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Abstract

We compare the performance of MDL-based estimators
of the di�erential entropy of scalar random variables to
several state-of-the-art entropy estimators. The esti-
mators studied determine the entropy of a piecewise
constant probability density function whose complex-
ity � the number of intervals of constant density value,
or �bins� � is automatically adjusted to the sample
size. The estimators are based on an e�cient imple-
mentation of the Maximum Likelihood Estimator that
has been recently proposed in the literature. Simula-
tion studies for several data distributions show that if
the MDL penalty is conveniently de�ned, performance
compares favorably with the state-of-the-art entropy
estimators tested, while at the same time providing a
compact model for the data set analyzed.

1. Introduction

Information theory tools and measures are increas-
ingly used in many applications, in particular in the
domain of machine learning. A fundamental problem
in this framework is to estimate the (di�erential) Shan-
non entropy of a random variable1 X ∼ f from a �nite
number N of statistically independent samples from f :

{x1, . . . , xN}
?−→ H(f) = EX [− ln f(X)] , xi ∼ f .

We restrict to continuous random variables, i.e. xi ∈
X ⊆ <.

1.1. Background

Entropy estimation from a �nite sample is an old
problem, for which a number of approaches have been
proposed, see [1] for a review. Three broad classes are
usually identi�ed: (i) plug-in estimators, which esti-
mate entropy in a 2-step procedure, building �rst an es-

timate f̂ of the data probability density function (pdf),
and assessing in a second step the problem of comput-
ing the expected value EX [·] in the de�nition of H(·);
and (ii) sample-spacing [13], and (iii) nearest-neighbor

1X ∼ f indicates that f is the probability density function
(pdf) of the random variable X.

distances based estimators, that estimate H directly,
without resorting to explicit estimation of f [7].

In class (i), popular choices for f̂ are kernel-based
density estimators (kde)

f̂N (x : h) =
1
Nh

N∑
i=1

K
(
x− xi

h

)
, (1)

where K(·) is a non-negative kernel function with suit-
able properties, and the parameter h > 0 is the ker-
nel width. Computation of the expected value resorts
either to numerical integration [5, 2], or, more often,
to Monte-Carlo methods such as re-substitution [4],
splitting-data [3] or cross-validation [4]. Under con-
ditions on f (continuity, tail, peak values), weaker or
stronger forms of consistency have been demonstrated
for these estimators, see [1]. We concentrate here on
the cross-validation (or leave-one-out) form of these es-
timators:

ĤN (f : h) = − 1
N

N∑
i=1

ln f̂N−1,i(xi : h) , (2)

where f̂N−1,i is the estimator (1) based on the reduced

sample {x1, . . . , xi−1, xi+1, . . . , xN}. ĤN (·) has been
studied in [4], that establishes its root-N consistency
under several conditions.

Choice of the kernel's width h critically dictates
the performance of these estimators. For density esti-
mation two main methodologies are used [8]: classical
(amongst which cross-validation) methods and �plug-
in� methods where h is chosen to minimize an estimate
of the estimation bias. No clear supremacy of one sin-
gle approach seems to hold, see [8]. In [4], the author
suggests that for entropy estimation h be chosen by
�nding the value that leads to the smallest estimated
entropy, i.e.

ĤH&M (f)
4
= min

h>0
ĤN (f : h) . (3)

Nearest-neighbor estimators (nne) (iii) have been
initially proposed by Kozachenko and Leonenko [7].



They directly estimate H by (for scalar data)

ĤK&L(f : k)
4
=

1
N

N∑
i=1

ln (ρi,k) +

ln
( √

π

Γ(3/2)

)
+ ln(N)− Lk−1 + γ , (4)

where k ≥ 1 is the order of the neighborhood con-
sidered, Γ(·) is the gamma function, γ is the Euler
constant, and ρi,k is the distance from xi to its k-th
neighbor. The parameter k determines the degree of
�smoothing� of the estimate � and controls thus the
bias-variance trade-o� � much like h for the kernel
methods. Its determination is a�ected by the same
di�culties. For k = 1, whith ρi the distance to the
closest neighboor of xi,

ĤK&L(f : 1) =
1
N

N∑
i=1

ln (ρi) +

ln
( √

π

Γ(3/2)

)
+ ln(N − 1) + γ .

