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Abstract. This paper investigates the relations among di�erent partial

consistencies which have been proposed for pruning the domains of the

variables in constraint systems over the real numbers. We establish sev-

eral properties of the �ltering achieved by the algorithms based upon

these partial consistencies. Especially, we prove that :

1) 2B{Consistency (or Hull consistency) algorithms actually yield a weaker

pruning than Box-consistency;

2) 3B{Consistency algorithms perform a stronger pruning than Box-

consistency.

This paper also provides an analysis of both the capabilities and the

inherent limits of the �ltering algorithms which achieve these partial

consistencies.

1 Introduction

Partial consistencies are the cornerstones for solving non linear constraints over
the real numbers [5, 21, 3, 14, 13, 1, 26].

A partial consistency is a local property which is enforced in order to prune
the sets of possible values of a variable before searching for isolated solutions.
Arc{consistency is a partial consistency which has widely been used in constraint
solvers over �nite domains [17, 25]. However, arc-consistency cannot be enforced
when working with real numbers or oating point numbers. Thus, speci�c lo-
cal consistencies have been proposed in order to prune intervals of real num-
bers [6, 11, 14, 1]. This paper investigates the relation between two of them : 2B{
Consistency and Box{Consistency. 2B{Consistency (or hull consistency) [1, 2, 5,
13, 14] is an approximation of arc{consistency which only requires the checking
of arc{consistency property for each bound of the intervals; Box{Consistency [1,
26] is a coarser approximation of arc{consistency than 2B{Consistency. Roughly
speaking, Box{Consistency consists of replacing all existentially quanti�ed vari-
ables but one with their intervals in the de�nition of 2B{Consistency.

To limit the e�ects of a strictly local processing, higher order extensions of
these two consistencies have been introduced :

{ 3B{Consistency [14] is an approximation of path consistency, a higher or-
der extension of arc-consistency [17, 25]. Roughly speaking, 3B{Consistency
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checks whether 2B{Consistency can be enforced when the domain of a vari-
able is reduced to the value of one of its bounds in the whole system;

{ Bound-consistency [26] applies the principle of 3B{Consistency to Box{Consi-
stency : Bound-consistency checks whether Box{Consistency can be enforced
when the domain of a variable is reduced to the value of one of its bounds
in the whole system.

It has been stated in [16] without proof that :

{ 2B{Consistency algorithms actually achieves a weaker �ltering than Box{
Consistency, especially when a variable occurs more than once in some con-
straint. This is due to the fact that 2B{Consistency algorithms require a
decomposition of the constraints with multiple occurrences of the same vari-
able;

{ The �ltering achieved by Box{Consistency algorithms is weaker than that
computed by 3B{Consistency algorithms.

The main result of this paper is a proof of the above properties. If �cstc(P )
is the closure of a constraint system P computed by an algorithm ensuring
consistency cstc, and Pdecomp is a decomposition of P allowing 2B-consistency
�ltering, we then prove that the following relations hold :

�Bound(P ) � �3B(Pdecomp) � �box(P ) � �2B(Pdecomp)

This paper also provides an analysis of both the capabilities and the limits of
the �ltering algorithms which achieve these partial consistencies. We pay special
attention to their ability to handle the so-called dependency problem1.

Layout of the paper

Section 2 reviews some basic concepts of interval analysis required in the rest of
the paper. Section 3 is devoted to the analysis of 2B{Consistency. Features and
properties of Box{Consistency are the focus of Section 4. 3B{Consistency and
Bound{Consistency are introduced in section 5. Section 6 mentions e�ciency
and precision issues.

2 Interval constraint solving

This section recalls some basics of interval analysis [1, 2, 11] and formally de�nes
a constraint system over intervals of real numbers.

1 The so-called dependency problem [9] is a fundamental problem in interval analysis :

when a given variable occurs more than once in an interval computation it is treated

as a di�erent variable. For instance, X
SIN(X) is the same as X
SIN(Y ) with Y

equal to but independent of X. Suppose X = [�5; 5] and 
 and SIN are respectively

interval extensions of the multiplication over the reals and function sinus, then the

value of X 
 SIN(X) is not [�4:8; 1:9] but [�5; 5]. As shown by this example, the

dependency problem often entails a widening of the computed intervals.
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2.1 Notations

Throughout this paper, the following notations, possibly subscripted, are used :

{ x; y; z denote variables over the reals; X;Y; Z denote variables over the in-
tervals;

