǫ )
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Regularized ΦMm
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)−1 for all i < j) ⇒
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φ∗
Mm

≥
(

n

2

)−1/q

,with X∗
[q] optimal for φ

[q](Maximin e�ieny > 1 − ǫ for q > 2 log(n)
ǫ )

q = 2 → "Energy riterion" of [Audze & Eglais, 1977℄for q . 5 easier optimization (Lh designs) than for φMm[Morris & Mithell, 1995℄
☞ use the smallest q suh that the optimum designs oinide
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Regularized ΦMm

µ = uniform measure (µij = µ =
(n
2

)−1 for all i < j) ⇒
φMm(X∗

[q])

φ∗
Mm

≥
(

n

2

)−1/q

,with X∗
[q] optimal for φ

[q](Maximin e�ieny > 1 − ǫ for q > 2 log(n)
ǫ )

q = 2 → "Energy riterion" of [Audze & Eglais, 1977℄for q . 5 easier optimization (Lh designs) than for φMm[Morris & Mithell, 1995℄
☞ use the smallest q suh that the optimum designs oinideContinuous versions: ξ a probability measure on X ,
φ̃[q](ξ) =

[∫

X

∫

X
‖x − y‖−q ξ(dx) ξ(dy)

]−1/q

φ̃[0](ξ) = exp
∫

X

∫

X
log ‖x − y‖ ξ(dx) ξ(dy)12 / 37
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Regularized ΦMm (2)7-point maximin-distane design (d = 2):

ΦMm and bounds φ
[q]

and φ[q]
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A less severe regularization of ΦMm with NNWrite ΦMm(X) = mini d∗i with d∗i = minj 6=i ‖Xi − Xj‖(= Nearest Neighbor distane to Xi)De�ne
φ

[NN,q]
(X) =

[

n
∑

i=1

(d∗i )
−q

]−1/q

, φ[NN,q](X) =

[

n
∑

i=1

(d∗i )
−q

n

]−1/q
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[
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(d∗i )
−q
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]−1/q

Then φ
[NN,q]

(X) ≤ φMm(X) ≤ n1/q φ
[NN,q]

(X) , q > 0 ,(onvergene monotoni in q from both sides as q → ∞)
φMm(X∗

[NN,q])

φ∗
Mm

≥ n−1/q ,with X∗
[NN,q] optimal for φ

[NN,q](Maximin e�ieny > 1− ǫ for q > log(n)
ǫ → gain of fator 2 )14 / 37
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A less severe regularization of ΦMm with NN (2)7-point maximin-distane design (d = 2):

ΦMm and regularization via φ
[NN,q]
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Relation with MST and other graphs & entropy[Beardwood, Halton, Hammersley 1959℄: Xi i.i.d., p.d.f. ϕ,TSP graph GTSP (X)

∑

ei∈GTSP (X) |ei|
n(d−1)/d

→ C(d)

∫

ϕ(d−1)/d(x) dx a.s. , n → ∞then [Steele, 1981℄ for other Eulidean funtionals on X,[Redmond & Yukih, 1994℄ using quasi-additivity
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Relation with MST and other graphs & entropy[Beardwood, Halton, Hammersley 1959℄: Xi i.i.d., p.d.f. ϕ,TSP graph GTSP (X)

∑

ei∈GTSP (X) |ei|
n(d−1)/d

→ C(d)

∫

ϕ(d−1)/d(x) dx a.s. , n → ∞then [Steele, 1981℄ for other Eulidean funtionals on X,[Redmond & Yukih, 1994℄ using quasi-additivity[Redmond & Yukih , 1996℄, [Yukih, 1998℄, [Penrose &Yukih 2003. . . 2011℄, [Wade, 2011℄:
∑

ei∈G(X) |ei|β

n(d−β)/d
→ C(β, d)

∫

ϕ(d−β)/d(x) dx , n → ∞with G(X) Minimum Spanning Tree (MST), NN, TSP,Voronoi, Delaunay, Sphere of In�uene, Gabriel. . . (di�erenttypes of onvergene (Lp), di�erent onditions on ϕ and β. . . )16 / 37
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Graphs & entropy (2)

∑

ei∈G(X) |ei|β

n(d−β)/d
→ C(β, d)

∫

ϕ(d−β)/d(x) dx , n → ∞

⇒ estimation of Rényi entropy
Hα

∗(ϕ) = 1
1−α log

∫

ϕα(t) dt with α = (d − β)/d
1 ≤ β < d ⇒ 0 < α ≤ 1 − 1/d, RHS max for ϕ = t.(uniform)

