Local negative circuits and fixed points
in non-expansive Boolean networks

Adrien Richard*
April 2010

Abstract: Given a Boolean function F' : {0,1}™ — {0,1}", and a point « in {0,1}",
we represent the discrete Jacobian matrix of F' at point x by a signed directed graph
Gp(x). We then focus on the following open problem: Is the absence of a negative
circuit in Gp(x) for every x in {0,1}™ a sufficient condition for F' to have at least one
fixed point? As result, we give a positive answer to this question under the additional
condition that F' is non-expansive with respect to the Hamming distance.

Keywords: Boolean network, fixed point, discrete Jacobian matrix, interaction graph,
negative circuit.

1 Introduction

We are interested in the relationships between the fixed points and the discrete Jacobian
matrix of a Boolean function F': {0,1}" — {0,1}",

= (21,...,20) = F(z) = (fi(z),..., fa(2)).

The discrete Jacobian matrix of F' is here defined to be the map F’ associating to each
point z in {0,1}" the n x n matrix F’(z) = (f;;j(x)) over {—1,0,1} defined by

fij(@) = fi(z1,...,1, ... zp) — fiz1,...,0,...,2y) (t1,7=1,...,n).

jth component jth component

In order to use graph theoretic notions (instead of matrix theoretic notions), we repre-
sent F'(x) under the form of directed graph with signed arcs, called the local interaction
graph of F evaluated at point x, and denoted by Gp(x): the vertex-set is {1,...,n}, and
there exists a positive (resp. negative) arc from j to 4 if f;;(x) is positive (resp. negative)
(1,7 =1,...,n). The global interaction graph of F', denoted by G(F’), is then defined to be
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the union of all the local interaction graphs: the vertex-set is {1,...,n}, and there exists
a positive (resp. negative) arc from j to ¢ if f;; is somewhere positive (resp. negative) (the
presence of both a positive and a negative arc from one vertex to another is allowed). A
positive (resp. megative) circuit in such signed directed graphs is an elementary directed
cycle containing an even (resp. odd) number of negative arcs.

Our starting point is the following fixed point theorem of Robert [5, 6, 7]:

Theorem 1 [5] If G(F) has no circuit, then F' has a unique fized point.

What interests us here is the fact that, by considering the signs of the circuits of G(F'), both
the uniqueness and the existence part of this theorem can be obtained under conditions
weaker than the absence of circuit. Indeed, on one side, the uniqueness part has been
proved by Remy, Ruet and Thieffry under the absence of positive circuit:

Theorem 2 [1] If G(F) has no positive circuit, then F has at most one fized point.

And on the other side, the existence part has been proved under the absence of negative
circuit:

Theorem 3 [4] If G(F) has no negative circuit, then F has at least one fized point.

[Theorems 2 and 3 can be seen as discrete versions of two general rules on dynamical
systems stated by the biologist René Thomas, see [1, 4].]

Now, consider the following local version of Theorem 1, stated by Shih and Ho in [8]
as a Boolean analog of the Jacobian conjecture in algebraic geometry, and proved by Shih
and Dong:

Theorem 4 [9] If Gr(x) has no circuit for all x in {0,1}™, then F has a unique fized point.

This theorem is a sensible generalization of the theorem of Robert: since each local inter-
action graph Gp(x) is a subgraph of the global interaction graph G(F), it is clear that if
G(F) has no circuit, then Gp(x) has no circuit for all  in {0,1}".

Seeing the proof by dichotomy (positive/negative case) of the global theorem of Robert,
it is natural to think about a proof by dichotomy of the local theorem of Shih and Dong.
In this direction, the uniqueness part has been obtained by Remy, Ruet and Thieffry, who
proved the following local version of Theorem 2:

Theorem 5 [1] If Gp(x) has no positive circuit for all x in {0,1}", then F' has at most
one fixed point.

