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Summary

In this work, we propose a novel formulation for a precoder design considering a
practical rate assignment based on the modulation and coding scheme (MCS) of
the long-term evolution (LTE) table, beam selection, and power optimization, that
exploits the geometric sparsity of the multi-user (MU) massive multiple input and
multiple output (MIMO) channel. We consider two different channel models, and
provide an optimal solution for the joint beam selection and power optimization,
as well as a heuristic using Lagrangean relaxation. Assuming knowledge of the
beamspace channel, the beamspace precoder consists of selecting and optimizing the
power of the beams steered to the user equipments (UEs) in order to maximize the
signal-to-interference-plus-noise ratio (SINR) at the UE. Furthermore, we propose
three additional simple heuristics with low-complexity. For these three heuristics,
we solve the problem in two steps: i) selection of beams based on the maximal ratio
transmission (MRT) principle, and ii) power allocation per UE. Simulation results
show that our optimal solution can achieve a better performance than the zero forcing
beamforming (ZFBF) scheme in the high sparsity cases. Besides, compared to the lin-
ear MRT precoder, the proposed low-complexity heuristics improve the performance
under a scenario with channel sparsity.
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1 INTRODUCTION

Massive multiple input and multiple output (MIMO) is one of
the key technologies for the 5th generation (5G) wireless com-
munication systems due to its potential to achieve high data
rates and its robustness against interference, fading, hardware
imperfections and failure1. In his seminal paper, Marzetta2
showed that when the number of antennas grows very large,
the effect of additive noise decreases, as well as the required
transmitted energy per bit.

Massive MIMO systems have the potential to achieve high
data rates mainly when more user equipments (UEs) are allo-
cated the same frequency resource. Under the multi-user (MU)
perspective, the systems have a huge potential to decrease
power consumption and to improve the communication sys-
tem performance3. However, when the number of base station
(BS) antennas is moderate, intra-cell interference among UEs
appears and has to be effectively handled. Transmit beam-
forming is one of the techniques that achieves enhanced per-
formance in MU massive MIMO systems, determining the
complex antenna gains that optimize some performance crite-
rion, e.g., sum rate. In the literature3, transmit beamforming
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structures have been analyzed. In particular, they show that
optimal beamforming can be seen as a tradeoff between maxi-
mal ratio transmission (MRT), which is optimal in the absence
of interference, and zero forcing beamforming (ZFBF), that
cancels the multi-user interference (MUI). In this latter case3,
the ZFBF implies a significant computational complexity com-
pared to MRT.
Classical beamforming4 is defined as a single steering vec-

tor of interest where the aim is to ensure that of inner product
between beamforming weight vector and the steering vectors
of interest is large, whereas the inner product of the beam-
forming weight vector and all other steering vectors is small,
i.e., to mitigate interference. It is applied to both receive
beamforming and unicast transmit beamforming for a sin-
gle receiver. For MU transmit beamforming in the downlink
case, when the transmitter has multiple antennas, multiple
transmit beamformingweight vectors are designed to carry dif-
ferent cochannel unicast transmissions, eachmeant to reach the
receiver of a different UE. These vectors are created to balance
the interference between different transmissions. This concept
was introduced in the literature5, where some downlink beam-
forming techniques have been developed. In some previous
work6, convex optimization methods are introduced to solve
the problem.
Along the last years, several works have investigated pre-

coding schemes7,8,9,10,11. The sparsity property of the MU
channel matrix could be exploited to obtain a sparse approx-
imate inverse7. However, this kind of scheme still requires
many operations to compute a matrix inverse. A way to lower
complexity is proposed by Sun et.al.8, where the authors pro-
pose a beam domain multiple access (BDMA) transmission
scheme in which MU are served by different beams. These
beams are the eigenvectors of the channel matrix. The BDMA
algorithm exploits the channel coupling matrices of a stochas-
tic MIMO channel model12. When considering the so-called
virtual channel13, the matrices collecting the eigenvectors are
discrete Fourier transforms (DFT) matrices. In this case, the
beams are fixed and do not depend on the channel. Although
BDMA is near optimal, it does not consider the sparsity of the
beam domain channel and does not allow to schedule more
than one UE per transmitting beam.
Yu et. al. proposed a low-complexity transceiver design9,

namely semi-random beam pairing (SRBP), for sparse mul-
tipath massive MIMO channels13. The idea is to transmit
simultaneous data streams, and in the end, to decouple them
using successive interference cancellation (SIC). However, it
is well known that SIC can propagate errors, mainly if the
number of streams is large.
In the search for low complexity solutions, Li et. al. pro-

posed a precoder design10, based on the maximization of
the minimum signal-to-interference-plus-noise ratios (SINRs)

perceived by all MU, under an equal quality of service (QoS)
constraint. This max-min formulation leads to a quasi-convex
optimization problem that can be solved by a low complexity
algorithm based on relaxation techniques. One way to achieve
maximum sum rate in a practical scenario is considering to
jointly optimize modulation and coding schemes (MCSs) and
transmit beamforming11. In these approaches, the rate adap-
tation consists in assigning MCSs for MUs (for example,
according to the 3GPP long-term evolution (LTE) table14, c.f.,
Chap. 5). In general, this formulation leads to a mixed inte-
ger linear programming (MILP) problem. In most cases, it is
impractical due to its high computational complexity.
Recent studies have demonstrated that, as the spatial dimen-

sion increases, the physical MIMO channels exhibit poor
scattering15,16,17,18. This is the case in macro-cell urban envi-
ronments, where the propagation links between the BS and
UE are often blocked by large buildings or when clusters of
multipaths are shared by the same MUs19,20,7,21.
In this paper, we propose low-complexity heuristics to beam

selection and rate adaptation in sparse massive MIMO system.
The main contributions are summarized as follows:

• We propose a precoder design considering a practical
rate assignment (based on the MCS of the LTE table),
beam selection, and power optimization that exploits the
geometric sparsity of the MU massive MIMO channel
using its beamspace representation.We show an optimal
solution to capacity (sum rate) following the MRT prin-
ciple combined with beam selection, called MRT with
selection.

• We design a new heuristic to simplify the beam selection
and power optimization procedure based on Lagrangean
relaxation22.