Class (ii) has been proposed by Vasicek [13], and is
based on the uniformity of the probability integral for
continuous densities:

ĤV(f : m)
4
=

1
N −m

N−m∑
i=1

ln
(
x(i+m) − x(i)

)
, (5)

where {x(1), . . . , x(N)} is the order statistic of the sam-
ple sequence, and m ≥ 1 is the order of the spacings
considered. Again, determination of the best value of
m is subject to the same di�culties as h (kde) and k
(nne). Consistency of this estimator has been proved
under the condition that m → ∞ and m/N → 0. A

typical choice is m =
√
N . ĤV is also known to be

asymptotically e�cient [1].

2. MDL estimators of entropy

We compare the performance of a plug-in estimator

based on a simple parametric model f̂MLD of the pdf
of the data, that enables analytic computation of the
expected value:

ĤMDL(f) = Ef̂MDL

[
− ln f̂MDL(x)

]
, (6)

with the performance of the estimators introduced in

the previous section. In fact, we consider that f̂MDL is
a piece-wise constant density, with support coincident
with the interval spanned by the data. This method
can be related to sample-spacing methods, the value
of m being locally adjusted to the data characteristics.

Put in other words, f̂MDL is a variable bin histogram.
Let x(N) denote the ordered data sequence, and let

I
4
=
[
x(1), x(N)

]
. We consider estimates of the data pdf

of the form

f̂MDL(x : K) =
{
αi, x ∈ IK

i i = 1, . . . ,K
0, x 6∈ I ,

(7)
where the collection {IK

i }Ki=1 is a partition of I. The
parameter K � the complexity of the pdf model �
is determined using the Minimum Description Length
(MDL) [9].
According to MDL, when selecting from a set of com-
peting models {MK ,K = 1, 2, . . .}, one should chose
the model MK for which one can �nd an associated
universal code that gives the best compression of the
observed data x(N) (i.e., the shortest code). For the
precise de�nition of the notion of universal code for a
ensemble of probability distributions M, we refer the
reader to [9], pointing out here just their main prop-
erty: asymptotically � i.e. for large N � they are able
to compress the observed sequence x(N) as well as the
best code f?

x(N) ∈M for x(N). Note that this property
is valid for any observed sequence, and does not rely on
the assumption that the observed sequence is drawn for
a member ofM. For our application, this means that
we are free of assumptions about the data generating
pdf. Originally proposed as a penalized likelihood tech-
nique � the penalty being justi�ed in the framework of
�two-part codes� � MDL can be formally based on the
use of universal codes, the consistency of the derived
estimators being inherited from its asymptotic equiva-
lence to Maximum Likelihood. Performance for �nite
sample sizes is dependent on how e�cient the universal
code used is, i.e., of its redundancy, for each observed
sequence, with respect to the optimal code f?

x(N) ∈M.
It has been shown [11] that the code that minimizes
the maximum redundancy is the Normalized Maximum
Likelihood (NML) code, whose codelenght is given by

− log fNML(x(N)) = − log f?
x(N)(x(N)) (8)

− log
∫
XN

f?
y(n)(y(n)) dy(n) ,

when the integral in the second term exists, and where
f?

x(n)(·) is the Maximum Likelihood estimate of the data

pdf for sequence x(N) in modelM:

f?
x(N)(·) = arg max

f(·)∈M
f(x(N)) . (9)

NML still leads, as equation (8) shows, to a penalized
likelihood criterion. Its penalty is called the parametric
complexity of the model M, and we will denote it by
C(M, N). When considering a discrete set of models
indexed by a natural parameter K,{MK}, we will use
the shorter notation C(K,N)