However, the existence part is an open problem: there is no proof or counter example to
the local version of Theorem 3. We have thus the following question:

Question 1 Is the absence of a negative circuit in Gp(x) for all z in {0,1}" a sufficient
condition for F to have at least one fized point?



Theorems 1-5 remain valid in the general discrete case, that is, when F' sends into itself
a product of n finite interval of integers (see [5, 2, 3, 4]), but the previous question has a
negative answer in the non-Boolean discrete case [4] (the counter example is a map from
{0,1,2,3}? to itself). Therefore, the situation is clear in the non-Boolean discrete case,
and to have a clear situation in the general discrete case, it remains to answer to Question
1 in the Boolean case.

In this note, we positively answer to Question 1 under the additional condition that F'
is non-expansive with respect to the Hamming distance d, that is, under the condition that

Va,y €{0,1}",  d(F(z), F(y)) < d(z,y).
[In the following, the mention “with respect to the Hamming distance” is omitted.]

Theorem 6 Let F' be a non-expansive map from {0,1}" to itself. If Gp(x) has no negative
circuit for all x in {0,1}", then F has at least one fized point.

The non-expansive condition is rather strong (among the (27)2" maps from {0, 1}" to itself,
at most (n+1)2"*" are non expansive (rough upper bound)). However, this partial answer
is a first result about Question 1, and more generally, a first result about negative circuits
in local interaction graphs. [And it is not, a priori, an obvious exercise. To see this, one
can refer to the technical arguments used by Shih and Ho [8, pages 75-88] to prove that a
non-expansive map F' has a fixed point if Gp(x) has no circuit for all z in {0,1}".]

The proof of Theorem 6 is given in Section 3. In section 2, we state additional definitions
and preliminary results.

2 Additional definitions and preliminary results

As usual, we set 0 =1 and 1 = 0. For all z € {0,1}" and I C {1,...,n}, we denote by
Z! the point y of {0,1}" defined by: y; = T; if i € I, and y; = x; otherwise (i = 1,...,n).
We write T instead of T} and ' instead of Z1". So, for instance, d(z,y) = n if and
only if y = T, and d(z,y) = 1 if and only if there exists an index i such that y = Z°.

Let F: {0,1}™ — {0,1}". With the previous notations, for all = € {0,1}", we have

fi(@) — fi(z)

xj—acj

fij(@) =
In the following, we write j — ¢ € Gp(x) to mean that Gp(x) has a positive or a
negative arc from j to i, i.e. to mean that f;;(x) # 0.
Proposition 1 If F' is non-expansive then, for all z € {0,1}",

%

j—ieGp(z) < F@)=F().



Proof — It is sufficient to observe that j — i € Gp(z) if and only if f;(z7) = f;(z) and to
use the non-expansiveness of F. U

Proposition 2 F is non-expansive if and only if, for all x € {0,1}", the mazimal out-
degree of Gp(x) is at most one.

Proof — Indeed, by definition, d(F(x), F(Z!)) is the out-degree of i in Gp(z). So if F is
non-expansive, then d(F(z), F(z")) < d(z,Z') = 1, and one direction is proved. For the
converse, suppose that, for all x € {0,1}", the out-degree of each vertex of Gr(z) is at
most one. Then d(F(x),F(y)) < 1if d(xz,y) = 1, and from this it is easy to show, by
induction on d(z,y), that d(F(z), F(y)) < d(z,y) for all z,y € {0,1}". O

So, if the maximal out-degree of G(F’) is one, then F' is non expansive.

Now, we associate with F' two maps F, F1 : {0,1}"~1 — {0,1}"~!, which will be used
as inductive tools in the proof of Theorems 6. Let b € {0,1}. If z € {0,1}"!, we denote
by (x,b) the point (x1,...,2,_1,b) of {0,1}". Then, we define F* by:

Ve e {0,137 ) = fi(x, ) (i=1,...,n—1).