→ maximize the LHS
17 / 37
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1−α log

∫

ϕα(t) dt with α = (d − β)/d
1 ≤ β < d ⇒ 0 < α ≤ 1 − 1/d, RHS max for ϕ = t.(uniform)

→ maximize the LHSNN graph: |ei| = d∗i → maximize φ
[NN,q]

with q = −β
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Graphs & entropy (2)

∑

ei∈G(X) |ei|β

n(d−β)/d
→ C(β, d)

∫

ϕ(d−β)/d(x) dx , n → ∞

⇒ estimation of Rényi entropy
Hα

∗(ϕ) = 1
1−α log

∫

ϕα(t) dt with α = (d − β)/d
1 ≤ β < d ⇒ 0 < α ≤ 1 − 1/d, RHS max for ϕ = t.(uniform)

→ maximize the LHSNN graph: |ei| = d∗i → maximize φ
[NN,q]

with q = −β

(1/n)
∑

ei∈GMST (X) |ei| used in [Frano, Ph.D., 2008℄ tolassify designs (also onsiders VarGMST (X){|ei|})17 / 37
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Graphs & entropy (2)

∑

ei∈G(X) |ei|β

n(d−β)/d
→ C(β, d)

∫

ϕ(d−β)/d(x) dx , n → ∞

⇒ estimation of Rényi entropy
Hα

∗(ϕ) = 1
1−α log

∫

ϕα(t) dt with α = (d − β)/d
1 ≤ β < d ⇒ 0 < α ≤ 1 − 1/d, RHS max for ϕ = t.(uniform)

→ maximize the LHSNN graph: |ei| = d∗i → maximize φ
[NN,q]

with q = −β

(1/n)
∑

ei∈GMST (X) |ei| used in [Frano, Ph.D., 2008℄ tolassify designs (also onsiders VarGMST (X){|ei|})Shannon entropy with kernel estimator in [Jourdan &Frano, 2009, 2010℄17 / 37
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3 Beyond spae �llingMaximin optimal design is model-free,

→ model-spei� design?

18 / 37
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3 Beyond spae �llingMaximin optimal design is model-free,

→ model-spei� design?Model for f(·)
f(x) = r⊤(x)β + Z(x, ω) with
r(x) a known (vetor of) funtions(s) of x
Z(x, ω) = realization of a (seond-order stationary)Gaussian proess (random �eld)
IE{Z(x, ω)} = 0, IE{Z(x, ω)Z(u, ω)} = σ2 C((x − u); θ)
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3 Beyond spae �llingMaximin optimal design is model-free,

→ model-spei� design?Model for f(·)
f(x) = r⊤(x)β + Z(x, ω) with
r(x) a known (vetor of) funtions(s) of x
Z(x, ω) = realization of a (seond-order stationary)Gaussian proess (random �eld)
IE{Z(x, ω)} = 0, IE{Z(x, ω)Z(u, ω)} = σ2 C((x − u); θ)Computer experiments[Saks, Welh, Mithell, Wynn, 1989℄: Take C(δ; θ)ontinuous at δ = 0, C(0; θ) = 1 → two repetitions for thesame x give the same f(x)18 / 37
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KrigingObjetiveInterpolate (or extrapolate): onstrut a predition ηn(x) forone partiular realization of Z(·)
6= situation: predition for future realizations(→ simply estimate β!)
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KrigingObjetiveInterpolate (or extrapolate): onstrut a predition ηn(x) forone partiular realization of Z(·)
6= situation: predition for future realizations(→ simply estimate β!)Ordinary kriging:
f(x) = β + Z(x, ω) → ηn(x) = ηn[f ](x)BLUP at x: ηn(x) = v⊤

n (x)yn where
yn = (f(X1), . . . , f(Xn))⊤

vn(x) minimizes IE{(v⊤
n yn − [β + Z(x, ω)])2}under the onstraint

IE{v⊤
n yn} = β

∑n
i=1{vn}i = IE{f(x)} = β, i.e.,

∑n
i=1{vn}i = 119 / 37
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Kriging (2)Predition: ηn(x) = β̂n + c⊤n (x)C−1

n (yn − β̂n1)MSPE: proportional to
ρn(x) =

(

1 −
[

c⊤n (x) 1
]

[

Cn 11 0

]−1 [
cn(x)

1

]