• We show that, for a sparse channel, performance
improvements can be achieved by selecting the proper
beams followed by MRT beamforming on these beams.
In the end, we propose three additional simple heuristics
with low-complexity to beam selection in the beamspace
domain. For these heuristics, we solve the problem in
two steps: i) selection of beams based on the MRT, ii)
power allocation per UE. The first heuristic uses MRT
as an initial point and removes beams whose removal
increases the SINR. The second heuristic sequentially
assigns single beams to UEs using a sub-optimal solu-
tion provided by the Munkres algorithm23. The third
heuristic takes the previous heuristic as an initial point,
then allocates more beams, provided that this allocation
improves the SINR. We show that adding and/or remov-
ing some beams improves the system performance.
Simulation results show that our optimal solution can
achieve a better performance than the ZFBF scheme
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for high sparsity cases. Besides, compared to the linear
MRT precoder, the proposed low-complexity heuristics
improve the performance under a scenario with channel
sparsity.

In our previous work24, we proposed three low-complexity
heuristics and evaluate them in a sparse channel scenario. In
this work, we extend the MRT with selection for a practical
scenario using MCS. We provide an optimal solution, and a
heuristic for decreasing the complexity. Also, the MRT with
selection is evaluated under two channel model representa-
tions.
The rest of this paper is organized as follows. Section 2

presents the systemmodel and themain assumptions. Section 3
presents the problem formulation and the proposed heuristics.
In Section 5, simulations results are shown. Finally, Section 6
brings some concluding remarks and perspectives.
Notations: normal letters represent scalar quantities while

boldface lower-case and boldface upper-case letters indicate
vectors and matrices, respectively. Superscripts ‘(⋅)T ’, and
‘(⋅)H ’ represent the transpose and the conjugate transpose
operations, respectively. IN denotes anN ×N identity matrix.
Frobenius norm is denoted by ‖⋅‖F, while⊙ and⊗ respectively
denote the Hadamard and Kronecker products.

2 SYSTEMMODEL AND ASSUMPTIONS

In this section, we introduce the system model and some gen-
eral assumptions for two different channel models based on the
beam domain channel representation. Furthermore, we address
the beam selection problem.

2.1 General Definitions
Consider a downlink scenario composed of a single massive
MIMO BS with MT transmit antennas and K UEs, each one
being equipped with a single antenna. We assume that all UEs
share the same time-frequency resource and that the BS has
the knowledge of the channel. We model the received signal
yk, with k ∈ {1,… , K}, at the kth UE as:

yk = hHk

(

wkxk +
K
∑

i≠k
wixi

)

+ nk, (1a)

= hHk Wx + nk, k ∈ {1,… , K}, (1b)

where nk represents the additive noise at the receive antenna,
which is complex Gaussian with zero mean and variance �2k;
hk ∈ ℂMT×1 is the multiple input and single output (MISO)
channel, and wk ∈ ℂMT×1 is the kth UE precoder.
Writing the emitted symbol vector as x =

[

x1 … xK
]T , the

precoder matrixW is given byW =
[

w1 … wK
]

∈ ℂMT×K as

in (1b). The global received signal taking into account all UEs
is given by:

y =
[

y1 … yK
]T = HHWx + n, (2)

where n =
[

n1 … nK
]T ∈ ℂK×1 is the global noise vector,

and H =
[

h1 … hK
]

∈ ℂMT×K is the channel matrix.
Following the literature25,26, the so-called virtual channel

representation is written as:

hk = AT gk ∈ ℂMT×1, (3)

where gk ∈ ℂMT×1 is the beam domain channel vector of the
virtual channel, AT ∈ ℂMT×MT is the array steering matrix
given by

AT =
[

aT (�0) … aT (�MT−1)
]

∈ ℂMT×MT , (4)

which can be set up as a DFT matrix, and the array steering
vector is given by:

aT (�) =
1

√

MT

[

1 e−j2�� … e−j2��(MT−1)
]T .

where � = d sin(�)
�

is the azimuth spatial frequency, d is the
antenna spacing and � is the wavelength. The angle � mea-
sures the angle between the impinging ray and the normal to
the array.
Note that we assume the same array steering matrix AT for

all UEs. This assumption reduces the complexity of the model
and it is known that the channel for each UE can be represented
using the same basis whenMT is sufficiently large8,27,28,16.
Following some previous works29,17, the extension for a

rectangular uniform planar array (UPA) using the same DFT
matrix for all UEs can be done. However, a Kronecker product
is used to represent the azimuth and elevation spatial fre-
quencies in two dimensional arrays17. Furthermore, the array
structure does not affect the precoder design (based on beam
selection). Consequently, other bases and array structures can
be used to represent the channel.
Rewriting (1) with (3), we obtain:

yk = gHk A
H
T wkxk + g

H
k A

H
T

K
∑

i≠k

(

wixi
)

+ nk, (5)

so that the received signal for all UEs can be written as follows:

y = GHAHT Wx + n, (6)

where G =
[

g1 … gK
]

∈ ℂMT×K . Considering unit-power
uncorrelated symbols (E

{

xxH
}

= IK ) the SINRk at the k-th
UE can be expressed as:

SINRk =
|

|

|

hHk wk
|

|

|

2

K
∑

i≠k

|

|

|

hHk wi
|

|

|

2
+ �2k

. (7)
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2.2 Independent and Identically Distributed
Beam Domain Channel Model
Consider G generated as:

G = �⊙ G̃, with G̃ ≈  (0, 1), (8)

where ⊙ is the Hadamard product. The sparsity of the channel
model is described by the matrix � ∈ MT × K whose ele-
ments are independent identically distributed (i.i.d.) Bernoulli
random distributed of parameter �. The sparsity level is the
average number of zero elements of � and is equals � = 1−�.
The non-zero entries of gk can bemodeled as Bernoulli random
variables26. Since the distances between the UE and the BS are
larger than the distance between the antennas, the assumption
of equal probability of a non-vanishing path for each UE is rea-
sonable. When the number of antennas increases to a massive
number, the channel composed by a low number of scatter-
ers tends to be sparse in the beam domain due to the fact that
resolvable paths contribute less15. Thereby, the sparse massive
channel is well represented using the virtual channel model.
The parameter � is introduced to describe the sparsity of

the channel, and this is defined as the non-zero probability
of entries in the distinct virtual channel matrix. Following
some previous work26, the entries of G are defined as ran-
dom variables taking values from a complex normal distribu-
tion  (0, 1), i.e., the entries in the sparse virtual channel
matrix under the above i.i.d. assumption follows the Gaussian-
Bernoulli distribution.

