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1 Optimal input design

20/0|7N/|2011
Yk :fT(Xk)9+€k, k=1,2...
Dynamical system (linear): x, may depend (linearly)
» on previous yx_;, I =1,2... Fime-domain
» on inputs ug_;, i =1,2... ::'E:;d:i"ty
» onerrors g,_j, i =1,2... i
Choose a sequence uq, U ... to estimate 6
M(¢&, ) the information matrix with {=input sequence
— an algorithmic problem [Mehra 1974; Goodwin & Payne s
1977; Zarrop 1979. ..] Em'ld

1.1 Time-domain input design

Examplg 1: Finite Impulse Response model
vk = B(0,2)ux + ek, k=1,...,N, () i.i.d. N(O,O‘2),
B(0,z) = biz7t + byz 72 4+ + bz "

— Yk = Bluk_l + Bguk_g + -+ I_Jnuk_,, + €k



Choose the input sequence to estimate § = (by,...,b,)", with

— linear regression yy = f;§+ £k with
fo = (U1, )" (= fipr = h(Fi, ug): dynamically
constrained design)

INI
20/07/2011

1 Optimal
input design
1.1
Time-domain
input design
1.2 Frequency-
domain input
design (linear
system

2 Adaptive
control

3 Sequential
design

3.1 D-optimal
design

3.2 Penalized
D-optimal
design

4 Examples
5 Design with
dynamical

constraints

6 Conclusions



Choose the input sequence to estimate § = (by,...,b,)", with

— linear regression yy = f;é + €k with
fo = (U1, )" (= fipr = h(Fi, ug): dynamically
constrained design)

Var[0)] = 02(RTR) ! where

Uo u-1 -+ Ui—p
u u -0 Up

R =
Uy—1 UN—2 -+ UN—p
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D-optimum input: maximize det(RT R) — choose wy such that

N
(L/N) D ukjth—j = Pumaxdigs ij=1,...

k=1

for N large: white noise sequence

, n
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D-optimum input: maximize det(RTR) — choose uj such that

N

(1/N) Z Ug—jUk—j = Pumax0ij, 1,/ =1,...,n
k=1

for N large: white noise sequence

Example 2 (more difficult): model with AR part, e.g., Box &
Jenkins
YKk = F(G_,z)uk + G(é,z)ek

with (ex) i.i.d. N'(0,02), F(,z) and G(0, z) rational
fractions in z~1, G stable with stable inverse, 2 unknown —

O = < 002 > and G(A,00) =1
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For a suitable input sequence (persistence of excitation), .
NVar(ééV) — M_1(§7(9_e) with 20/07/2011
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For a suitable input sequence (persistence of excitation),

NVar(N) — M~1(¢,6.) with

g { L 9logm(y|fe) Ologn(ylfe) 0
N 090, 007 ¢

M(f, He) =

prediction error: e(6, k) = G1(0, 2)[yx — F(0, z)uy]
— log likelihood

=

1
log 7(y|fe) = —= Iog (2m0?) — 53 Z
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For a suitable input sequence (persistence of excitation),

NVar(GV) — M~1(¢,6,) with
IE{i@logw(ywe)8|Og7T(Y|9e)‘He}

M(E:6e) =T\ N 20, 067

prediction error: e(6, k) = G1(0, 2)[yx — F(0, z)uy]
— log likelihood

=

1
log w(y|0e) = ——|og (2m0?) — 2—2 (9, k)

Differentiate, use independence of e(d, i) and e(@, )
conditionally on @ for i # j, use normality

E{e?(6, k)|fe} = o2, IE{e3(0, k)|0} = 0, IE{e*(0, k)|fe} = 30*

o2 does not depend on 6 . ..
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We obtain M(¢,0,) = ( ME)ET’Q) i )

204

1 Oe( 0 k) 0e(0, k)
No 2 20T

with M(¢,0) = 0

= o2 unknown does not influence the estimation of 6
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We obtain M(¢,6,) = < MEfT’e) (1) )

204

1 Oe( 6? k) 0e(0, k)
No? < 6T

with M(¢,0) = 0

= o2 unknown does not influence the estimation of
Now, 24000 _ _ (g, ) [2602)e(p, k) + 202,
G(A,0) =1

= %e(@, k) only depends on e(f,k — i) for i > 1

and
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INI

20/07/2011
We obtain M(¢&,60.) = < MgéT,Q) i ) 0/07/20

204
1 De( 0 k) 0e(0, k) Time-domain
th M 0 0 input design
with M(E, { No2 aeT | } Senper
g (inear
= o2 unknown does not influence the estimation of 6

G(Q, OO) =1 czl'elsig._w:imjl

= %e(@, k) only depends on e(§,k — i) for i >1 Boptimal

e Assume open loop identification: (no feedback)
= IE{e(0, )ux|0} =0 k > j — no cross-product terms e X u
e Assume F and G have no common parameters:

=4



3

ME(¢,0) = iIE{[G—l(e,z)acw’z)e(e,k)]

9G(0, 2)

x G710, 2)
0T

— u has no effect on the precision on ¢

¢

e(0, k)] |9}
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D-optimality: jp(u) = detMF(¢,0)

1 N
_ E T T -domain
= det N > fkfk I;;:: dde-ign
g =1 1.2 Frequency-
= domain input

design (linear
system)

where f; = Gfl(ﬁ,z)%i’z)uk
(— dynamically constrained design)

3.1 D-optimal

— optimal control problem design "
.« . . . .. 3.2 Pe_na ize
(deterministic but nonlinear. .., non trivial) s

Nonlinear dynamical system:
— additional difficulty = construction of M(¢, )

— Simpler if on-line characterization of parameter
uncertainty



Example 3: ARX model: A(f4, 2)yx = B(05, z)uy + <4,

(ex) ii.d. N(0,02) )