Proposition 3 For all z € {0,1}"~Y, Gps(x) is a subgraph of Gr(x,b). In other words, if
Gpo(x) has a positive (resp. negative) arc from j to i, then Gp(x,b) has a positive (resp.
negative) arc from j to i.

Proof — It is sufficient to observe that ff}(x) = fij(x,b) fori,j=1,...,n— 1. O
As an immediate consequence of Propositions 2 and 3, we have the following proposition:

Proposition 4 If F is non-expansive, then FO and F' are non-expansive.

3 Proof of Theorem 6

Lemma 1 Let F : {0,1}" — {0,1}", and let x € {0,1}". If d(z,F(x)) = 1, then every
Hamiltonian circuit of Gp(z) is negative.

Proof — Suppose that d(z, F(x)) = 1 and that i1 — i3 — -+ - — 4, — 41 is an Hamiltonian
circuit of Gp(x) (that is, an elementary directed cycle of length n). Since d(z, F(z)) =1,
we can suppose, without loss of generality, that F(x) = Z'. Then,

o fu(fln) — fu(‘r) _ fh(fln) _w_il.

. () =
f7/17/n( ) W_ x; m_ xin

n

Since i, — i1 € Gp(x), we have f; ;, (z) # 0, and we deduce that

Ti — Tjy
Fonin(2) = 2=

n
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Furthermore, for k = 1,...,n — 1 we have f;,_ (z) = x;_, so

- fik+1 (EZk) - fik+1 ('1") o fik+1 (T%) - mik+1
fik+1ik (1') = — ' = — : .
Ti, — Ti, Ti, — Ti,

Since i, — ipy1 € Gr(x), we have f;, () # 0, and we deduce that

Ligy1 — Liggq
flk+12k ( ) m B wik

By definition, the sign of the circuit i1 — io — - -+ — 4, — @1 is the sign of
s = figir(®) * fiaio(®) - fiais(@) - finino1 (@) - firin ().

With the preceding we have

s — Lig — Tigy Tiz — Tis Tiy — Tiy i, — Liy, Tip — Ty
o Zj 12 Xy i3 Xy i4 X in Ty Ty
Tip — Tiy  Tiy in  Lig i3 L o1 Lirg in
Tiy — T4y
= _—  — = —1,
Tiy — Ty
and the lemma is proved. O

Remark 1 One can prove the following more general property: every circuit of Gp(x) is
positive (resp. megative) if it contains an even (resp. odd) number of vertices i such that

fi(z) # ;.

The rest of the proof is based on the following notion of opposition: given two points
x,y € {0,1}", and an index i € {1,...,n}, we say that x and y are in opposition (with
respect to i in F) if

F2)=7', F(y)=y and 2 #y:

Lemma 2 Let F be a non-expansive map from {0,1}" to itself. If F has two points in
opposition, then ' has no fized point.

Proof — Suppose that @ and 8 are two points in opposition with respect to ¢ in F', and
suppose that z is a fixed point of F. If z; = a, then d(F(z), F(a)) = d(z,a") > d(z, )
and this contradicts the non-expansiveness of F. Otherwise, z; = §;, thus d(F(x), F(5)) =
d(z,B") > d(x, 8) and we arrive to the same contradiction. O



Lemma 3 Let F' be a non-expansive map from {0,1}" to itself. If F' has two points in
opposition, then there exists two distinct points x and y in {0,1}" such that Gp(x) and
Gr(y) have a common negative circuit.

Proof — We proceed by induction on n. The lemma being obvious for n = 1, we suppose
that n > 1 and that the lemma holds for the dimension n — 1. We also suppose that F' is
non-expansive and has at least two points in opposition.