{ R1 = R[ f�1;+1g denotes the set of real numbers augmented with the
two in�nity symbols. IF denotes a �nite subset ofR1 containing f�1;+1g2;

{ u; v; r denote constants in R; a; b denote constants in IF ; a+ (resp. a�)
corresponds to the smallest (resp. largest) number of IF strictly greater (resp.
smaller) than a;

{ f; g denote functions over the reals; F,G denote functions over the intervals;

{ c denotes a constraint over the reals, C denotes a relation over the intervals;
V ar(c) denotes the variables occuring in c;

{ �cstc(P ) is the closure of P by consistency cstc (where cstc is 2B, Box, 3B,
Bound).

2.2 Interval analysis

De�nition 1 (Interval). An interval [a; b] with a; b 2 IF is the set of real

numbers fr 2 R j a � r � bg.

Let r be a real number. ~r denotes the smallest3 (w.r.t. inclusion) interval of
IF containing r. I denotes the set of intervals and is ordered by set inclusion.
U(I) denotes the set of unions of intervals.

De�nition 2 (Set Extension). Let S be a subset of R. The approximation of

S |denoted �S| is the smallest interval I such that S � I.

De�nition 3 (Interval Extension [19, 9]).

� An interval function F : In ! I is an interval extension of function f :
Rn ! R i� :

8I1; : : : ; In 2 I : r1 2 I1; : : : ; rn 2 In ) f(r1; : : : ; rn) 2 F (I1; : : : ; In).
� An interval relation C : In ! Bool is an interval extension of relation

c : Rn ! Bool i� :

8I1; : : : ; In 2 I : r1 2 I1; : : : ; rn 2 In ) [c(r1; : : : ; rn)) C(I1; : : : ; In)]

2 Practically speaking, IF corresponds to the set of oating-point numbers used in the

implementation of non linear constraint solvers.
3 The term smallest subset (w.r.t. inclusion) must be understood here according to

the precision of oating-point operations. In the rest of the paper, we consider |as

in [13, 1]| that results of oating-point operations are outward-rounded to preserve

the correctness of the computation. However, we assume that the largest computing

error when computing a bound of a variable of the initial constraint system is always

smaller than one oat. This hypothesis may require the use of big oats [4] when

computing intermediate results. Consequences of the relaxation of this hypothesis

are examined in details in section 6.
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For instance, the interval relation
:
= de�ned as I1

:
= I2 , (I1 \ I2) 6= ; is an

interval extension of the equality relation on real numbers.

De�nition 4 (Natural Interval Extension [19, 20]). An interval function

F : In ! I is the natural interval extension of f : Rn ! R if F is the interval

extension of f obtained by replacing in f each constant k with its natural interval

extension ~k, each variable with an interval variable and each arithmetic operation

with its optimal interval extension [19].

Optimal interval extensions have been introduced by [19] for the basic interval
operations. For instance, let � be an operator in f+;�;�; =g, and [a; b]�[c; d] =
fx� y such that a � x � b and c � y � dg then the optimal interval extensions
for these four operations are :

� [a; b]	 [c; d] = [a� d; b� c]

� [a; b]� [c; d] = [a+ c; b+ d]

� [a; b]
 [c; d] = [min(ac; ad; bc; bd);max(ac; ad; bc; bd)]

� [a; b]� [c; d] = [min(a
c
; a
d
; b
c
; b
d
);max(a

c
; a
d
; b
c
; b
d
)] if 0 62 [c; d]

In the rest of this paper �;	;
;� denote the optimal interval extensions of
+;�;�; =.

Optimal interval extensions can be de�ned in a similar way for power and
almost all other elementary functions and relations [20].

Example 1. Let f(x) = x+x2+3 be a function over the reals. Its natural interval
extension is de�ned by X �Xr2� ~3 where r is the optimal interval extensions
of power.

We now recall a fundamental result of interval analysis with many conse-
quences on e�ciency and precision of interval constraint solving methods.

Proposition 1. [19] Let F : In ! I be the natural interval extension of

f : Rn ! R and let fsol = �ff(v1; : : : ; vn) j v1 2 I1; : : : ; vn 2 Ing. If each xi
occurs only once in f then fsol = F (I1; : : : ; In) else fsol � F (I1; : : : ; In).