4
= C(MK , N)

2.1. Computing the parametric complexity



The application of the MDL principle to the iden-
ti�cation of piece-wise constant density models (7) has
been addressed in [6]. Considering a quanti�cation of
the original data to a �ne grid the paper is able to
derive expressions for the parametric complexity, and
shows that determination of the optimal model can be
e�ciently solved using a Dynamic Programming algo-
rithm. The parametric complexity that must be added
to the neglikelihood is, accoding to these authors, de-
�ned recursively by the following expressions:

CNML(K,N)
4
= log (R(K,N)) + log

(
CN

K−1

)
(10)

R(K,N) = R(K,N − 1) +
N

K − 2
R(K,N − 2),

R(K, 2) =
N∑

r=0

CN
r

( r
N

)r
(
N − r
N

)N−r

,

where CN
r
4
= N !/r!(N − r)!, and R(K, 1) = 1. Besides

the arti�cial need to consider discretization of the ob-
served data, several issues are raised by the solution
proposed in this reference. One of the puzzling points
is the independence of the derived criterion on the �ne-
ness of data discretization, which seems unnatural to
us. Another intriguing aspect concerns the fact that
the parametric complexity is taken into account during

search for the optimal code of a given complexity f?K

x(N) .
More fundamentally, the NML complexity determined
in the paper considers models where the partition I
is �xed, and only the estimated amplitudes αi are al-
lowed to vary. However, estimation is done for models
parametrized simultaneously by the set of cut-points
and the pdf levels. This suggests that the complexity
proposed by the paper is too small (because in the inte-

gration in the penalty term of (8) a sub-optimal f?K

x(N) is
in fact considered). This mismatch should � and in fact
it does � lead to overly-complex models. We compared
the expressions (10) for the parametric complexity to
a corrected version of the classic BIC approximation:

CBIC(K,N)
4
=

K

log
(N) + log

(
CN

K−1

)
,

where K is the number of bins: the BIC approxima-
tion is used for the the amplitudesαi, with respect
to which the corresponding model has a continuous
variation � i.e, the resulting set M has the structure
of a di�erentiable manifold � and the other structural
parameters are accounted for by counting the number
of ways that K − 1 bin limits can be de�ned from N
data points. The two estimators that are obtained
using these two alternative formulations of the MDL
penalty are designated by MDL/NML and MDL/BIC.

3. Performance analysis

We compare the performance of several di�erential
entropy estimators to the performance of the �plug-in�

estimators de�ned in the previous section (6)-(7), on
data drawn from several univariate continuous distri-
butions. Our results show that even if � unlike the
kernel based estimators tested � both MDL versions
lead to consistent estimators of the entropy (since
the density estimators are themselves consistent),
the MDL/NML entropy estimator displays a much
larger negative bias than the MDL/BIC method,
con�rming the over-parametrization behavior foreseen.
This demonstrates that important characteristics of
the densities identi�ed by the MDL/NML estimator
proposed in [6], even if providing a compact model
for the data that presents good visual agreement with
the density, can signi�cantly diverge from those of the
generating pdf.

The set of estimators considered in this compara-
tive study are:
• (i) Histogram: the plug-in estimator for the histogram
density estimator using a constant bin width chosen
according to the rule [10]: W = 3.49 σ(x(N)) N−1/3;
• (ii) kde: the kde estimator with optimal AMISE
(Asymptotic Mean Integrated Squared Error) band-
width ([12], pages 45 and 47): hAMISE = 1.06 N−1/5;
• (iii) Hall: the kde estimator (2) with bandwidth
chosen as suggested in [4], eq. (3);
• (iv) NN: the nne estimator (4) with k = 1.