Suppose that « and 8 are two points in opposition with respect to ¢ in F' such that
a # B. Then there exists j # i such that a; = 3; and, without loss of generality, we can
suppose that a,, = B, = b. We set & = (aq,...,an_1) and 3 = (B1,...,Bn_1) so that
a=(a&,b) and g = (B,b). Then, &; = o; # B; = Bi, and since F(a) =a', we have

=t

Fb(d) = (fila),..., fila),..., fon1(@)) = (a1,...,qG,...,Qp_1) =

and we show similarly that F' b(ﬁ) = Bl. Consequently, & and 8 are in opposition with
respect to i in FP. Since F is non-expansive, F? is also non-expansive (Proposition 4), and
by induction hypothesis, there exists two distinct points x,y € {0,1}"~! such that G ps(z)
and G (y) have a common negative circuit. Since Gpv(x) and G (y) are subgraphs of
Gp(z,b) and Gr(y,b) respectively (Proposition 3), we deduce that Gg(x,b) and Gr(y,b)
have a common negative circuit and the lemma holds.

So in the following, we suppose that:

If F has two points o and 8 in opposition, then o = . (H)

We also use the following notation:
Vo € {0,1}", =z and 2FH = F(2b) (k € N).
Let us first prove that

If F(a) = @, then there exists a permutation {iy,...,i,} of {1,...,n}

= A
with ¢ = i1 such that F(a*) = ok " for k=1,...,n. (4)

Taking i1 = 4, we have F(a!) = a! '. So there exists a sequence i1,1g,...,%, of p > 1

distinct indices of {1,...,n} with 4; = i such that F(aF) = k" for k = 1,...,p. If
p = n then the property A is proved. Assume that p < n. It is then sufficient to show
that there exists a longer “good sequence”, that is, an index i,41 & {i1,...,4,} such that

F(aPtl) = aPt17" . Since P! = F(aP) = aP””, we have d(aPt!,aP) = 1. Since F is

non-expansive, we deduce that

d(F (aP+), aP+) = d(F(aPh), F(aP)) < d(aP*, aP) = 1.



Since F(aPt1) # P! (Lemma 2), we deduce that d(F(aP™!),aP!) = 1. So there exists
a unique index of {1,...,n}, that we denote by 4,41, such that

F(Oép+1) — ap+1ip+1 )

It remains to prove that i,11 & {i1,...,%,}. If not, there exists k € {1,...,p} such that
ip+1 = ik. Then,
F(a?tY) = ot and F(a*) = oF ™.

Furthermore, since

— —{iy_1,i —{iyenrip—1,0
Pt — ap{zp} _ ap—l{lp Lip} L Ozk{ kyeentp—1 p}’
. . . . . . . . . . p+1 k k
and since the indices iy, ...,%p—1,%, are pairwise distinct, we have o #+ a; . Thus, a
and oPt! are in opposition with respect to iz in F, and since {iy,... Lip—1,lp} is strictly

included in {1,...,n}, we have aP*! # oF and this contradicts the hypothesis 7. This
proves A.
Using ‘H and A, we now prove that

If F(a) = @, then the in-degree of i in G () is at most one. (B)

Let {i1,...,i,} be a permutation of {1,...,n} as in the property A (i; = 4). Suppose, by
contradiction, that 7; has at least two in-neighbours in Gr(«). Then 7; has an in-neighbour
i # in, and using Proposition 1 we deduce that

F@)=Fla) =a" ' =a=a*" and F(ak)=aF".

If k=1, then a* = a and so

(@")i, = iy # (@%);, and  of = (@*);,. (1)
Otherwise, of = @l-#-1} and so (1) holds again. So in both cases, of and @' are in
opposition with respect to i;, in F and o # @'*. This contradicts the hypothesis . Thus
B is proved.
Using again ‘H and A, we prove that

If @ and 8 are in opposition in F, then there exists a permutation
{i1,...,in} of {1,...,n} such that o¥ and B* are in opposition with (C)
respect to i, in F, for k=1,...,n.