This result can be extended to k-ary relations over Rn :

Proposition 2. Let C : In ! Bool be the natural extension of an equation

c : Rn ! Bool then, if each xi occurs only once in c, then :

C(I1; : : : ; In), (9v1 2 I1; : : : ; 9vn 2 In j c(v1; : : : ; vn)).

Proof : We consider here constraints of the form c : f(x1; : : : ; xn) = 0. Thus,
c holds if and only if the relation (9v1 2 Ix1 ; : : : ; 9vn 2 Ixn j f(v1; : : : ; vn) = 0)
holds. If no variable has multiple occurrences in c, then, by proposition 1, we
have : (9v1 2 Ix1 ; : : : ; 9vn 2 Ixn j f(v1; : : : ; vn) = 0) , F (X1; : : : ; Xn)

:
= [0; 0],

where F (X1; : : : ; Xn) is the natural interval extension of f(x1; : : : ; xn) according
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to de�nition 4. So, property 2 holds since F (X1; : : : ; Xn)
:
= [0; 0] is the interval

extension of f(x1; : : : ; xn) = 0 �
It follows that only the sub-distributive law holds in interval analysis4:

I 
 (J �K) � I 
 J � I 
K .

2.3 Interval constraint system

A k-ary constraint c is a relation over the reals. C denotes its natural interval
extension.

De�nition 5 (CSP).

A CSP [17] is a triple (X ;D; C) where X = fx1; : : : ; xng denotes a set of

variables, D = fDx1 ; : : : ; Dxng denotes a set of domains, Dxi being the interval

containing all acceptable values for xi, and C = fc1; : : : ; cmg denotes a set of

constraints.

P; denotes an empty CSP, i.e., a CSP with at least one empty domain.
D0 � D means D0xi � Dxi for all i 2 1::n. We de�ne a CSP P = (X ;D; C) to be
smaller than a CSP P 0 = (X ;D0; C) if D0 � D. We note P � P 0 this relation.
By convention P; is the smallest CSP.

3 2B{Consistency

Most of the CLP systems over intervals (e.g., [21, 22, 2, 23]) compute an approx-
imation of arc-consistency [17] called 2B{Consistency (or Hull consistency). In
this section, we give the de�nition of 2B{consistency and explain why its com-
putation requires a relaxation of the constraint system.

3.1 De�nitions

2B{Consistency [14] states a local property on the bounds of the domains of
a variable at a single constraint level. Roughly speaking, a constraint c is 2B{
Consistent if for any variable x there exist values in the domains of all other
variables which satisfy c when x is �xed to any bound of Dx.

De�nition 6 (2B{Consistency). Let (X ;D; C) be a CSP and c 2 C a k-ary

constraint over the variables (x1; : : : ; xk). c is 2B{Consistent i� :

8i;Dxi = �fvi 2 Dxi j 9v1 2 Dx1 ; : : : ; 9vi�1 2 Dxi�1; 9vi+1 2 Dxi+1; : : : ; 9vk 2

Dxk such that c(v1; : : : ; vi�1; vi; vi+1 : : : ; vk) holds g.
A CSP is 2B{Consistent i� all its constraints are 2B{Consistent.

2B{Consistency is weaker than arc{consistency.

Example 2. Let P1 = (fx1; x2g; fDx1 = [1; 4]; Dx2 = [�2; 2]g; fx1 = x22g) be a
CSP. P1 is 2B{Consistent but not arc{Consistent since there is no value in Dx1

which satis�es the constraint when x2 = 0.

4 Of course, commutative and associative laws are preserved.
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Proposition 3. Let (X ;D; C) be a CSP such that no variable occurs more than

once in any constraint of C. Let c 2 C be a k-ary constraint over the variables

(x1; : : : ; xk). c is 2B{Consistent i� for all xi in fx1; : : : ; xkg such that Dxi =
[a; b] the following relations hold :

{ C(Dx1 ; : : : ; Dxi�1 ; [a; a
+); Dxi+1 ; : : : ; Dx

k
),

{ C(Dx1 ; : : : ; Dxi�1 ; (b
�; b]; Dxi+1 ; : : : ; Dx

k
).

where [a; a+) and (b�; b] denote half{open intervals.