)[with {Cn}i,j = C((Xi − Xj); θ), {cn(x)}i = C((Xi − x); θ),
β̂n = (1⊤C

−1
n yn)/(1⊤C

−1
n 1) (WLS) and 1 = (1, . . . , 1)⊤℄
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Kriging (2)Predition: ηn(x) = β̂n + c⊤n (x)C−1
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n 1) (WLS) and 1 = (1, . . . , 1)⊤℄
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Typial riteria: based on MSPE ρn(x)E.g., minimize Max. MSPE: maxx∈X ρn(x)with ρk(Xi) = 0, i = 1, . . . , k
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Boundary e�et
d = 1 n = 11 observations in [0, 1], C(t) = exp(−50 t2)plot of ρn(x)Maximin
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→ Put more points near the boundaries of XSimilar to polynomial regression (e.g. D-optimality):put design points at the roots of some orthogonalpolynomials(e.g., roots of t(t − 1)P ′

p−1(2t − 1) for D-optimal designon [0, 1] with Pn= n-th Legendre polynomial on [−1, 1])
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→ Put more points near the boundaries of XSimilar to polynomial regression (e.g. D-optimality):put design points at the roots of some orthogonalpolynomials(e.g., roots of t(t − 1)P ′

p−1(2t − 1) for D-optimal designon [0, 1] with Pn= n-th Legendre polynomial on [−1, 1])Erdös-Turan theorem: roots r of orthogonal polynomialson [0, 1] are asymptotially distributed with the arsinedensity ϕ(r) = 1

π
√

r (1−r)[Dette & Pepelyshev, 2010℄:use a spae �lling-design (e.g., Maximin Lh),for all j = 1, . . . , d, transform the j-th oordinates {Xi}jby T : x 7→ z = T (x) = 1+cos(π x)
2(x ∼ uniformly → z ∼ arsine),use the transformed design points Zi23 / 37
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Correting the boundary e�et (2). . . The arsine transformation an be too severe for small nBak to the example, plot of ρn(x):Maximin
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Arsine distribution: maximizes
Φ̃[0](ξ) = exp

[

∫ 1
0

∫ 1
0 log ‖x − y‖ ξ(dx) ξ(dy)

](ontinuous version of φ[0](X) = exp
[

∑

i<j µij log(dij)
])
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Arsine distribution: maximizes
Φ̃[0](ξ) = exp

[

∫ 1
0

∫ 1
0 log ‖x − y‖ ξ(dx) ξ(dy)

](ontinuous version of φ[0](X) = exp
[

∑

i<j µij log(dij)
])Maximization of

Φ̃[q](ξ) =

[
∫ 1

0

∫ 1

0
‖x − y‖−q ξ(dx) ξ(dy)

]−1/q

, 0 < q < 1is obtained for ξ having the density ϕ(x) = x(q−1)/2(1−x)(q−1)/2

B( q+1
2

, q+1
2

)(Beta distribution) [Dette, Pepelyshev, Zhigljavsky, 2009℄(tends to arsine for q → 0 and to uniform for q → 1)25 / 37
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Correting the boundary e�et (3). . . For a suitable Beta transformation (q = 0.84)Maximin
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Correting the boundary e�et (3). . . For a suitable Beta transformation (q = 0.84)Maximin
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Sequential onstrution

xk+1 = argmaxx∈X ρk(x) (initialized with Xn, n small)
ρ5(x)
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Sequential onstrution
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Sequential onstrution
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Sequential onstrution
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Sequential onstrution
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Sequential onstrution
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Some remarks

Irregularities in ρk(x) are di�ult to avoid → related to aproperty of low disrepany sequenes:
X∗

mM miniMax optimal (xi = (2i − 1)/(2n)) minimizes
D(X) = maxx∈X |Fn(x) − U(x)| (U(·)=df of theuniform distribution, Fn(·) empirial df for X) and
D(X∗

mM ) = 1/(2n)but D(x1, x2, . . . , xn) ≥ 0.06 log(n)/n for any sequeneof n points
28 / 37
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Some remarks (2)[Vazquez & Bet, 2011℄

ρn(x) = supf∈H1
|f(x) − ηn[f ](x)|2, with H1 the unitball of the RKHS H of funtions generated by

k(u, v) = C((u − v); θ)
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Some remarks (2)[Vazquez & Bet, 2011℄

ρn(x) = supf∈H1
|f(x) − ηn[f ](x)|2, with H1 the unitball of the RKHS H of funtions generated by

k(u, v) = C((u − v); θ)[Vazquez & Bet, 2011℄ If t 7→ C(t; θ) has a Fouriertransform C̃(u) = (2π)−d/2
∫