2.3 Geometric-Stochastic Beam Domain
Channel Model
Following the literature17,18, in some scenarios (e.g., in
mmWave) the multipaths are expected to form a sparse set of
single-bounce components. In this context, the poor scattering
effects can result in the virtual angular domain with a sparse
channel matrix representation16,21. The non-zero coefficients
are related to the approximately disjoint subsets of paths and
are modeled as independent complex Gaussian random vari-
ables. The number of non-zero entries on G defines a fixed
number of beams simultaneously used at the BS, and this quan-
tity depends on the sparsity level. Thereby, G is sparse with
level equals � and most of the power is concentrated in a few
dominant entries.
Then, gk can be modeled as:

gk = AHT hk, (9)

hk =
L
∑

p=1
�k,paT (�k,p), (10)

where L is the number of scatterers (c.f. Fig. 1 ); aT (�k,p) rep-
resents the steering vector with � ∈ [−�, �] and � represents

the complex gain of path p, which follows a  (0, 1) distribu-
tion. Furthermore, following the literature18, we assume that
the smallest elements in gk can be neglected.

2.4 Beam Selection
Considering the previous beam channel discussion in the last
subsections, let us define the selection vector as:

sk =
[

s1,k … sMT ,k
]T
, (11)

where st,k ∈ {0, 1} defines the selection of transmit beam t
for user k. However, in a more general case, st,k may actually
be considered as a “gain” and be a complex scalar. Then, the
beamformer can be written as:
wk = st,k ⋅ aT (�)

= st,k ⋅
1

√

MT

[

1 e−j2�⋅�MT … e−j2�(MT−1)�MT
]T

=
MT−1
∑

t=0
st,kaT

(

t
MT − 1

)

= ATT sk = AT sk.

(12)

Hence, the received signal in (1) can be rewritten as:

yk = hHk

(

wkxk +
K
∑

i≠k
wixi

)

+ nk,

= gHk A
H
T

(

AT skxk +
K
∑

i≠k
AT sixi

)

+ nk,

= gHk

(

skxk +
K
∑

i≠k
sixi

)

+ nk,

= gHk Sx + nk ∀k,

(13)

where S =
[

s1 … sK
]

. The complete signal (2), can then be
rewritten as:

y = GHSx + n, (14)
where the beam domain channel matrix can be expressed as
G =

[

g1 … gK
]

.
To exemplify an application scenario, we could assume a

low-number of scatterers, where L ≪ MT , some overlapped
angles of departure (AoDs), and shared scatterers among UEs
depending on the cluster distribution21 (see Figure 1 ). Then
paths betweenBS and theUE are highly correlated. It is a result
of a small angular spread of the outgoing rays at the BS.
For instance, consider two simple cases following the vir-

tual channel model with six uniformly spaced virtual angles
(six transmit antennas), three UEs and three multipath clus-
ters. Remember that in this model, the path gain of each UE is
linked to the DFT matrix, describing the AoDs. For simplic-
ity, consider one to represent the complex path gains, and zero
otherwise. Regarding the virtual channel model, this scenario
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UE

UE

UE

BS

AoD

Scatterer

Scatterer

Scatterer

FIGURE 1 Illustration of a scenario with a low-number of the
scatterers. Note that some scatterers share the same transmit
beam.

has the following structure:

GH =
⎡

⎢

⎢

⎣

1 0 0 0 0 1
0 0 0 1 0 0
0 0 1 0 0 0

⎤

⎥

⎥

⎦

.

In this interference-free case, there in no interference since
GH has no nonzero elements in the same columns. Further-
more, the sparsity level is measured by the ratio of zero
elements of GH over the total number of elements KMT ,
� = 1 − (4∕(3 ⋅ 6) = 1 − 0.222) ≈ 78%. Consider a second
example with:

GH =
⎡

⎢

⎢

⎣

1 0 0 0 0 1
0 0 1 1 0 0
1 0 1 0 0 0

⎤

⎥

⎥

⎦

.

Notice that interference exist since GH has more than one
nonzero element in a columns 1 and 3. In this example, the
sparsity level is � = 1 − 6∕(3 ⋅ 6) = 1 − 0.333 ≈ 67%.

3 PROBLEM FORMULATION

In the classical MIMO formulation, transmit beamforming (or
precoding) can be optimized to maximize some performance
utility metric, which is generally a function of the SINR of the
active UEs30,3. In general, two approaches can be taken: i) to
optimize a performance criterion for given transmit power con-
straints or ii) to minimize the total transmit power under given

SINR constraints. The first approach assumes the following
transmit power constraint:

tr
(

WHW
)

=
K
∑

k=1

‖

‖

wk‖‖
2
2 = P =

K
∑

k=1
Pk.

Considering a per UE power constraint, the optimization
problem can be expressed as

max
w1,…,wK

f (SINR1,… , SINRK )

s.t. ‖
‖

wk‖‖
2
2 = Pk, ∀k ∈ {1,… , K}.

(15)

where f (SINR1,… ,SINRK ) is some suitable function of the
SINRs and Pk is the power allocated to the kth UE. A possible
performance criterion is the sum rate:

sum rate =
K
∑

k=1
log2(1 + SINRk). (16)

The second optimization problem consists inminimizing the
total transmit power which can be formulated as:

min
w1,…,wK

K
∑

k=1

‖

‖

wk‖‖
2
2 ,

s.t. SINRk = k.

(17)

The parameters k are the SINRs that each UE shall be granted
at the optimum of (17), using as little transmit power as pos-
sible. The -parameters can, for example, describe the SINR
required to achieve certain data rates. However, the optimiza-
tion of UE transmit beamforming is generally a nondetermin-
istic polynomial-time (NP) hard problem4,31,3.
Classical precoders can be easily expressed in the beam

domain such as the MRT, where the performance (sum rate)
is limited due to MUI32. This MUI can be avoided thanks
to ZFBF30,33,7, at the cost of some computational complex-
ity (due to the number of operations required to compute the
pseudo-inverse (K2M2

T )). Moreover, these beamformers use
full (instantaneous) channel knowledge, which asks for large
channel state information (CSI) feedback to the BS34. To alle-
viate this feedback load, it is possible to transmit only on
one beam. Hence, only second order statistics are needed,
which are long-term parameters that vary slowly compared to
the instantaneous channel coefficients or path gains12,8. Using
only the beam gain knowledge from the channel covariance
matrix, Sun et. al. proposed to select a single beam using the
maximum beam gain8. However, this limits the performance
(rate) per UE.