Proof : Assume that both C(Dx1 ; : : : ; Dxi�1 ; [a; a
+); Dxi+1 ; : : : ; Dxk) and

C(Dx1 ; : : : ; Dxi�1 ; (b
�; b]; Dxi+1 ; : : : ; Dxk) hold. By proposition 2 we have :

1. 9x1 2 Dx1 ; : : : ; 9xi�1 2 Dxi�1; 9xi 2 [a; a+); 9xi+1 2 Dxi+1; : : : ; 9xk 2 Dx
k

such that c(x1; : : : ; xi�1; xi; xi+1; : : : ; xk) holds, and
2. 9x1 2 Dx1 ; : : : ; 9xi�1 2 Dxi�1; 9xi 2 (b�; b]; 9xi+1 2 Dxi+1; : : : ; 9xk 2 Dxk

such that C(x1; : : : ; xi�1; xi; xi+1; : : : ; xk) holds.

Thus, Dxi = �fxi 2 Dxi j 9v1 2 Dx1 ; : : : ; 9vi�1 2 Dxi�1; 9vi+1 2 Dxi+1; : : : ;

9vk 2 Dxk such that c(v1; : : : ; xi; : : : ; vk) holds g.
The counterpart results from the de�nition of 2B{Consistency.�

De�nition 7 (Closure by 2B{Consistency). [14] Closure by 2B{Consis-

tency of a CSP P = (X ;D; C) is the CSP P 0 = (X ;D0; C) such that :

{ P and P 0 have the same solutions;

{ P 0 is 2B{Consistent;

{ D0 � D and domains in D0 are the largest ones for which P 0 is 2B{Consistent.

Closure by 2B{Consistency of a CSP always exists and is unique [15].

3.2 Computing 2B{Consistency

2B{Consistency is enforced by narrowing the domains of the variables. Using
the above notations, the scheme of the standard interval narrowing algorithm |
derived from AC3{ can be written down as in �gure 1. IN implements the compu-
tation of the closure by 2B-consistency of a CSP P = (X ;D; C). narrow(c;D) is
a function which prunes the domains of variables V ar(c) until c is 2B{consistent.

The approximation of the projection functions is the basic tool for narrowing
domains in narrow(c;D).

Let c be a k-ary constraint over (x1; : : : ; xk), and < I1; : : : ; Ik >2 Ik : for
each i in 1::k, �i(c; I1 � : : :� Ik) denotes the projection over xi of the solutions
of c in the part of the space delimited by I1 � : : :� Ik.

De�nition 8 (projection of a constraint).

�i(c; I1 � : : :� Ik) : (C; Ik)! U(I) is the projection of c on xi i� :

�i(c; I1 � : : :� Ik) = fvi 2 Ii j 9 < v1; : : : ; vi�1; vi+1; : : : ; vk >2 I1 � : : :� Ii�1�

Ii+1; : : :� Ik such that c(v1; : : : ; vi; : : : ; vk) holdsg
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IN(in C, inout
!

D)

Queue  C ;

while Queue 6= ;

c POP Queue;

D0  narrow(c;D);

if D0 6= D then D  D0;

Queue  Queue [ fc0 2 C j V ar(c) [ V ar(c0) 6= ;g

endif

endwhile

Fig. 1. Algorithm IN

De�nition 9 (approximation of the projection).

APi(c; I1�: : :�Ik) : (C; Ik)! I is an approximation of �i(c; I1�: : :�Ik) i�
APi(c; I1�: : :�Ik) = � �i(c; I1�: : :�Ik) = [Min �i(c; I1�: : :�Ik);Max �i(c; I1�
: : :� Ik)].
In other words APi(c; I1 � : : : � Ik) is the smallest interval encompassing pro-

jection �i(c; I1 � : : :� Ik).

The following proposition trivially holds :

Proposition 4. Constraint c is 2B{Consistent on < I1; : : : ; Ik > i� for all i in

f1; : : : ; kg, Ii = APi(c; I1 � : : :� Ik).

In the general case, APi cannot be computed directly because it is di�cult to
de�ne functionsMin andMax, especially when c is not monotonic. For instance,
if variable x has multiple occurrences in c, de�ning these functions would require
x to be isolated5. Since such a symbolic transformation is not always possible,
this problem is usually solved by decomposing the constraint system into a set of
basic constraints for which the APi can easily be computed [16]. Basic constraints
are generated syntactically by introducing new variables.

De�nition 10 (decomposition of a constraint system).