= Yk :f,jé-l—sk with 6 = ( gA )
B

A(0a,z) =1—Y" a;z"" and B(0g,z) = > "8, bz~

.
fro = [Vk—1-- Yk—np Uk—1 Uk—2 - Up_ng]
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Example 3: ARX model: A(f4, 2)yx = B(05, z)uy + <4,

gx) ii.d. N(0, 02 INI
( k) N( ) ) 7 20/07/2011
— Yk :f;9+€k with § = ( G—A >,
B
A(0a,z) =1— 374 aiz"" and B(0g,2) = > 75 biz™ 2P
input design
T .2 Frequency-
fo=Dk—1-  Yk—na Uk—1 Uk—2 " Ug_pg] ézm::"y

system)

Bayesian estimation: posterior cov. matrix for 6 (recursive LS)
(after observation of y,.1 and uj applied)

T .
P P Pkfk+1fk+1pk S St
k+1 = k= 3.2 Penalized
o? + fl;r+1 Pkfk+1 Ee-:i:g:‘ima|

— choose uy so that det Py 1 minimum

10



Example 3: ARX model: A(f4, 2)yx = B(05, z)uy + <4,

g ii.d. N 0 02 INI
( k) ( ) ) 7 20/07/2011
— Yk :f;9+€k with § = ( G—A ),
B
A(0a,z) =1— 374 aiz"" and B(0g,2) = > 75 biz™ 2P
input design
T 1.2 Frequency-
fo=[Vk—1-  Yk—np Uk—1 Uk—2 " Uk_pg] domain nput’

system)

Bayesian estimation: posterior cov. matrix for 6 (recursive LS)
(after observation of y,.1 and uj applied)

T .
P P Pkfk+1fk+1pk S St
k+1 = k= 3.2 Penalized
o? + fl;r+1 Pkfk+1 Ee-soig:ima|

— choose uy so that det Py 1 minimum

0.2

o2 + f2—+1pkfk+1

det Pk+1 = det Py

— maximize f;Pyfi .1, quadratic in uy, easy
but. .. only one-step ahead optimal

10



1.2 Frequency-domain input design (linear system)
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1.2 Frequency-domain input design (linear system)
20/0|7N/|2011

Example 2 (continued): Box & Jenkins model

f f Tirme-doma in
’ N ‘N2 Z kTk Iput jesign

1.2 Frequency-
domain input

deslgn |lnear
Wlth fk — G_l(e’z)%ﬁ;z)uk -y'tem)(
Uniform sampling, period T: M (£,0) = limy_o MF(£,60)/T
= average Fisher informati(%n matrix per time unit
MF@, 9) = w)dw (Fourier) Gk optimal

= integral of power spectral density of fj

1 (™ ~F
. /0 1 (w0, 0)P, (w)deo

T
with P, (w ) the power spectral density of u and

~ F B 3/_‘( 7ejw) 1 i -1 e aF(H,e*j”)

11



Same framework as “approximate” design theory:

» experimental domain X — frequency domain R*
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Same framework as “approximate” design theory:

» experimental domain X — frequency domain R
» design measure £(dx) — power spectral density P,(w)
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Same framework as “approximate” design theory:

» experimental domain X — frequency domain R
» design measure £(dx) — power spectral density P,(w)

» the optimum measure £* is discrete
— the optimum spectrum is discrete
» support points — frequencies
» weights — power

&< optimal input u* = combination of sinusoids
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Same framework as “approximate” design theory:

» experimental domain X — frequency domain R
» design measure £(dx) — power spectral density P,(w)

» the optimum measure £* is discrete
— the optimum spectrum is discrete
» support points — frequencies
» weights — power

& optimal input u* = combination of sinusoids

Same algorithms as for “approximate” design theory (without
approximation)
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INI

20/07/2011
Same framework as “approximate” design theory:
» experimental domain X — frequency domain R* e
Time-domain
» design measure £(dx) — power spectral density P,(w) e Ereney

domain input
design (linear

» the optimum measure £* is discrete EeRen)
— the optimum spectrum is discrete

» support points — frequencies
» weights — power

3.1 D-optimal

&< optimal input u* = combination of sinusoids o
Dioptimal
design

Same algorithms as for “approximate” design theory (without
approximation)

... but only for linear dynamical systems

12
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2 Adaptive control

Example 3 (continued): ARX model:

A(Oa; 2)yi = B0, z)ui + ex,

(k) ii.d. N(0,02) )

— Vi :fkTé_?—i—ak with = ( gA >
B

A(QA,Z) =1- 721 a,-z_i and B(QB,Z) = Z:’El b,'Z_i

.
fro = [Vk—1-- Yk—np Uk—1 Uk—2 - Up_ng]

Self-tuning regulator

Minimum-variance control: minimize regret

Ry =Yy (Vi — €k)?

(uy) "globally convergent" if Ry/N %3 0 [Lai & Wei, 1986]
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If & known (and by # 0): optimal controller
u () =
—(aryk + -+ angYkt1-ny + o1+ + bpgpy1_png)/ b1
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If @ known (and b; # 0): optimal controller 20/07/2011
* _
uk(e) o 1 Optimal
*(al}/k + e + anA)/kJrlan + b2Uk71 + e + an Uk+17n3)/b1 i:p;ut design
but then f,0 = 0 for all k and My = ZLVZI fif,] is singular S
(0TMp6 = 0) and 6 not estimable! S
ceien (lmear
system
(Forced-) Certainty-Equivalence control with LS estimation: 2 Adaptive
control
use ug = ui(0]s) i
. 3 Sequential
— additional perturbations must be added to guarantee that design
0L5 2% 9 [Astrom & Wittenmark, 1973] et
3.2 Penalized
D-optimal
design
> Persistently exciting input (Amin(Mn) = O(N)): 4 Examples
Ry > Amin(MN)||‘9||2 and lim ian—)oo RN/N >0 5 Design with

dynamical

» Best possible regret: Ry = O(log(N)) [Lai & Wei, 1987; C°”S“‘“i”‘_§
GUO 1994] 6 Conclusions
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— a statistical problem