4 PROPOSED SOLUTION

In this section, we propose a precoder design considering a
practical rate assignment (based on MCS, c.f. Table 1 ), beam
selection, and power optimization per beam that assumes the
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beam domain channel model for massive MIMO (c.f., (8) and
(10)). We design a new heuristic to simplify the beam selection
and power optimization procedure based on Lagrangean relax-
ation22. Furthermore, for completeness we briefly describe
three other simple low-complexity heuristics24.

4.1 General Definitions
Firstly, because gk is named beam domain channel, we call sk
the virtual beamformer or virtual precoder, since (14) and (2)
have the same form. Based on this, we rewrite the classical
beamforming problem as a “virtual beamforming” problem.
The SINR in (7) can be expressed in terms of gk and sk as:

SINRk =
|

|

|

gHk sk
|

|

|

2

K
∑

i≠k

|

|

|

gHk si
|

|

|

2
+ �2k

. (18)

The useful signal power is gHk sks
H
k gk =

|

|

|

gHk sk
|

|

|

2
, whereas

the interference power is
∑

i≠k
|

|

|

gHk si
|

|

|

2
. Thus, minimizing the

MUI boils down to:

min
∑

k

∑

i≠k

|

|

|

gHk si
|

|

|

2
,

s.t. ‖
‖

sk‖‖
2
2 = Pk.

(19)

Starting from (19), we can minimize the overall interference
(over all UEs k)35,36,37. Noting that |

|

gksk||
2 is a constant, mini-

mizing
∑

k

∑

i≠k

|

|

|

gHk si
|

|

|

2
is equivalent to minimizing

K
∑

k

K
∑

i

|

|

|

gHk si
|

|

|

2

and the MUI minimization problem can be rewritten as:

min
∑

i

∑

k

|

|

|

gHk si
|

|

|

2

s.t. ‖
‖

sk‖‖
2
2 = Pk, ∀k,

(20)

where min
∑

i

∑

k

|

|

|

gHk si
|

|

|

2
= min ‖

‖

GHS‖
‖

2
F.

4.2 Optimal Solution via Beam Selection,
Power Beam Optimization and Rate
Assignment: A MILP Formulation
In this subsection, the aim is to find an optimal solution to
the performance achieved by beam selection using integer lin-
ear programming (ILP) and MRT with selection. The problem
is mainly to find a feasible set of beams such that MRT on
these beams delivers optimal performance.Moreover, wewrite
the problem to maximize the sum rate using a set of discrete
rates11,38, supported by a set of beam gains. For instance, in
the practical cellular communication systems such as LTE, the
rate of each UE takes discrete rate values determined by spe-
cific MCSs assigned to each UE. Corresponding to each MCS

and rate, a minimum received  level is required. See Table 1
for more details.
The rate of the ktℎ UE from the associated  could be

obtained by applying the Shannon capacity formula: log2(1 +
k). However, these values are continuous and should be
discretized according to some criterion. In the simulations
section, we will discuss the discretization1. Due to this lim-
itation, this paper assumes that the Table 1 is a good point
to start. Let us express the rates � as a set Δ, and k as the
 achieved by index �. We assume that the binary variables
s represent the selected beam and q the rate assignment, as
follows:

st,k =

{

1, if the ttℎ beam is assigned to the ktℎ UE,
0, otherwise.

qk,� =

{

1, if the ktℎ UE is using only the rate ��,
0, otherwise.

The � index corresponds to the rate in the set Δ = {�1,… , ��}
as defined in Table 1 ( c.f., log2(1 + k) = �� for all �−1 ≤
k < �, and � ≥ 1).
We consider a constraint on the maximum tolerable level

of MUI39, termed hereafter limited multi-user interference
(LMUI)2. Thereby, the SINR in (7) can be expressed in terms
of the LMUI as:

SINRk =
|

|

|

gHk wk
|

|

|

2

LMUI + �2k
. (21)

The SINR considering a minimal  requirement for each UE
can be formulated as follows:

SINRk ≥
∑

�∈Δ
kqk,�, (22)

where k represents the minimum SINR. Note that the con-
straint (22) is non-convex, even if the binary variables are
relaxed to be continuous variables taking values in [0, 1]. Using
(21), we get an equivalent inequality as an alternative to (22),
as follows:

|

|

|

gHk wk
|

|

|

2
≥
∑

�∈Δ
kqk,�A, (23)

where A = LMUI + �2k and wk is the precoder for each k.
Our goal is to maximize the sum rate. Thus, the objective

function can be written as:

max
q,s

∑

k

∑

�
��qk,�, (24)

where
∑

k
∑

� ��qk,� represents the downlink sum rate with
discretized rate values.

1Determination of the optimal values is out of scope of this paper.
2This limit is required for supporting a MCS and it is based on control of the

temperature-interference between primary and secondary UEs into cognitive radio
system.
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TABLE 1 Data rates and minimum received  requirements of LTE systems14,11.

Index � 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Data Rate � 0 0.1523 0.2344 0.3770 0.6010 0.8770 1.1758 1.4766 1.9141 2.4063 2.7305 3.3223 3.9023 4.5234 5.1152 5.5574
SINR Level (dB)  0 -9.478 -6.658 -4.0898 -1.798 0.3999 2.424 4.489 6.367 8.456 10.266 12.218 14.122 15.849 17.786 19.809

We must ensure that each UE chooses only one rate11 as
follows:

∑

�∈Δ
qk,� ≤ 1,∀k. (25)

Then, (25) is a constraint on the binary variables for the ktℎ UE
to be served with only one rate, i.e.,

∑

�∈Δ qk,� = 1, or the ktℎ
UE be not served, which implies

∑

�∈Δ qk,� = 0.
Therefore, considering (23), (24) and (25), the problem

for selecting beams and discrete rates for multiple UE can
be expressed as a binary integer linear programming (BILP)
problem, as follows:

max
q,s

∑

k

∑

�
��qk,� (26a)

s.t.
∑

�∈Δ
k,�qk,�Ak −

|

|

|

gHk (wk ⊙ sk)
|

|

|

2
≤ 0, ∀k (26b)

∑

�∈Δ
qk,� ≤ 1,∀k (26c)

K
∑

i≠k

|

|

|

gHk (wi ⊙ si)
|

|

|

2
≤ LMUI, ∀k (26d)

st,k ∈ {0, 1}, ∀k (26e)
qk,� ∈ {0, 1}, ∀k. (26f)