Let P = (X ;D; C) be a CSP and c 2 C a constraint. We de�ne Mc � X

as the set of variables having multiple occurrences in c. decomp(c) is the set of

constraints obtained by substituting in c each occurrence of variables x 2Mc by a

new variable y with domain Dy = Dx and by adding a constraint x = y. New(x;c)

is the set of new variables introduced to remove multiple occurrences of variable

x in c, XNew =
S
fNew(x;c) j x 2 X and c 2 Cg. Pdecomp is the CSP (X 0;D0; C0)

where X 0 = X [XNew, D
0 = D[fDy j y 2 XNewg and C

0 = fdecomp(c) j c 2 Cg.

5 B. Faltings [6] has recently introduced a new method for computing the projec-

tion without de�ning projection function. However, this method requires a complex

analysis of constraints in order to �nd extrema.
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Decomposition does not change the semantics of the constraint system : P
and Pdecomp have the same solutions since Pdecomp just results from a rewriting6

of P . However, a local consistency like Arc{Consistency is not preserved by such
a rewriting. Thus, Pdecomp is a relaxation of P when computing an approximation
of Arc{Consistency.

Example 3 (decomposition of the constraint system). Let c : x1 + x2 � x1 = 0
be a constraint and Dx1 = [�1; 1]; Dx2 = [0; 1] the domains of x1 and x2. Since
x1 appears twice in c, its second occurrence will be replaced with a new variable
x3 : decomp(c) = fx1 + x2 � x3 = 0; x1 = x3g.

In this new constraint system, each projection can easily be computed with
interval arithmetic. For instance, AP1(x1+x2�x3 = 0; Dx1 ; Dx2 ; Dx3) is Dx1 \

(Dx3 	Dx2).
However, this decomposition increases the locality problem : the �rst con-

straint is checked independently of the second one and so x1 and x3 can take dis-
tinct values. More speci�cally, the initial constraint c is not 2B{Consistent since
there is no value of x1 which satis�es c when x2 = 1. On the contrary, decomp(c)
is 2B{Consistent since the values x1 = �1 and x3 = 0 satisfy x1 + x2 � x3 = 0
when x2 = 1. On the initial constraint, 2B{Consistency reduces Dx2 to [0,0]
while it yields Dx1 = [�1; 1]; Dx2 = [0; 1] for decomp(c).

Remark 1. Example 3 like almost all other examples in this paper trivially can
be simpli�ed. However, the reader can more easily check partial consistencies on
such examples than on non{linear constraints where the same problems occur.

4 Box{Consistency

Box{Consistency [1, 26] is a coarser approximation of arc-consistency than 2B{
Consistency. It mainly consists of replacing every existentially quanti�ed vari-
able but one with its interval in the de�nition of the 2B{Consistency. Thus,
Box{Consistency generates a system of univariate functions which can be tack-
led by numerical methods such as Newton. Contrary to 2B{Consistency, Box{
Consistency does not require any constraint decomposition and thus does not
amplify the locality problem. Moreover, Box{Consistency can tackle some de-
pendency problems when each constraint of a CSP contains only one variable
which has multiple occurrences.

4.1 De�nition and properties of Box{Consistency

De�nition 11 (Box{Consistency). Let (X ;D; C) be a CSP and c 2 C a

k-ary constraint over the variables (x1; : : : ; xk). c is Box{Consistent if, for all xi

6 In practice, c is decomposed into binary and ternary constraints for which projection

functions are straightforward to compute. Since there are no multiple occurrences

in decomp(c) and interval calculus is associative, this binary and ternary constraint

system has the same solutions as Pdecomp.
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in fx1; : : : ; xkg such that Dxi = [a; b], the following relations hold :

1. C(Dx1 ; : : : ; Dxi�1 ; [a; a
+); Dxi+1 ; : : : ; Dx

k
),

2. C(Dx1 ; : : : ; Dxi�1 ; (b
�; b]; Dxi+1 ; : : : ; Dx

k
).

Closure by Box{Consistency of P is de�ned similarly to closure by 2B{
Consistency of P , and is denoted by �Box(P ).

Proposition 5. �2B(P) � �Box(P) and �2B(P) � �Box(P) when no vari-

able occurs more than once in the constraints of C.

Proof : From the de�nitions of 2B{Consistency, Box{Consistency and inter-
val extension of a relation, it results that �2B(P ) � �Box(P ). By proposition 2
the equivalence holds when no variable occurs more than once in the constraints
of C. �

It follows that any CSP which is 2B{Consistent is also Box{Consistent. On
the contrary a CSP which is Box{Consistent may not be 2B{Consistent (see
example 4).