1.1
Time-domain
. . . . input design
LS estimation in regression 12 Frequency
omain input
design (linear

Y =n(x,0) +ei, x; c X CRY, e ©CRP, {}iid, wyseem)
variance o S
LS estimation: 0" = arg mingeg S,(6) with

52(0) = S Y — (i, 0)
Conditions for strong consistency of 8" (8" %3 §) very much %zimlla

design

differ depending whether the x; are constants or depend on ¢;,
i<k

15



O Linear regression: NSC for the strong consistency of 4" :
)\min[X;,rX,,] — 00
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{x;} = deterministic sequence

O Linear regression: NSC for the strong consistency of 6" :

Amin [XIXn] — 0

O Nonlinear regression:

Define D,(0,6) =AZZ:l[n(Xk, 0) — n(xk, 0)]?

[Jennrich 1969]: 8" %3 @ when D,(6,6")/n — J(6,6)
(uniformly) with J(6,6") continuous and > 0 for all 6 # ¢’
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{x;} = deterministic sequence NI

20/07/2011

O Linear regression: NSC for the strong consistency of 6" : 1 Optimal
input design

Amin[X X] = 00 T
O Nonlinear regression: 3;.':?::;;:’5?’
Define D,(6,0) = Zzzl[n(xk, 0) — n(xk, 0)]? ;y/::;’tive
[Jennrich 1969]: 8" 23 § when D,(0,6")/n — J(6,6") control
(uniformly) with J(6,6") continuous and > 0 for all 6 # ¢’ 3 Seauentia
< in linear models, n(x,0) = f7(x)6: condition equivalent to 33,D-optiml
(1/n)[X] X,] — M positive-definite 22

design
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{x;} = deterministic sequence

O Linear regression: NSC for the strong consistency of 6" :
/\min[XIXn] — 0

O Nonlinear regression:
Define D,(0,0) = >_7_1[n(xk, 0) — n(x, 0)]?

[Jennrich 1969]: 8" %3 § when D,(6,6')/n — J(0,0")
(uniformly) with J(6,6") continuous and > 0 for all 6 # ¢’

< in linear models, n(x,0) = f7(x)6: condition equivalent to
(1/n)[X} X,] — M positive-definite

with X, = [f(x1),...,f(x,)]" (persistency of excitation)

O much stronger than i, [X! X,] — oo

One would expect something like D,(6,60") — oo V8 # 6’
([Wu 1981]: sufficient for 8" %3  when © is finite, additional
conditions required otherwise, necessary for the existence of a
weakly consistent estimator)
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x; depends on €;_1,&;_5...

In particular: sequential design (x; depends on 9Ai_1)
U Linear regression

[Lai & Wei, 1982]: SC

)\min[x;-,rxn] a;s>. oo and

{log )‘maX[XnTXn]l}p/)‘min[XnTXn] 2% 0 for some p > 1

a.s. o

= 0" = 0 (~ weakest possible condition)
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x; depends on €;_1,&;_5...

In particular: sequential design (x; depends on éi_l)
U Linear regression

[Lai & Wei, 1982]: SC

)\min[x;-,rxn] a;s>. oo and

{log )‘maX[XnTXn]l}p/)‘min[XnTXn] 2% 0 for some p > 1

a.s. o

= 0" = 0 (~ weakest possible condition)

[ Nonlinear regression
[Lai 1994] give a SC

equivalent in a linear context to [Christopeit & Helmes, 1980] :

Amin [ X, X,] 2% 50 and
Amax[ X Xp] = O{N2. [X)X,]} as. for some p € (1,2)

min
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x; depends on €;_1,&;_5...

In particular: sequential design (x; depends on 9Ai_1)

U Linear regression

[Lai & Wei, 1982]: SC

)\min[x;-,rxn] a;s>. oo and

{log Amax[ X1 X1}/ Amin X} X] 23 0 for some p > 1
= 0" 9 (~ weakest possible condition)

[ Nonlinear regression
[Lai 1994] give a SC

equivalent in a linear context to [Christopeit & Helmes, 1980] :

Amin [ X, X,] 2% 50 and

Amax[ X4 Xn] = O{N2. [X1X,]} a.s. for some p € (1,2)
Results used

O in adaptive control: e.g., self-tuning regulator such that
R, = O(log(n)) [Lai & Wei, 1987; Guo 1994]

O ...and in sequential design
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Regression model n(x, #), nonlinear in ¢
= the optimal design for estimating 6 depends on 6!
Information matrix M(¢, 0) = [, fa(x)fy (x) £(dx) with

» £ a probability measure on X
o 0
> fol) = 3 2557

£5(0) is D-optimal for 0: £f(6) maximizes log det[M(¢, 6)]
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full sequential design: choose xi, ..., X5,, estimate G set
k = ng then

> design xx1

v

observe Y1
> re-estimate A1 (LS)
> k—k+1...
D-optimality:
X1 = arg maxyey det [S2K fa (x,-)f;( (xi) + fék(x)fgk (x)]
or equivalently

Xir1 = arg maxee v £, ()M~ (&k, 0%)Fz(x) | with

&k = Zf-;l Jx; the empirical measure defined by x1, ..., x
= M(&, 0) = % iz fo(xi)f (x)
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full sequential design: choose xi, ..., X5,, estimate G set
k = ng then

> design xx1

v

observe Y1
> re-estimate A1 (LS)
> k—k+1...
D-optimality:
X1 = arg maxyey det [S2K fa (x,-)f;( (xi) + fék(x)fgk (x)]
or equivalently

Xir1 = arg maxee v £, ()M~ (&k, 0%)Fz(x) | with

&k = Zf-;l Jx; the empirical measure defined by x1, ..., x
= M(&, 0) = § 22 fo(x)f] (%)

we hope that §" 23 § and /(9" — 8) 5 A7(0, M~L[¢5(8), ])
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How to prove that §” 3 § and
V(0" — B) 5 N (0, Mg (), 0]) ?
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How to prove that 8" 23 § and

V(@ — ) % N (0,M1[£5(9),0]) ?