The �rst two (classic) estimators are considered for
completeness, the last two being representative of state-
of-the-art entropy estimators.
We consider four distinct distributions: normal, for
which we expect that classic methods perform reason-
ably well, a balanced mixture of two normal densities,
χ2, and Cauchy � as an example of an in�nite variance
distribution. For each distribution, data sets of sizes
N = 500, 1000, 2000, 10000 were considered. The fol-
lowing values have been used for the parameters of the
four distributions considered.

• Normal : centered, σ = 0.5;

• (Balanced Normal) Mixture :
µ1 = −1, σ1 = 0.5, µ2 = +1, σ2 = 0.5;

• χ2 : 2 degrees of freedom;

• Pareto, k = 1, xm = 1;

• Triangular: symmetric, in [−1, 1].

3.1. Numerical Results

For all six distributions, 50 Monte-Carlo runs of
all six estimators were conducted. Figures 2 to 7
summarize the results obtained. In these Figures,
the horizontal black line indicates the true entropy
value. The four groups of vertical bars correspond
to growing sample sizes (N = 50, 100, 500, 2000, from
left to right). Each vertical bar indicates the interval



Figure 1: the 6 densities used in the numerical study

Figure 2: Normal distribution.

of one standard deviation (over the 50 Monte Carlo
trials) around the estimator average. The cyan and
green lines correspond to the MDL-based estimators:
NML and BIC, respectively. For the other estimators,
the following color code is used: magenta ≡ kde; black
≡ Hall; blue ≡ Histogram; red ≡ NN.

We verify that for large sample sizes the behavior
of the MDL-based estimator is comparable to the
behavior of the best of the four other estimators. In
particular, its bias steadily decreases to zero, even for
the heavy tail Cauchy and Pareto distributions, unlike
the kernel based method proposed in [4], displaying
for these distributions a behaviour comparable (but
better) to the state-of-the-art NN method. Note that
all other plug-in and kde estimators have, for these
densities, large bias even for very large values of N .

Comparison of the two MDL estimators im-
plemented con�rms the analysis presented before.
MDL/NML as proposed in [6] is under-penalized, lead-

Figure 3: Mixture distribution.

Figure 4: χ2 distribution.

Figure 5: Cauchy distribution.



Figure 6: Pareto distribution.

Figure 7: Triangular distribution.

ing to over-complex models that have an entropy much
smaller than the law generating the data: this estima-
tor presents a systematic large negative bias, as well
as a large variance. Figures 8 to 13 display the his-
togram of the number of bins identi�ed by MDL/NML
and MDL/BIC in the 50 Monte-Carlo experiments for
values of N = 50, 100, 500, 1000. Each Figure corre-
sponds to one of the distributions considered. While
MDL/BIC identi�es models whose complexity steadilly
increases with the number of observations, and a mod-
erate number of �bins�, MDL/NML displays an erratic
behavior, identifying models that rely on a �ne parti-
tion of the data support.

4. Conclusions

We presented a comparison of the performance of
two MDL plug-in estimators of the di�erential entropy
of a scalar random variable. One of the estimators
considers the NML penalty for variable constant bin
models previously presented in the literature, while
the other is proposed here for the �rst time, and is
based on the standard BIC criterion. The numeri-
cal study conducted demonstrates the poor behavior
of the MDL/NML estimator, which under-estimates

Figure 8: Histogram of k, 50 runs (MDL/BIC).

Figure 9: Histogram of k, 50 runs (MDL/KONT).

Figure 10: Histogram of k, 50 runs (MDL/BIC).



Figure 11: Histogram of k, 50 runs (MDL/KONT).

Figure 12: Histogram of k, 50 runs (MDL/BIC).

Figure 13: Histogram of k, 50 runs (MDL/KONT).

model complexity, leading to large negative entropy bi-
ases. The BIC-based penalty, on the contrary, leads
to an estimator with small bias and variance, even for
smallN and heavy tailed ditributions, beating its closer
competitor, the NN, under virtually all conditions an-
alyzed.
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