Example 4. Example 3 is not 2B{Consistent for x2 but it is Box{Consistent for
x2 since ([�1; 1]� [0; 0+]	 [�1; 1])\ [0; 0] and ([�1; 1]� [1�; 1]	 [�1; 1])\ [0; 0]
are non-empty.

The decomposition of a constraint system ampli�es the limit due to the local
scope of 2B{Consistency. As a consequence, 2B{Consistency on the decomposed
system yields a weaker �ltering than Box{Consistency on the initial system :

Proposition 6. �Box(P) � �2B(Pdecomp)

Proof : The di�erent occurrences of the same variable are connected by the
existential quanti�er as stated in the de�nition of the 2B{Consistency. However,
the decomposition step breaks down the links among these di�erent occurrences
and generates a CSP Pdecomp which is a relaxation of P for the computation of
a local consistency. It follows that �Box(P) � �Box(Pdecomp). By proposition 5
we have : �Box(Pdecomp) � �2B(Pdecomp), and thus �Box(P ) � �2B(Pdecomp)�

Example 5. Let c be the constraint x1 + x2 � x1 � x1 = 0 and Dx1 = [�1; 1]
and Dx2 = [0:5; 1] the domains of its variables. c is not Box{Consistent since
[�1;�1+] � [0:5; 1] 	 [�1;�1+] 	 [�1;�1+] \ [0; 0] is empty. But decomp(c) is
2B{Consistent for Dx1 and Dx2 .

Box{Consistency can tackle some dependency problems in a constraint c

which contains only one variable occuring more than once. More precisely, Box{
Consistency enables to reduce domain Dx if variable x occurs more than once
in c and if Dx contains inconsistent values. For instance, in example 5, �ltering
by Box{consistency reduces the domain of x1 because value �1 of Dx1 has no
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support in domain Dx2 .
However, Box{Consistency may fail to handle the dependency problem when
the inconsistent values of constraint c are in the domain of variable xi while a
variable xj (j 6= i) occurs more than once in c. For instance, in example 3, value
1 of Dx2 has no support in domain Dx1 but Box{Consistency fails to detect the
inconsistency because [�1; 1]� [1�; 1]	 [�1; 1] \ [0; 0] holds.

4.2 Computing Box{Consistency

The Box{Consistency �ltering algorithm proposed in [1, 26, 27] is based on an
iterative narrowing operation using the interval extension of the Newton method.
Computing Box{Consistency follows the generic algorithm IN (see �gure 1) used
for computing 2B{Consistency7. The function narrow(c;D) prunes the domains
of the variables of c until c is Box{consistent. Roughly speaking, for each variable
x of constraint c, an interval univariate function Fx is generated from c by
replacing all variables but x with their intervals. The narrowing process consists
in �nding the leftmost and rightmost zeros of Fx. Figure 2 shows function LNAR

which computes the leftmost zero of Fx for initial domain Ix of variable x (this
procedure is given in [27]).

function LNAR (IN: Fx; Ix, return Interval)

r  right(Ix)

if 0 62 Fx(Ix) then return ;

else I  NEWTON(Fx; Ix)

if 0 2 Fx(
�
left(I); left(I)+

�
) then return [left(I); r]

else SPLIT (I; I1; I2)

L1  LNAR(Fx; I1)

if L1 6= ; then return [left(L1); r]

else return [left(LNAR(Fx; I2)); r]

endif

endif

endif

Fig. 2. Function LNAR

Function LNAR �rst prunes interval Ix with function NEWTON which is an
interval version of the classical Newton method. However, depending on the
value of Ix, Newton may not reduce Ix enough to make Ix Box{Consistent. So,
a split step is applied in order to ensure that the left bound of Ix is actually
a zero. Function SPLIT divides interval I in two intervals I1 and I2, I1 being
the left part of the interval. The splitting process avoids the problem of �nding

7 In [26], a branch process is combined with this �ltering algorithm in order to �nd all

the isolated solutions
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a safe starting box for Newton (see [12]). As mentioned in [27], even if Fx is
not di�erentiable, the function LNAR may �nd the leftmost zero thanks to the
splitting process (in this case, the call to function NEWTON is just ignored). Notice
that Box{consistency can be computed in such a way because it is de�ned on
interval constraints whereas the existential quanti�ers in the de�nition of 2B{
consistency require the use of projection functions.