The formulation consists in selecting discrete rates and beam
gains such that the sum rate is maximized for a given LMUI
level. Notice that, in this proposal, the problem is to maximize
the sum rate of all UEs, assuming each achievable rate �� is
chosen from a predefined discrete rate set Δ.
Furthermore, in our proposal, we assume that the precoder

w = g, where we aim to maximize the MRT with selection.
Then, (26) can be written as:

max
q,s

∑

k

∑

�
��qk,� (27a)

s.t.
∑

�∈Δ
k,�qk,�Ak −

|

|

|

gHk (gk ⊙ sk)
|

|

|

2
≤ 0, ∀k (27b)

∑

�∈Δ
qk,� ≤ 1,∀k (27c)

K
∑

i≠k

|

|

|

gHk (gi ⊙ si)
|

|

|

2
≤ LMUI, ∀k (27d)

st,k ∈ {0, 1}, ∀k (27e)
qk,� ∈ {0, 1}, ∀k. (27f)

Note that the problem in (27) is not assuming power con-
straints. As long as, the beams (gk) do not change with the
power, the variables s, q ∈ {0, 1} select the rates and beams,

respectively. Thereby, the problem should be solved in two
steps. First, it selects beam gains and rates and afterwards it
optimizes the power. However, the optimal solution on perfor-
mance is not achieved because the power optimization is made
in a second step and per UEs. Moreover, optimally solving a
BILP problem can lead to high computational complexity40.
We discuss the complexity analysis in Section 5.2.
Since the difficulty of solving the ILP is restricting a solu-

tion to binary values, this problem could be relaxed in parts.
It means that the binary selection in the beams (s) can be
relaxed to positive continue values s′. Therefore, this problem
is expressed as a MILP formulation:

max
q,s

∑

k

∑

�
��qk,� (28a)

s.t.
∑

�∈Δ
k,�qk,�Ak −

|

|

|

gHk (gk ⊙ s
′
k)
|

|

|

2
≤ 0, ∀k (28b)

∑

�∈Δ
qk,� ≤ 1,∀k (28c)

K
∑

i≠k

|

|

|

gHk (gi ⊙ s
′
i)
|

|

|

2
≤ LMUI, ∀k (28d)

s′t ≤ P 1∕2k , ∀k (28e)
qkt ∈ {0, 1}, ∀k. (28f)

Note that this formulation consists in a power optimization of
beam selection s′ since it can assume any continue positive
value limited to available total transmit power, i.e.,

∑

kt s
2
t,k ≤

P .
In general, even with relaxation, the problem is complex

to solve because it involves a joint optimization of discrete
and continuous variables. In the next subsection, we present
a heuristic based on Lagrangean relaxation for reducing the
complexity of this MILP formulation.

4.3 Lagrangean Relaxation via Dual
Subgradient Optimization Algorithm
The idea follows the approach of the literature3 to optimize
the multi-UE precoder. The method aims to solve the MILP
formulation (28) in the dual variable space41, where the opti-
mization problem becomes the unconstrained maximization of
a non-differentiable concave function. Thus, a standard iter-
ative subgradient descent method can be used to solve the
corresponding dual problem.
The first step to find the dual version of the problem is to

build the partial Lagrangean function L(q, s′,�) by “relaxing”
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(or “dualizing”) the constraints (28b), that is, by adding these
constraints to the MILP objective function (28a) weighted by
the dual variables �k (i.e., the Lagrangean multipliers):

L(q, s′,�) = −
∑

k

∑

�
��qk�

+
∑

k
�k

(

∑

�∈Δ
k�qk�Ak −

|

|

|

gHk (gk ⊙ s
′
k)
|

|

|

2
)

. (29)

The minimization of the partial Lagrangean function
L(q, s′,�) constitutes the so-called Lagrangean relaxed
version of the primal (30):

W (�) = min L(q, s′,�), (30a)
s.t.

∑

�∈Δ
qk� ≤ 1, ∀k, (30b)

K
∑

i≠k

|

|

|

gHk (gi ⊙ s
′
i)
|

|

|

2
≤ LMUI, ∀k, (30c)

s′t ≤ P 1∕2k , ∀k, (30d)

whereW (�) is the dual function, whose maximization comes
up to the dual problem (31) to solve via the subgradient descent
method:

max
�

W (�) (31a)

s.t. � ≥ 0. (31b)

The Lagrangean relaxed primal problem (30) can be sepa-
rated into two independent subproblems, defined on a different
groups of decision variables q and s′, respectively, since the
linking constraint (28b) between q and s′ has been relaxed.
The first subproblem (32) selects the UE-data rate assignment
q, while the second one (33) finds the optimized power beam
associated to the UEs, represented by s′.

min
q
−
∑

k

∑

�
��qk� +

∑

k
�k

(

∑

�∈Δ
k�qk�Ak

)

, (32)

s.t. (30b).

min
s′
−
∑

k
�k

|

|

|

gHk (gk ⊙ s
′
k)
|

|

|

2
, (33)

s.t. (30c), (30d).

This decouple my results in two less complex subproblems
than the original MILP problem. The power beam allocation
subproblem (33) can be solved by well-known linear pro-
gramming (LP) algorithms in polynomial time. On the other
hand, the UE-data rate assignment subproblem (32) can be
solved separately for each UE k, yielding to the next trivial
solution (35):

wk� = �� − �kk�Ak (34)

q⋆k� =
{

1, if � = argmax{�∈Δ|wk�≥0}wk�
0, otherwise.

(35)

Since, for each UE k, the set of values wk� are sorted by con-
struction, this solution can be found by a standard binary search
algorithm performing (log2(|Δ|)) comparisons.
The optimization of both LP subproblems parameterized by

the current multipliers � delivers a value for the dual function
W (�) and a solution {q⋆, s′⋆} to the Lagrangean relaxed pri-
mal problem.Wemust note that the UE-data rate assignment q
could be unfeasible sincewe have relaxed the constraints (28b).
Then, we build a feasible primal solution by keeping s′⋆ and
taking as feasible UE-data rate assignment qfeas the largest UE
data rate supported by s′⋆ , i.e. meeting the constraints (28b),
for each UE k. Afterwards, the method explores the dual solu-
tion space by using a subgradient update step to move from the
current � to a new set of values.
Since we know from (30) that the dual function is a convex

function subject to the non-negativity constraints, represented
by the vector �, a descent step method used in unconstrained
optimization is suitable for the dual exploration. In particular, a
subgradient vector is used as search direction because the dual
function is piecewise linear, and then non differentiable. This
subgradient vector, %, is calculated as:

% = ∇W (�) =
∑

�∈Δ
k�qk�Ak −

|

|

|

gHk (gk ⊙ s
′
k)
|

|

|

2
. (36)

Then, the new � in the dual space in the next iteration l + 1 is
updated by the subgradient step as:

�l+1 =max{�l + �%, 0}. (37)

where � is the fixed step size.
The new dual multipliers �l+1 are replaced in the

Lagrangean function (29), yielding to new instances of the
Lagrangean relaxed subproblems (32) and (33) for the (l+1)th
iteration. Then, after solving them, a new subgradient opti-
mization step follows. The method continues by solving in
an alternate way Lagrangean relaxed primal subproblems and
dual problems at each iteration until a stopping criterion is met.
In this paper, the algorithm is stopped when any of the

following conditions is satisfied first: (1) the optimality gap
between the objective function (28a) evaluated for qfeas and
the upper bound W diminishes under a threshold tℎr; (2), at
least one Lagrange multiplier becomes null; or (3), a maximal
number of iterations lmax is reached. The upper bound W is
calculated as follows:

W =
K
∑

k=1
log2(1 + SINRUBk ) (38)

SINRUBk = min
(

|

|

|

gHk (gk ⊙ s
′
k)
2|
|

|

, MAX

)

. (39)

where s′t = Pk and MAX is the largest SINR level allowed in
the system (e.g, the value associated to the last index � ∈ Δ
in Table 1 ). Finally, the rationale behind the second stop-
ping criterion is related to the impact of the � multipliers in
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the Lagrangean relaxed primal subproblems. If �k becomes
null, the subproblem (32) will assign the largest data rate
available allowed in the the system to the UE k, whereas the
subproblem (33) will allocate a null amount of power to UE
k. That results is an abrupt transition in the �k evolution:
from a smooth decreasing till reaching zero, we pass sud-
denly to a huge increment. In other words, the UE with the
smallest impact on the objective function (the closest �k to
zero) becomes presumably the UE with the highest impact.
This change modifies drastically the solution s′⋆ delivered
by the subproblem (33), and, hence the feasible UE-data rate
assignment qfeas built from s′⋆ as aforementioned. The second
stopping criterion prevents such situation.

4.4 Low Complexity Heuristics
In some practical systems, it could be impossible to apply the
last heuristic because its computational complexity becomes
too high. Motivated by this fact, we propose three low-
complexity heuristics to select the transmit beams. These
heuristics are simple and less complex compared to the pre-
vious solutions in Section 4. Thereby, the performance results
have improvements compared to the MRT case. In the follow-
ing, the heuristics are presented.

4.4.1 Heuristic 1 – Minimum-Interference
Greedy Assignment
This heuristic tries to minimize interference (equivalently
maximize SINR). Consider two UEs as an example. For each

pair i, k of UEs, wemaximize
gHi si + g

H
k sk

gHi sk + g
H
k si

.More specifically,

this heuristic follows the steps:

1. Initialize with sk = gk;

2. For all pairs i, k of UEs, test all beams t. If removing st,k
leads to a higher SINR, turn this to 0.

The idea is to minimize the interference and, under this per-
spective, this heuristic marginally improves the SINR, com-
pared to the simple MRT approach. This heuristic is more
formally described by the pseudo-code presented in Algorithm
1.

4.4.2 Heuristic 2 – Munkres-based
Assignment
Inspired again by the MRT scheme, we consider in this pro-
posed heuristic that each UE will get assigned only one beam,
which will concentrate the whole power allocated to that UE,
and that each beam will be assigned to at most one UE.
Since we are concerned with the overall performance of theK

Algorithm 1 Minimum-Interference Greedy Assignment
Input : A GH matrix of size K ×MT
Output: An S matrix of size K ×MT

Initialize S = G
Define the interference limit gHi sk + g

H
k si

while Exist an UE that violates the interference limit do
Remove the beam of the UE
Re-evaluate the limit

end

UEs, we can consider the following alternative optimization
problem:

S⋆ = argmax
S

{1TMT
(G⊙ S)1K}, (40a)

s.t. S1K = 1K , 1TMT
S ≤ 1TMT

, S ∈ BMT×K , (40b)

which implies that each UE will be assigned a single beam
and each beam will be assigned to a single UE. The above
assignment problem corresponds to a maximum matching in
a bipartite graph and can be solved optimally using Munkres’
algorithm23 (see Algorithm 2). Due to the limited space, we
omit the details of the Munkres’ algorithm.
In spite of involving the solution of an optimization problem,

the Munkres’ algorithm solves the assignment problem with

(

min
{

K3,M3
T

})

complexity23. Notice that, whenever there
are more beams than UEs, the output of this heuristic could be
augmented by assigning additional beams to the UE.

Algorithm 2 Munkres-based Assignment
Input : A GH matrix of size K ×MT
Output: An S matrix of size K ×MT

Define G′ so that g′i,j = 1∕gi,j
S← munkres(G′)

4.4.3 Heuristic 3 – Minimum Interference
Greedy Assignment with Munkres Initialization
Based on the previous heuristic, one can consider augmenting
the obtained solution by assigning new beams to the UE when-
ever it does not compromise the overall performance. In this
case, a slightly modified heuristic could be applied which com-
bines aspects of the two previous heuristics. Denoting byi the
set of beams assigned to UE i and by t the set of UEs using
the beam t, the heuristic is described as follows. We assume in
Algorithm 3 that the unsatisfied UE are those whose minimum
SINR requirement is not satisfied.
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Algorithm 3 Minimum-Interference with Munkres Initializa-
tion
Input : A GH matrix of size K ×MT
Output: An S matrix of size K ×MT

Define G′ so that g′i,j = 1∕gi,j
S← munkres(G′)
while there is no unsatisfied UE do

Select the scheduled UE i and the beam t ∉ i with highest

ratio
gHi

∑

t′∈i

st′,i + gHi st,i

max
i′∈t

{

0, gHi′ st,i′
}

if all UEs are satisified when assigning beam t to UE i then
Allocate beam t to UE i

else
Break

end
end

The basic idea behind the above heuristic is to allocate a new
beam to the UE such that the gain is maximized and that the
interference (from the worst interferer) is minimized.
After the beam selection/assignment step, power allocation

among UEs is performed along the lines3.