O suitable deterministic choice of x, when k € {ki, ko, ..

with ki = i® o € (1,2) [Lai 1994]

s
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How to prove that 8" 23 § and
V(0" = ) 5 N (0, ML [5(8), 7)) ?
O suitable deterministic choice of xx when k € {kq, ko, ...},
with k; = i® « € (1,2) [Lai 1994]

O let ng tend to co when n — oo
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How to prove that 8" 23 § and
V(0" = §) S N(0, M [5(6). 8]) ?
O suitable deterministic choice of xx when k € {kq, ko, ...},
with ki = i a € (1,2) [Lai 1994]
O let ng tend to co when n — oo

O suppose that X is a finite set
= replication of observations
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X is a finite set X = {x(1) ... x(K)}
Convergence of 6" to 6: everything is fine if
Dn(0,0) = 37 _1[n(xi,0) — n(x;,0)]? grows to oo fast enough
for all @ # 6
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X is a finite set X = {x(U) ... x(K)}

Convergence of 0" to 6: everything is fine if
Dn(6,0) = 2 h=1ln(xi, 0) = n(xi, 6)]? grows to oo fast enough
for all @ # 6

Theorem 1: convergence [LP, S&P Letters, 2009]
If Ds(6,0) = S rqin(xi, 0) — n(x;, 0)]? satisfies

forall 0 >0, inf  Dn(6,0)] /(loglog n) *3 oo
16—611>6/7n

with X finite and {7,} a non-decreasing sequence of positive
constants, then #" satisfies 7,(|6" — 8| 3 0

(Replace loglog n by (log n)?, p > 1, if {¢;} forms a
martingale difference sequence)
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with ¢, = Amin(C,) and D, (6, ) satisfying n*/*c, — oo and

forall 6 >0, inf  D,(6,0)] /(loglog n) ®3 oo
16—611=c75
then 0" satisfies /n MY/2(¢,, 0")(A" — @) G N(0,1) 32, D-eptiml
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Theorem 2: asymptotic normality [LP, S&P Letters, 2009]  20/07/2011

If there exists a sequence of matrices C,, symmetric pos. def.
such that C;1MY/2(¢,,0) 51
with ¢, = Amin(C,) and D, (6, ) satisfying n*/*c, — oo and

forall 6 >0, inf  D,(6,0)] /(loglog n) ®3 oo
16—0]|=c36
then 0" satisfies /n MY/2(¢,, 0")(A" — @) G N(0,1) 32, D-eptiml
3.2 Penalized
[0 Apply that to egrimel

Xip1 = arg maxeex £, (M2 (&, 0%)F5 (x)
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Theorem 2: asymptotic normality [LP, S&P Letters, 2009]

If there exists a sequence of matrices C,, symmetric pos. def.
such that C;1MY/2(¢,,0) 51
with ¢, = Amin(C,) and D, (6, ) satisfying n*/*c, — oo and

forall § >0, inf  D,(6,0)] /(loglog n) ®3 oo
10—011>c3o

then 6" satisfies \/n MY/2(&,, 67)(8" — 8) 5 N(0,1)

O Apply that to

Xip1 = arg maxeex £, (M2 (&, 0%)F5 (x)

06236
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Theorem 2: asymptotic normality [LP, S&P Letters, 2009]

If there exists a sequence of matrices C,, symmetric pos. def.
such that C;IMY/2(¢, 6) B | .
with ¢, = Amin(C,) and D, (6, ) satisfying n*/*c, — oo and

forall § >0, inf  D,(6,0)] /(loglog n) ®3 oo
10—011>c3o

then 6" satisfies \/n MY/2(&,, 67)(8" — 8) 5 N(0,1)

O Apply that to

Xip1 = arg maxeex £, (M2 (&, 0%)F5 (x)

LI
0 M(&n, 07) = Mg (), ]
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Theorem 2: asymptotic normality [LP, S&P Letters, 2009]

If there exists a sequence of matrices C,, symmetric pos. def.
such that C;IMY/2(¢, 6) B | .
with ¢, = Amin(C,) and D, (6, ) satisfying n*/*c, — oo and

forall § >0, inf  D,(6,0)] /(loglog n) ®3 oo
10—01|>c?s
then 6" satisfies \/n MY/2(&,, 67)(8" — 8) 5 N(0,1)
O Apply that to
X1 = argmaxeen £, (M (€, 0450 (x)
06" 4 )
0 M(&,67) 3 M[£5(0), 0]
0 [AM(&. 07)]/2(8" — ) 5 N (0.)
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Maximize log det M(¢, 6) under the contraint ®(£,6) < C
with ®(£,0) = [ ¢(x,0)&(dx)

(¢(x,0) = cost of one observation at x)
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3.2 Penalized D-optimal design YR

Maximize Iog det M(&, 6) under the contraint ®(£,0) < C

with ®(&,0) = [, o(x,0)&(dx) R

(¢(x,0) = cost of one observation at x) ﬁgm't:d“.g,ty

NSC for the optimality of £*: i

d(¢*,6) < C and there exists A* = A*(C,0) > 0 such that

{ A [C—®(¢7,0)] =0

X € X, AT OMTHE O)fo(x) < p+ N [6(x, 0) = &(¢7, 0]

design
E?Eﬁr:;ilzed
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3.2 Penalized D-optimal design T