Suppose that a and 8 are in opposition in F. Then according to A, there exists a per-
mutation {iq,...,i,} of {1,...,n}, and a permutation {ji,...,j,} of {1,...,n}, such that



F(aF) = " and F(BF) = @jk for k = 1,...,n. From this and the hypothesis H, we
deduce that

ot — a{il,...,in} —a=24 and Bn—l—l _ B{j1,~~~7jn} — B — a. (2)

Let us now prove, by recurrence on k decreasing from n to 1, that of and g* are in
opposition with respect to ix in F. From (2) and the non-expansiveness of F', we have

d(a",5") > d(F(a™), F(6")) = d(a"*, 8"") = d(B,a) = n.

Thus | |
d(a”’ﬁn) = n = d(a”"'l,ﬂ”"'l) _ d(@l”,ﬁ_nj”)'

Soin = jp and o # (7, and it follows that o™ and 3" are in opposition with respect to iy,
in F. Now, suppose that a* and g are in opposition with respect to iy in F' (2<k<n).
Then, following the hypothesis H, o = g%, and since F' is non-expansive, we deduce that

d(o"™h, B = d(F (o7, F(8*71)) = d(a, B%) = n.

Thus . .
d(a?1, BF 1) = n = d(a¥, BF) = d(aF— Tt BFTR Y,
So ix_1 = jr_1 and af};ll #* af};ll and we deduce that o1 and ¥~ are in opposition
with respect to i;_1 in F. This completes the recurrence and the proof of C.
Using H, B and C, we prove that

If o et B are in opposition in F', then Gp(a™) and Gr(8"™) have a common (D)
Hamiltonian circuit.

Let {i1,...,i,} be a permutation of {1,...,n} as in the property C. We will show that
i1 —ig = -+ = ip — 11 is a circuit of Gp(a™). For k = 2,...,n, we have

_ i

Thus
Tp—1 — U EGF(O[k) (k=2,...,n). (3)
In addition, for £k =1,...,n — 1, we have
F(Jlk) _ F(ak+1) _ —ak+1ik+1 _ —F(ak)ikﬂ.
Thus

iy = i1 € Gp(a®)  (k=1,...,n—1).



Let k € {1,...,n — 1}, and suppose, by contradiction, that
ik = i1 & Gr(a®).
Since iy — iy € Gp(aF), there exists p € {k +1,...,n} such that
ik =ik € Gr(aP™!)  and g — i & Gr(a?).
From (3) we deduce that k + 1 < p, and from iy — ix11 € Gp(aP~!) we deduce that

fion @Y # fir ) (Fik)~ (4)

Furthermore, from i — ix41 &€ Gp(a?) and of = P~ 1""" we deduce that

——ip— G, i1
fik+1 (O‘p_lzp 1) = fik+1 <ap_1lp 1 ) - fik+1 <o¢p_1lk ) (5)

If
-1 ——lp—1
Jirir (@) # fip oy (aP~177)
then iy 1 and i, are distinct out-neighbours of i,_1 in Gr(a?~!). So the out-degree of i,_1
is at least two, and this contradicts Proposition 2. Thus

fir (@Y = fir (Fi%l)

and from (4) and (5) we deduce that

_1ik _1ikip71
fik+1 (ap ) # fl'k+1 ap .
Thus ip—1 = ix+1 € GF (ozp_llk), and following Proposition 1, we have

—ip —_ipflik —_ikip71 — ik
F(aP™) = F(ar-1 =F(ar! = F(ap=1")

Since iy — g1 € Gr(aP™l), we have F(ap_llk) = F(oP )™ and we deduce that

Tht1

b

F(@Zk) — F(ap_1)2k+1 k+1 _ F(ap_l) _ ap _ @Zp F(ap)lp.

So ij and i,_; are in-neighbours of i, in Gr(a®), and iy # i,—; since k+ 1 < p. So the
in-degree of i, in Gr(aP) is at least two, and since F(aP) = oP'?, this contradicts the
property B. We have thus prove that

ik — igr1 € Gp(a™) (k=1,....,n—1).