5 SIMULATIONS RESULTS

In this section, we compare the performance of linear pre-
coders as well as the schemes based on heuristics and the
corresponding optimal solution provided by the MILP formu-
lation described in (3). The power allocation per UE applied in
Heuristics 1, 2, 3, ZFBF andMRT can be reproduced following
the supplementary material3.
We assume a system with MT = 64 antennas and sce-

narios with different sparsity levels. For all simulations, we
ensure that the sparsity level is less than or equal to � . The
curves are plotted as a function of the signal-to-noise ratio
(SNR) ||

|

HH
k wk

|

|

|

2
∕�2k and the average sum rate is described by

(16). Following (21), the SINR of the kth UE achieves the
best performance when the LMUI is equal zero. Therefore, we
present the best solutions with the best beam selection in the
interference-free case.
In all simulations, we use 1000 channel realizations. In the

simulation results we assume the two channel models pre-
sented in section 2: one is called i.i.d. and the other is a
geometric-stochastic channel, both with the same specified
sparsity level � . In the i.i.d. channel model the elements of
g follow a zero-mean circularly symmetric complex Gaussian
distribution, gk ∈  (0, IMT

) following (8). In the geometric-
stochastic channel, each element inGwas generated according
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(a) Performance using an i.i.d. channel model.

-10 -5 0 5 10 15 20 25

SNR [dB]

0

5

10

15

20

25

A
v

e
ra

g
e

 S
u

m
 R

a
te

 [
b

it
/s

y
m

b
o

l]

ZFBF

MRT

HEUR
1

HEUR
2

HEUR
3

MILP

LA

Upper bound

(b) Performance using the geometric-sthocastic channel model.

FIGURE 2 Performance of optimal solution (MILP),
Lagrangean relaxation, ZFBF, MRT and three proposed
heuristics with K = 4,MT = 64 and sparsity level equal to
90%.

to (10). In this model, we generate the channel removing the
smallest elements in gk until reaching a required sparsity level
� . We consider L = 20 scatterers42, which are enough to cap-
ture the channel characteristics. As for the optimal solutions,
we solve (28) (i.e., the MILP problem) and the Lagrangean
relaxation (LA) described in Section 4.3 using the CPLEX
solver43. For the Lagrangean, we assume � = 10−6 and lmax =
1000.
Figure 2 (a) shows the performance results under the

parameters of Table 1 . Note that the performances of all
schemes are upper limited at 22 bits per symbol, since the data
in Table 1 restricts the problem to assign atmost the rate of 5.5
bits/symbol per UE, (Δ ∈ [0.15, 5.5]). Then, in the solutions,
the maximum sum rate is K ⋅ 5.5 = 22 bits per symbol.
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The improved results of our proposal compared to ZFBF
comes from a better management of beam power in the beam
domain, whereas in the second step (i.e., the UE power opti-
mization), the heuristic for ZFBF distributes equally the power
among all non-zero beams of each UE. Besides that, ZFBF
“wastes” power in the process of eliminating interference (ill-
conditioning) (see Figure 5 ). However, when the sparsity
level is decreased (more non-zero elements), the ZFBF can
increase the performance (better conditioning), as we can see
in Figure 6 . Different from MILP and LA simulation results,
in the low-complexity heuristics we consider a beam selection
followed by UE power optimization3. The ZFBF and MRT
follow with the same power optimization.
Considering the low-complexity heuristics, MRT and

ZFBF, in the low SINR, MRT and heuristic 2 are good options
since MUI is not dominant and the heuristics have low com-
plexity with similar performance. In the medium and high
SINR ranges, the performance of MRT is limited by MUI. In
this case, the knowledge about the beams exploited by the pro-
posed heuristic leads to improvements in the sum rate. The
heuristic 1 is based on MRT and hence, using knowledge
about the beams improves the rate. In heuristic 2, the allo-
cation of just one beam per UE has low performance in the
low SINR. However, under high SINRs the performance is
increased since the K beams are interference-free. The result
of heuristic 3 is similar to that of MRT and heuristic 1 for low
SINR. However, for medium and high SINR values the per-
formance has improved compared to the MRT because of the
potential addition of extra beams to each UE.
In Figure 2 (b) we evaluate the proposal considering the

stochastic-geometric channel model in Section 2.3. Note that
the ZFBF has similar performance since it is able to elimi-
nate the MUI in any scenario. However, MRT loses perfor-
mance. Hence, the heuristics performance is affected, since
we have more interfering beams, reducing the overall perfor-
mance. One reasonable explanation for this behavior is that
in the stochastic-geometric channel the accuracy of the model
is better than that of the i.i.d. channel model, thus capturing
the interference among beams more effectively. While in the
i.i.d. channel model the geometry of interference follows a
Bernoulli distribution.
Note that the Lagrangean relaxation can achieve the max-

imum performance of the MILP for almost all SNRs values.
The upper bound curve is achieved by (38), and the tℎr (gap)
is adapted for each SNR. For low SNR values, we use higher
values for tℎr. Otherwise, for high SNR values, we use lower
values for tℎr since the gap between the MILP and upper
bound solution is smaller. Thus, we adapt the threshold val-
ues to ensure a small number of iterations for achieving the
MILP solution. Note that the value of tℎr for each channel
model can be set differently. The average number of iterations
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FIGURE 3 Average number of iteration for the Lagrangean
convergence.
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FIGURE 4 Average number of selected beams for K = 4.

is shown in Figure 3 . Note that a low number of iterations is
sufficient to reach a good convergence. For the i.i.d. channel
model, tℎr = 0.4 is chosen to reach a MILP solution. For the
geometric-stochastic channel model, tℎr = 0.5 for low SNR
values, and for high SNR values, tℎr = 0.25, are chosen to
achieve MILP solutions.
In the optimal solution for beam selection, some beams are

not used. Therefore, the “less is more” principle44 (c.f. Figure
3.8 - Chapter 3) that usually plays an important role in ZFBF
takes effect, i.e., fewer beams with more power lead to a better
allocation. In Figure 4 , we present the optimal average num-
ber of selected beams according to the MILP solution and the
average number of total beams with sparsity level � = 90%.
In general, in this interference-free solution, when more power
can be allocated, the MILP solution reduces the number of
beams to be equal to the number of UE.
Figure 5 illustrates an example of beam selection and

power optimization for a SNR = −10 dB and shows 2 UEs.
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FIGURE 5 Illustrative example for beams selection and
power optimization using MILP, ZFBF and MRT.