Maximize log det M(&, 6) under the contraint ®(£,0) < C
with ®(&,0) = [, #(x,0)&(dx)
(p(x.,0) = cost of one observation at x)
NSC for the optimality of £*:
®(£*,0) < C and there exists \* = A*(C,0) > 0 such that
{ A [C—®(¢7,0)] =0
vx € X, £ (M7, 0)fp(x) < p+ A*[g(x,0) — &(¢*,0)]

O In practice: 32 Penaliced
maximize ‘ Hy(€,)\) = logdet M(€,0) — A ®(&,0) | (penalized desien
D-optimal design) for an increasing sequence {\;} of Lagrange
multipliers, starting from A\g = 0 and stopping at the first \;

for which £*(\;) satisfies ®[£*()\;), 0] < C [Mikulecka 1983]

O not more complicated than the determination of (a

sequence of ) D-optimal design(s)!
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Sequential construction:
Xk1r1 = arg maxyex {féTkM’l(fk,ék)fék — Ak O(x, ék)}
0 Use the assumption that X' is finite: X' = {x(1) .. x(F)}
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Sequential construction: INI

20/07/2011
Xk++1 = arg maxyey {féT,(Mil(fk, Qk)fék - )\k (b(X, Gk)} 1 Optimal
input design

0 Use the assumption that X' is finite: X' = {x(1) .. x(F)} 11

Time-domain
input design

» If A\, = constant A (and |¢(x,0)| bounded) : ormain tnpet

design (linear
system
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Sequential construction:

Xk1 = arg Maxxex {f,;Tkal(fk: 0% g — Mk d(x, ék)}

O Use the assumption that X’ is finite: &' = {x(1) ... x(K)}
» If Ay = constant A (and |¢(x, 8)| bounded) :

O 07 *% 8 and /aMY/2(¢,, 879" — 6) % N (0,1)

» If, moreover, ... ¢(x, ) continuous in @ for all x:

O |M(&,,0) — M*()|, optimal for criterion
log det M(¢&,0) — A ®(¢,0)
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Sequential construction: INI

20/07/2011
Xk+1 = arg maxxex { &k 0F) g — Aic B(x, ék)}
O Use the assumption that X’ is finite: &' = {x(1) ... x(K)} 1 donai
» If Ay = constant A (and |¢(x, 8)| bounded) : égmfd:ity
O 07 *% 8 and /aMY/2(¢,, 879" — 6) % N (0,1) o
» If, moreover, ... ¢(x, ) continuous in @ for all x:
O |M(&,,0) — M*()|, optimal for criterion Ay -
log det M(&,0) — A d(&,0) E‘;’EE’:E'M

» Also true if
Ak = bounded measurable function of xq, Y1,...,xk, Yk

(e.g., A = A*(6%) = optimal Lagrange coefficient for
minimization of log det M(&, 6%) under the constraint
®(s,0%) < O)

24



» If Ay oo, (Akloglogk)/k — 0, then

moreover, convergence to minimum-cost design:
n 7\ a.S. . Y
q)(gme) - % 27:1 ¢(Xl'79) — ;% = MiNyxecx Qb(X?H)

...and [En(xU)) 25 11if ¢(x, ) has a unique minimum
at xU7) e ¥ = {x(l), o ,X(K)}
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» If Ay 7 oo, (A loglog k)/k — 0, then INI

.. : 20/07/2011
moreover, convergence to minimum-cost de5|gn:
) 1 n n (LS 1 Optimal
q)(é-n7 0) = N Z’:]_ QS(X,', 0) qbe— = m|nX€X QZ5(X 0) input design
1.1
)N 2% 1] 5 : " input desgn”
...and | En(x)) = 1 ¢(x, 0) has a unique minimum SR
i clon_1ain input
at xU) e X = {xM), ... x(K} o L
2 Adaptive
= We can thus optimize >_7_; ¢(x;, ) without knowing &: control
self-tuning optimization 3 Sequential
esign
k Ak 3.=15iDn-optTma|
X1 = argmaxce { 1M (6 09— Mol 04)
D-optimal
design

Already suggested for linear regression (n(x, 6) linear in 6
[Astrém & Wittenmark, 1989], condition on Ay in [LP, AS T
2000) dymamical
Here, LS in nonlinear regression, but with X finite

4 Examples
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» If Ay oo, (Akloglogk)/k — 0, then

moreover, convergence to minimum-cost design:
(D(gn» é) - %27:1 QS(X/'» _) 5 Qbe‘ = Minkex ¢(X 9)

...and [En(xU)) 25 11if ¢(x, ) has a unique minimum
at x() e x = {(x( ... x(K)}

= We can thus optimize >_7_; ¢(x;, ) without knowing &:
self-tuning optimization

Xk+1 —-aIgfnaXxex’{ (&, 09, ok "Ak‘ﬁ(xaék)}

Already suggested for linear regression (n(x, 6) linear in 6
[Astrom & Wittenmark, 1989], condition on X, in [LP, AS
2000]

Here, LS in nonlinear regression, but with X finite

Beware: X1 = arg mingex ¢(x, 0) (best intention design)
may not work!
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4 Examples

Example 4 (self-tuning regulation)

Determine x* such that 1(x,0) = T — minimize

o(x,

>

v

v

v

v

0) = [v(x,0) - T

Michaelis-Menten model:

Y, = 521+X + ¢, {ei} iid. N(0,1)

Function to be minimized : )
T =12 o 6) = | — 3]
x € [0, 10], (grid with 1001 points)
Simulation with_é_? = (1,17 B
= n(x,0) = x/(1 + x), x* =1 (and ¢(x*,6) = 0)
Ak = (log k)®
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Here, 1(x,0) = n(x,0) — we directly observe ¥(x;,0) + ¢;
V(x,0) estimable if {x,} has a cluster point at x

= estimating 6 is not necessary

(it is enough to correctly estimate the sign of the derivative of
V(x, ) at x* such that V(x*,0) = T)