So to prove that i; — iy — -+ — 4, — 41 is a circuit of Gp(a™), it is thus sufficient to
prove that i, — i1 € Gp(a™). Following the hypothesis H, we have & = 3, thus

F(a™) = 't = glitein} — g — 3
and we deduce that
F@") = Fa™) = F(9) = 5" = Fla")".

We prove similarly that i; — i9 — -+ — i, — i1 is a circuit of Gg(8"), and D is proved.

We are now in position to prove the lemma. Let o and 8 be two points in opposition in
F. Following D, Gp(a™) and Gp(8™) have a common Hamiltonian circuit, and following
C, o™ and p™ are in opposition in F, so that d(a, F(a)) = d(B,F(5)) = 1 and o # 5.
Consequently, by Lemma 1, the Hamiltonian circuit, present both in G p(a™) and Gp(5"),
is negative. This completes the proof of Lemma 3. O

Lemma 4 Let F be a non-expansive map from {0,1}" to itself. If there is no distinct
points x,y € {0,1}" such that Gp(z) and Gr(y) have a common negative circuit, then F
has at least one fized point.

Proof — We proceed by induction on n. The lemma being obvious for n = 1, we suppose
that n > 1 and that the lemma holds for the dimension n—1. Let F' be as in the statement,
and let b € {0,1}. Since G () is a subgraph of Gr(x,b) for all 2 € {0,1}"~!, and since
F’ is non-expansive, there is no distinct points x,y € {0,1}""! such that G ps(x) and
G r+(y) have a common negative circuit. So, by induction hypothesis, F® has at least one
fixed point, that we denote by £°. Then, for b € {0,1}, we have

F(£b7b) = (fl( )7"'7fn 1(51) ) fn(gbvb))
( b o n 17fn(£b ))

= (sb,fn@b, b)) € {(€"0).(¢"b)}
So if neither (£9,0) nor (£',1) is a fixed point of F, then F(£°,0) = (¢°,1), and F(¢',1) =
(¢1,0). Therefore, (¢°,0) and (¢!,1) are in opposition with respect to n in F, and so, by
Lemma 3, there exists two distinct points x,y € {0,1}" such that Gp(z) and Gr(y) have

a common negative circuit, a contradiction. O
Theorem 6 is an obvious consequence of Lemma 4.

Example 1 n =4 and F is defined by:



Equivalently, F' can be defined by the following table:

0000 | 0000
0001 | 0000
0010 | 0000
0011 | 0010
0100 | 0000
0101 | 0000
0110 | 0100
0111 | 0000
1000 | 0000
1001 | 0001
1010 | 0000
1011 | 0000
1100 | 1000
1101 | 0000
1110 | 0000
1111 | 0000

F has a unique fixed point (0000). The global interaction graph G(F) is the following
(T-end arrows correspond to megative arcs, the other arrows correspond to positive arcs):

G(F)
e 1D

(X
i=1b

G(F) has 8 positive circuits (4 of length 1, 2 of length 2, and 2 of length 4), and it has 16
negative circuits (4 of length 2, 8 of length 3, and 4 of length 4). So Theorems 1 and 3
cannot be applied to deduce that F has a fixed point. The local interaction graphs are the
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following:
G (0000)

(no arc)

Gp(0010)

12

G p(0001)



G(1000) Gr(1001)

Gr(1010) Gr(1011)
1 2 1 2
(no arc) \/

4 3 4 —— 3
G (1100) Gr(1101)

4 3 4 3
Gr(1110) Gr(1111)
1—-A2 1 2
/\ (no arc)

4 3 4 3

The maximal out-degree of each local interaction graph is at most one, so F is non-
expansive, and all the local interaction graphs are without negative circuit. So F' satisfies
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the conditions of Theorem 6 (and F has indeed a fived point). Since some local interaction
graphs contain a positive circuit (of length one), Theorem 4 cannot be applied to deduce
that F has a fixed point.
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