The reduction of beam number is recognized where some of
them are not used, compared to the MRT, which uses all
beams, and to the solution MILP. Note that in some cases
power is allocated where there are no beams for the ZFBF.
It happens because ZFBF eliminates all interference beams.
Thereby, part of the power is wasted out in the process.
Figure 6 (a) illustrates MILP and the performance of ZFBF

with the i.i.d. channel for sparsity level � equal to 90%, 70%
and 50% and forK = 4. When the sparsity level has decreased,
the ZFBF performance is increased. The best solution for our
proposal is found with � = 70%. Figure 6 (b) considers the
geometric-stochastic channel. The best solution is found with
� = 90%. When the sparsity level is decreased, the perfor-
mance of theMILP solution is decreased.When the level of the
sparsity of G is decreased, there is more interference, and the
performance degrades. The ZFBF performance is increased
with the decreasing of sparsity levels for both channel models.
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FIGURE 6 Comparative performance of MILP and ZFBF
with different sparsity levels for K = 4 and channel models.

5.1 Heuristics Robustness
In order to evaluate the performance and robustness of the
proposed heuristics in a practical scenario, we consider a con-
trolled error in the CSI. The imperfect CSI is modeled as
Ĝ = G+E, whereE ≈ ℂℕ(0, �2e ). In Figure 7 , we present the
results for the average sum rate with the channel � = 90% and
K = 4. In these simulations we considered several �2e values
and we have observed in our simulation results that the perfor-
mance is similar for different small values of �2e . Furthermore,
we show the results for �2e = 0.5 in which the performance
losses are smaller compared to the perfect CSI. Thereby, as for
the MRT, the heuristics are robust to the error. All heuristics
have small performance losses in both channel models.
In general, the channel estimator can reach an estimate with

precision more than 0.1. Thus, the proposed heuristics have
shown a good robustness to imperfect channel knowledge.
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(b) Imperfect CSI with geometric-stochastic channel model.

FIGURE 7 Performance of three proposed heuristics to K =
4,MT = 64 with � = 90%.

5.2 Complexity Analysis
The computational complexity gives an upper bound on the
computational resources required by an algorithm and is repre-
sented by the asymptotic notation (⋅). LP problems are usu-
ally solved by Active Set Methods, where the Simplex Method
is the standard approach, or by Interior Point Methods45. In
our case, CPLEX43 reports the use of dual version of the Sim-
plex algorithm to solve all the LP problems presented in this
paper. Simplex complexity can be computed as the product of
the number of Simplex iterations by the number of elementary

operations at each iteration (that is exactly of (mn), where n
is the number of variables and m is the number of constraints
in the Standard Form of a LP problem). On the other hand,
the number of Simplex iterations has an exponential crude
bound of (nm)46 47, but in most of the practical cases this
bound is (m + n)45. When m ≪ n in the primal version of
a LP, the number of variables and constraints in the Standard
Form of the dual version becomes close to n, allowing esti-
mating a practical upper bound on the Simplex Complexity of

(

n3
)

. That is the case of our LP problems since K ≪ MT ,
and then, m ≪ n. For the case of a MILP problem, like the
problem (28), the CPLEX solver uses the branch-and-bound
(BnB) algorithm. For an arbitrary number of discrete variables
nd , the number of LP subproblems of 

(

n3
)

to be solved is
at least (

√

2)nd 40, yielding to a total complexity estimation of

(

(
√

2)K|Δ| ⋅ (K|Δ| +KMT )3
)

, for the problem (28). In the
Lagrangean approach, the solution is reached solving l iter-
ations for the two LP Lagrangean Relaxed subproblems (32)
and (33). The first one can be solved by K binary searches of
complexity (log2(|Δ|)), meanwhile the second one is solved
by a Dual Simplex with a complexity of 

(

n3
)

= 
(

K3M3
T

)

as indicated before. Assuming that K ≪ MT in the massive
MIMO case, the complexity of MILP, Lagrangean, precoders
and heuristics can be expressed as in Table 2 .

TABLE 2 Complexity evaluation.

Solution Complexity
 MILP 

(

(
√

2)K|Δ| ⋅ (K|Δ| +KMT )3
)

 Lagrangean 
(

l ⋅ (Klog2(|Δ|) +K3M3
T )
)

 MRT 
(

KMT
)

 ZFBF 
(

K2M2
T

)

 HEUR1 
(

KMT
)

+ 
(

K2MT
)

 HEUR2 
(

min
{

K3,M3
T

})

 HEUR3 
(

min
{

K3,M3
T

})

+ 
(

KMT
)

In the MILP formulation, (
√

2)K|Δ| LP subproblems are
solved with polynomial complexity on |Δ|, K andMT , while
in the Lagrangean approach, l less complex LP subproblems
are solved with sub-linear complexity on |Δ| and polynomial
on K andMT . Moreover, this number of l problems does not
depend on the size problem (K and |Δ|) as the MILP case,
but the method accuracy �, that is, the absolute optimality gap,
since the Lagrangean approach is a subgradient method whose
worst-case complexity is 

(

1∕�2
)

iterations48. Then, fixing
an arbitrary �, we can bound the Lagrangean complexity, in
contrast to the MILP formulation.
The complexity of heuristic 1 ( HEUR1) is basically the

MRT with the addition of the beam selection complexity



14 Samuel T. Valduga ET AL


(

K2MT
)

. The complexity of heuristic 2 ( HEUR2) is low
because the algorithm finds one beam per UE. Heuristic 3
combines the complexity of heuristic 2 ( HEUR2) and the com-
plexity of beams searching for additional beams. Therefore,
heuristics 1 and 3 are more complex thanMRT due to the addi-
tional complexity in selecting extra beams. However, they are
less complex than ZFBF . The heuristic 2 is less complex com-
pared to MRT, however it is only suitable for high SNR and
sparsity levels.
Comparing the optimal solution given by MILP or

Lagrangean relaxation, the performance of proposed heuris-
tics have low performance. However, this loss in performance
is explained by significant reduction of complexity.

6 CONCLUSIONS

In this paper, we have formulated a precoder design using two
different sparse beam channel models. We have shown the best
solution for MRT with selection and proposed three simple
heuristics to select the beams in a massive-BS MU scenario.
The proposed heuristics have a good performance under

high sparsity levels compared to the MRT precoder, and we
show that beam selection improves the system performance
with low-complexity.
Furthermore, we have given the optimal solution to select

the beams, assign the data rates and the transmit powers to MU
for a practical system using the LTE table. We have proposed
a less complex heuristic using Lagrangean relaxation and have
shown that the proposed approach is closed to optimal.
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