Xki1 = arg maXyex {fé—rk M~1(&, ék)fék — Ak &(x, ék)} works

provided that A\, — oo
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Here, ¥(x,6) = n(x,0) — we directly observe ¥(x;, ) + ¢;

W(x, ) estimable if {x,} has a cluster point at x

= estimating @ is not necessary

(it is enough to correctly estimate the sign of the derivative of
W(x,0) at x* such that W(x*,0) = T)

Xki1 = arg maXyex {f;(M_l(gk,ék) ok — Ak gzb(x,ék)} works

provided that A\ — oo

In this particular case, one may take

Xip1 = arg minge v ¢(x, #¥) (= best intention design =
continual reassessment method = forced certainty equivalence)
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Alternative approach [Lai & Robbins 1978] :

W= 1
Xk+1=Xk—k75k

with

e = Zimala =%)(Yi = ¥i)
Sia (i = %u)?

truncated at [f3, B]

3k = LS estimatorin Y; = T + B(xi —x*) + ¢
3k = constant — stochastic approximation
[Robbins-Monro, 1951]
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Xk++1 = argmaXyexy { (fk ) ok — Ak (X, ék)} INI

20/07/2011

~ similar behavior for | x,, 1 = arg min,cx ¢(x, 0%)

(% truncated at 6; > 1/3, 6 > 1072) 1
_Time- or!1ain
Xpp1 = xx — Y=L | (B truncated at [1072,5]) e
k Bi e
system)
— sequence {x,} — sequence {1(x,,0)}
095 Ial
i d
x5 7 V\{f{'\\‘; \‘\A.,o/\\o!\’\'\'l\-‘
ar " «‘«.""-\“ ]
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Example 5 (self-tuning regulation — continued)
» ~ Example 4, Y; = 9-9;1+XX + ¢, {&;} i.i.d. N(0,0.1)
» determine x* such that ¢)(x,0) = T — minimize
#(x,0) = [1p(x,0) — T]?, with now

V(x,0) = 011 — exp(—602 x/3)] # n(x,0)

(0=(1,1)T = W(x*,0) =1/2 for x* = 3log(2) ~ 2.08)
» More difficult than example 2: we do not observe W(x, #)!
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Example 5 (self-tuning regulation — continued)
~ Example 4, Y; = e—iﬂrxx +¢j, {ei} ii.d. N(0,0.1)
» determine x* such that ¢)(x,0) = T — minimize
#(x,0) = [1p(x,0) — T]?, with now

V(x,0) = 011 — exp(—602 x/3)] # n(x,0)

(0=(1,1)T = W(x*,0) =1/2 for x* = 3log(2) ~ 2.08)

» More difficult than example 2: we do not observe W(x, #)!

» x; =1, xp =10, then
Xk41 = arg MaxXyxex { &k, 0%)Fz — Ak ¢(X79k)}
for three sequences { Ay}
» (a) A\ = log? k
» (b) A = k/(1 + log? k)
> (C) Ak = k11
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1,...,500 »

a) A\, = Og2 k (b) e = k/(l + |og2 k) (C) e = k11 20/07/2011
@ 0 . ©
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Replace ¢(x,0) = [(x,0) — T]? by ¢(x,0) = [v(x,0) — T]*, NI

2
take \x = 103 log® k 20/07/2011
h [ f d d x*
— the support points of &, tend to concentrate around x .
1 Optimal
1 T T T 10 T T T input design
1.1
Time-domain
9l 4 input design
0.9 1
1.2 Frequency-
domain input
design (linear
8r 1 system
2 Adaptive
7r R control
3 Sequential
6 q design
c 3.1 D-optimal
H design
5p} 1 3.2 Penalized
;gz: § D-optimal
% ‘9 design
4% ]
: 4 Examples
04r q 31’ ¥ 1 5I Des?o?n with
ik dynamical
; H constraints
0.3} B BT I
. 6 Conclusions
0.2 . . . 1 . . .
0 500 1000 1500 2000 0 500 1000 1500 2000
n n
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Example 6 (self-tuning optimization)

» Model [Box & Lucas, 1959]:
Y: = n(x;,0) + ¢, {&;} i.i.d. N(0,0?)
n(x,0) = 919%92 [exp(—62 x) — exp(—01 x)]
» We want to maximize 7(x,0), x € [0,10], grid with 1001
points
» §=(0.7, 02)7
= §D = (5 (1) %(5)((2) with x(1) ~ 1.25 and x(®) ~ 6.60
= 2.51, n(x*,0) = maxyex n(x,0) ~ 0.606
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» x; = 1.25, x, = 6.6, then

Xk+4+1 = arg maxXyecxy {f;(Mil(fk, ék)fék — i ¢(X, ék)}

for three sequences {\}

>
>
>

(a) Mk = log® k
(b) M\ = k/(1 + log® k)
(C) /\k = kl'l
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— n(x,0), k=1,...,500, c =1 .
(a) Ak =log?k  (b) A = k/(1+log?k) (c) Ak = k! 20/07/2011
@) (b) ©

0.8 ! ! 0.8 ! ! 0.8 ! !
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0.6f? AP | 06F TMETWRAWSAS | 06 RT T T T T
_05F 41 ost 1 o5} 1
)
< . . 'l 3.1 D-optimal
X o . RN design
S o4l K 4 04l f‘ B 0.4F g 3.2 Penalized
B . D-optimal
. . design
?
P
: 4 Examples
0.3}, 4 o3 . * 4 o03f: 1 A
N 1
“
N i
i A .
-5 i
0.2, 4 o020, 1 02p 4
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— n(xx,0), k=1,...,500, 0 =0.1
(a) A\¢ = 10 log? k

0.7

0.65

n(x,6)

0.5

0.45

0.4

0.35

@)

(b) Ak = 10 k/(1 + log? k)

(b)

(©)