Rd C(t; θ) eı(t,u) dt satisfying
c1(1 + ‖u‖2

2)
−s ≤ C̃(u) ≤ c2(1 + ‖u‖2

2)
−s , u ∈ R

dwith s > d/2, 0 < c1 ≤ c2, then,
xk+1 = argmaxx∈X ρk(x) ⇒ supx∈X ρn(x) = O(n1−2s/d)� same rate as for non-sequential onstrution �29 / 37
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Some remarks (3)Comparison with non-parametri estimation with i.i.d.additive errors [Tsybakov, 2004℄:

supf∈Σ(L,α) IE‖f − ηn[f ]‖2
2 = O(n−2α/(2α+d))(Σ(L, α)=Hölder smooth, IE ↔ presene of random errors)= best ahievable rate for passive (non-sequential)or ative (sequential) onstrutions [Castro, Willett,Nowak, 2005℄
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Some remarks (3)Comparison with non-parametri estimation with i.i.d.additive errors [Tsybakov, 2004℄:

supf∈Σ(L,α) IE‖f − ηn[f ]‖2
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Hidden di�ulty: θ in C(·; θ) is unknown
→ We must estimate θ from the same data as those use toonstrut ηn(x)
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Hidden di�ulty: θ in C(·; θ) is unknown
→ We must estimate θ from the same data as those use toonstrut ηn(x)

→ Maximum likelihood estimator θ̂n(Z(x, ω) is Gaussian)
→ orretive term [Harville & Jeske, 1992; Abt 1999℄:
ρ̂n(x; θ) = ρn(x; θ) + trae{M−1

θ
∂vn(x;θ)

∂θ Cn
∂vn(x;θ)

∂θ⊤
}where:

vn(x; θ) suh that ηn(x) = v⊤
n (x; θ)yn

Mθ = Fisher information matrix for θ31 / 37



Lu PronzatoWorkshop del�ture ANROPUS21/10/20111 Spae-�lling2 RegularizedMaximin3 Beyondspae �lling4 Conlusions
Example: [Zimmerman, Envirometris 2006℄
IE{Z(x, ω)Z(u, ω)} = σ2θ‖x−u‖, θ = 0.3 (σ2 known),
X = regular grid 5 × 5
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X4 minimizes maxx∈X ρ4(x)estimation of θ:
X4 maximizes detMθpredition with θ estimated:
X4 minimizes maxx∈X ρ̂4(x; θ)32 / 37
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Sequential onstrution based on maxx∈X ρ̂k(x; θ)

d = 2, C(t; θ) = exp(−θ‖t‖2), θ = 0.7, X7 =Mm Lh, then
x7+j = argmaxx∈X ρ̂7+j−1(x; θ), j = 1, 2 . . .
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Sequential onstrution based on maxx∈X ρ̂k(x; θ)

d = 2, C(t; θ) = exp(−θ‖t‖2), θ = 0.7, X7 =Mm Lh, then
x7+j = argmaxx∈X ρ7+j−1(x; θ), j = 1, 2 . . .
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An alternative riterion
Choosing Xn that minimizes maxx∈X ρ̂n(x; θ) is di�ult
→ Use a riterion that makes ompromise between spae�lling and lustering, e.g., hoose Xn that maximizes
γ log det(Mβ) + (1 − γ) log det(Mθ) [Müller et al., 2010,2011℄, with

Mβ= FIM for trend parameters (maximization → spae�lling)
Mθ= FIM for orrelation parameters (maximization →lustering)
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An alternative riterion (2)Example: n = 7, d = 2, C(t; θ) = exp(−θ‖t‖2), θ = 0.7,1000 Lh (999 random + ♦ for Mm optimal)MKV=maxx∈X ρ̂n(x; θ), Jα = detα(Mβ) + det1−α(Mθ)(α = 0.8)
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4 Conlusions

Only onsidered design for approximation/interpolationNothing on algorithms (heuristis � geneti, taboosearh, SA �, MCMC � spatial point proess �, loalsearh)Nothing on Bayesian methods:Karhunen-Loève representation + Bayesian optimaldesign [Fedorov & Müller, 2007℄Maximum Entropy Sampling [Shewry & Wynn, 1987;Wynn & Youssef, 2011℄ (with substitution of INLA forMCMC to ompute posterior means?)
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Conlusions (2)Basi guidelines:Preision of the onstrution (↔ �nal objetive) for agiven horizon n?(IE or worst-ase) � e.g., maxx∈X ρn(x)

→ design riterion. . . taking all soures of unertainty into aount(estimation of parameters, simulations with variablepreision. . . ) � e.g., maxx∈X ρ̂n(x)Some ontraints may exist on real physial experiments(e.g., dynamial onstraints → mobile sensors)Only simplest rules and onstrutions will be used!
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