INI

(C) )\k =10 kl.l 20/07/2011
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— an algorithmic problem

x € X =[x,1] C [-1,1], various designs depending on x
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— an algorithmic problem

x € X =[x,1] C [-1,1], various designs depending on x
» —1<x<-0.216850r1/2<x<1—

INI
20/07/2011

1 Optimal
input design
1.1
Time-domain
input design
1.2 Frequency-
domain input
design (linear
system)

2 Adaptive
control

3 Sequential
design

3.1 D-optimal
design

3.2 Penalized
D-optimal
design

4 Examples
5 Design with
dynamical

constraints

6 Conclusions

38




INI
20/07/2011

— an algorithmic problem t optimal
2 Adaptive

x € X = [x,1] C [~1,1], various designs depending on x contro
» —1 S X S —0.21685 or 1/2 S X S 1 — 3 Sequential

design

6* _ X 1 iell.igD';"Pt.imd
P2 12 et

* 1 2 1 4 Examples
g _1/5 S x S 1/2 - gD - { 1;2 1/2 } 5 Design with

dynamical

» —0.21685 X 1/5 — 3-point measure constraints

{ } with x” and a3 close to 1/2
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Sequential construction of £};:
X1 = argmaxeex F T (x)M H(x), with
f(x) = (x )T, M = (1/k) S5 FOa)f T (x)
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Sequential construction of £: L

1 ima
Xk+1 = arg maxxe)( fT(X)MI?lf(X), W|th inpuitdesTgn

1.1
f(x) = (x x*) T, Mg = (1/k) 2012, ()T (x0) Time dommae

1.2 Frequency-
domain input

| 1 1 - design (linear
Dynamically constrained design: e

system

Xk+1 = Xk + Uk, k=1,2...x =1 2 Adaptive

control

D Uk E {767075}1 5 - 1/m, m E N* 35§C1Liervtia|
— esign
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Sequential construction of £:
X1 = argmaxeex F T (x)M H(x), with
f(x) = ()T My = (1/k) 20 FOa)f T ()

Dynamically constrained design:

Xkp1 =Xk U, k=1,2...,x=1

0w e{ 600}, 6=1/m meN
Xj41 = Arg MaXye{—5,0,5} fT(x + u)M;lf(Xk + u)

f(0) = 0 = we never cross x =0

— same situation if x = 0, the best we can hope is to reach

§1/2 = {

12 1
1/2 1/2

}, D-optimal when X = [0, 1]
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20/07/2011
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For uy € {—4,0,0}, § =1/(2q), g € N*:
xx € [1/2,1] and

> limsup,_, logdet M, = log det M(&; )
= —6 log2 ~ —4.1589
optimal on X = [0, 1]
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For uy € {—4,0,0}, 6 =1/(2q), g € N*:
xx €[1/2,1] and
> limsup,_, logdet M, = log det M(&; )
= —6 log2 ~ —4.1589
optimal on X = [0, 1]
» liminf,_ . logdet M, = logdet M(&,+) with

(12 1
Ea—{ « l—a}and

165(1—6)2 . ~
(1-26%) h .
0145—1252 otherwise
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Xp = —1, ngiven, uy,...,u, 1 such that

S

=

1

-1
n ui2

< Pumax and log det M, maximum
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Oxx =1, x,=-1, ngiven, uy,...,u,_1 such that
P

1 n—1 2 .
u = 777 2imq Ui < Pumax and log det M, maximum 20/0|7N/|20u
» Direct optimization with respect to uy,..., U1 —
. . 1 Optimal
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1

n—1 Z

O xq
P, =

n—1
i=1

1, x, = —1, ngiven, u1,...,u,_1 such that

u? < Pymax and log det M, maximum

» Direct optimization with respect to u1,...,Up_1 —
complicated if n large

» Feedback optimal control: v} = 2320 ajx, —

J

optimization with respect to ag, ..., az whatever n is

n =10, Pymax = 1/9, (ux) and (xx)

15
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O Heuristic approach based on unconstrained D-optimal

-1 1
HI [ *
design: X =[-1,1] = &) { 12 12 }for
Xk4+1 = Xk + Uk, use
0 fori=1,...,n (stay at x=1)

uy=4¢ =6 fori=m+1....m+m(x=1—-x=-1)
0 fori=n+nm+1,...,n—1(stay at x =—1)
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O Heuristic approach based on unconstrained D-optimal

design: X = [-1,1] = & = { 1_/12 1}2 } for
Xk+1 = Xk =+ uj, use

0 fori=1,...,n (stay at x=1)
uy=4¢ =6 fori=m+1....m+m(x=1—-x=-1)
0 fori=n+nm+1,...,n—1(stay at x =—1)

2
Then nyd =2, P, = ’,712—_‘51
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O Heuristic approach based on unconstrained D-optimal

-1 1
HI [ *
design: X =[-1,1] = &) { 12 12 }for
Xk4+1 = Xk + Uk, use
0 fori=1,...,n (stay at x=1)

uy=4¢ =6 fori=m+1....m+m(x=1—-x=-1)
0 fori=n+n+1,...,n—1 (stayat x =—1)

Then nyd =2, P, = a2

n—1

Try to treat separately the design and control problems
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O Heuristic approach based on unconstrained D-optimal

-1 1
HI [ *
design: X =[-1,1] = &) { 12 12 }for
Xk4+1 = Xk + Uk, use
0 fori=1,...,n (stay at x=1)

uy=4¢ =6 fori=m+1....m+m(x=1—-x=-1)
0 fori=n+n+1,...,n—1 (stayat x =—1)

Then nyd =2, P, = a2

n—1

Try to treat separately the design and control problems

In nonlinear models, M(¢) depends on 6
— adaptive construction
— an algorithmic and statistical problem!

— X finite may help
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Maximin-optimal design: X, = (X1,...,X,), X; € [0,1]¢ for
all i — maximize min;; || X; — Xj|

INI
20/07/2011

1 Optimal
input design
1.1
Time-domain
input design
1.2 Frequency-
domain input
design (linear
system)

2 Adaptive
control

3 Sequential
design

3.1 D-optimal
design

3.2 Penalized
D-optimal
design

4 Examples
5 Design with
dynamical
constraints

6 Conclusions



model-free design

Maximin-optimal design: X, = (X1,...,X,), X; € [0,1]? for
all i — maximize min;; || X; — Xj|

n=10,d =2 (from http://www.packomania.com/)
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http://www.packomania.com/

Same dynamical constraint as previously: move as
Xk4+1 = Xk + Uy, k=1,2...
Cheapest visit of all X; in X, — solve a TSP (shortest tour)
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Same dynamical constraint as previously: move as -
Xk4+1 = Xk + Uy, k=1,2...
Cheapest visit of all X; in X, — solve a TSP (shortest tour) 1 Optimal

input design
r - 1.1
Time-domain
input design

1.2 Frequency-
domain input
design (linear
system

2 Adaptive
control

3 Sequential
design

3.1 D-optimal
design

3.2 Penalized
D-optimal
design

4 Examples
5 Design with
dynamical

constraints

6 Conclusions

45



[Beardwood, Halton, Hammersley 1959]: X; i.i.d., p.d.f. ¢, NI
TSP graph Grsp(X) 20/07/2011
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[Beardwood, Halton, Hammersley 1959]: X; i.i.d., p.d.f. ¢,
TSP graph Grsp(X)

ZeiGQTSP(X) lei]
nld=1)/d

— C(d) /cp(d_l)/d(x) dx a.s., n— oo

then [Steele, 1981] for other Euclidean functionals on X,
[Redmond & Yukich, 1994] using quasi-additivity

[Redmond & Yukich , 1996], [Yukich, 1998], [Penrose &
Yukich 2003...2011], [Wade, 2011];

Ze;Eg(X) |ei |5

@-pa ~ — C(8.d) /w(d‘m/d(x) dx, n— oo
n

with G(X) Minimum Spanning Tree (MST), NN, TSP,
Voronoi, Delaunay, Sphere of Influence, Gabriel... (different

types of convergence (L), different conditions on ¢ and . ..)

INI
20/07/2011

1 Optimal
input design

input design
1.2 Frequency-
domain input
design (linear

system)

2 Adaptive
control

3 Sequential

design

3.1 D-optimal
design

3.2 Penalized
D-optimal
esign

4 Examples

5 Design with
dynamical
constraints

6 Conclusions

46



) e’
Zacow 9L (5. q) [ dx o
-

> = estimation of Rényi entropy

H.*(¢) = 2= log [ ¢*(t) dt with o = (d — 3)/d

1§ﬁ<d:>0<oz§1—1/d, RHS max for ¢ = ct.

(uniform)
— maximize the LHS
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Lecox leil’ -
,',(EJGW C(B,d) /gp(d /9 (x)dx, n— oo

> :> estimation of Rényi entropy

H.*(¢) = 2= log [ ¢*(t) dt with o = (d — 3)/d
1§ﬁ<d:>0<oz§1—1/d, RHS max for ¢ = ct.
(uniform)

— maximize the LHS

» We want a short route (minimize cost) but long routes
are good in terms of space-filling!
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Different problem if we observe all along xx.1 = xx + g,
k=1,2... — space filling curve
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Different problem if we observe all along x;11 = xx + g,

k=1,2... — space filling curve
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» Input design for dynamical system = control problem;
adaptive control (self-tuning regulation/optimization)
design problem
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6 Conclusions

» Input design for dynamical system = control problem;
adaptive control (self-tuning regulation/optimization) =
design problem

» sequential penalized D-optimal design

Xk4+1 = arg MaXyey {fgk M~ (&k, 09)F g — Ak (x, ék)}

» consistency and asymptotic normality of #% when A,
bounded

» consistency when Ay — 0o not too fast — self-tuning
regulation/optimization
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» Input design for dynamical system = control problem;
adaptive control (self-tuning regulation/optimization) =
design problem

» sequential penalized D-optimal design

Xkt1 = arg maXyex {fgk M~1(&,, ék)fék — Ak o(x, ék)}

» consistency and asymptotic normality of #% when A,
bounded

» consistency when Ay — 0o not too fast — self-tuning
regulation/optimization

...assuming that X is finite (only a technical
assumption?)
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6 Conclusions

» Input design for dynamical system = control problem;
adaptive control (self-tuning regulation/optimization) =
design problem

» sequential penalized D-optimal design

Xkt1 = arg maXyex {fgk M~1(&,, ék)fék — Ak o(x, ék)}

» consistency and asymptotic normality of #% when A,
bounded
» consistency when Ay — 0o not too fast — self-tuning
regulation/optimization
...assuming that X is finite (only a technical
assumption?)

» Asymptotic normality when )\, — oo slowly enough?
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6 Conclusions

» Input design for dynamical system = control problem;
adaptive control (self-tuning regulation/optimization) =
design problem

» sequential penalized D-optimal design

Xkt1 = arg maXyex {fgk M~1(&,, ék)fék — Ak o(x, ék)}

» consistency and asymptotic normality of #% when A,
bounded
» consistency when Ay — 0o not too fast — self-tuning
regulation/optimization
...assuming that X is finite (only a technical
assumption?)

» Asymptotic normality when )\, — oo slowly enough?

» Dynamically constrained design xx 1 = h(xk, ux) —
additional difficulties — try to visit optimal support points

INI
20/07/2011

1.1
Time-domain
input design
1.2 Frequency-
domain input
design (linear
system)

3.1 D-optimal

design

3.2 Penalized

D-optimal
esign

6 Conclusions

49



Thank you for your attention!
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