5 3B{Consistency and Bound{Consistency

2B{Consistency is only a partial consistency which is often too weak for com-
puting an accurate approximation of the set of solutions of a CSP. In the same
way that arc-consistency has been generalized to higher consistencies (e.g., path
consistency [17]), 2B{Consistency and Box{Consistency can be generalized to

higher order consistencies [14].

5.1 3B{Consistency

De�nition 12 (3B{Consistency). [14] Let P = (X ;D; C) be a CSP and x a

variable of X with domain [a; b]. Let also be :

{ PD1
x
 [a;a+) the CSP derived from P by substituting Dx in D by D1

x = [a; a+);

{ PD2
x
 (b�;b] the CSP derived from P by substituting Dx in D by D2

x = (b�; b].

Dx is 3B{Consistent i� �2B(PD1
x

) 6= P; and �2B(PD2
x

) 6= P;:

A CSP is 3B{Consistent i� all its domains are 3B{Consistent.

It results from this de�nition that any CSP which is 3B{Consistent is also 2B{
Consistent ( [14]). The generalization of the 3B{Consistency to kB{Consistency
is straightforward and is given in [14, 16]. Closure by kB{Consistency of P is
de�ned in a similar way to closure by 2B{Consistency of P , and is denoted by
�kB(P ).

Proposition 7. Let P = (X ;D; C) be a CSP. If Pdecomp is 3B{Consistent then

P is Box{Consistent.

Proof : Since Box-consistency is a local consistency we just need to show
that the property holds for a single constraint.
Assume c is a constraint over (x1; :::; xk), x is one of the variables occuring more
than once in c, Dx = [a; b] and New(x;c) = (xk+1; : : : ; xk+m) is the set of vari-
ables introduced for replacing the multiple occurrences of x in c. Suppose that
Pdecomp is 3B{Consistent for Dx .
Consider P1 the CSP derived from Pdecomp by reducing domain Dx to [a; a+).
P1 is 2B{Consistent for Dx and thus the domain of all variables in new(x;c) is
reduced to [a; a+); this is due to the equality constraints added when introducing
new variables. From proposition 3, it results that the following relation holds:
C 0(Dx1 ; : : : ; Dxi�1 ; [a; a

+); Dxi+1 ; : : : ; Dxk ; [a; a
+); : : : ; [a; a+); Dxk+m ; : : : ; Dxn)

C 0 is the very same syntactical expression as C up to variable renaming.
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(Dx
k+m

; : : : ; Dxn) are the domains of the variables introduced for replacing the
multiple occurrences of Mc n fxg. As the natural interval extension of a con-
straint is de�ned over the intervals corresponding to the domains of the variables,
relation C(Dx1 ; : : : ; Dxi�1 ; [a; a

+); Dxi+1 ; : : : ; Dxk) holds too.

The same reasoning can be applied when x is replaced with its upper bound
(b�; b]. So we conclude that Dx is also Box{Consistent. �

Example 6. 8 Let C = fx1 + x2 = 100; x1 � x2 = 0g
and D = f[0; 100]; [0; 100]g be the constraints and domains of a given CSP P .
�3B(Pdecomp) reduces the domains of x1 and x2 to the interval [50,50] whereas
�Box(P) does not achieve any pruning (P is Box{Consistent).

The following proposition is a direct consequence of proposition 7 :

Proposition 8. �3B(Pdecomp) � �Box(P).

Thus, 3B{Consistency allows to tackle at least the same dependency prob-
lems as Box{consistency. However, 3B{Consistency is not e�ective enough to
tackle the dependency problem in general (see example 7).

Example 7. Let c0 be the constraint x1 � x2 � x1 + x3 � x1 + x1 = 0 and Dx1 =
[�4; 3]; Dx2 = [1; 2] and Dx3 = [�1; 5] the domains of its variables. decomp(c) =
fx1 � x2 � x4 + x3 � x5 + x6 = 0; x1 = x4 = x5 = x6g. c is not 2B{Consistent
since there are no values in Dx1 and Dx2 which verify the relation when x3 = 5.
However, decomp(c) is 3B{Consistent. Indeed, the loss of the link between the
two occurrences of x1 prevents the pruning of x3.

A question which naturally arises is that of the relation which holds between
�2B(P) and �3B(Pdecomp) : example 8 shows that �2B(P) � �3B(Pdecomp) does
not hold and example 7 shows that �3B(Pdecomp) � �2B(P ) does not hold, even
if only one variable occurs more than once in each constraint of P . It follows
that no order relation between �3B(Pdecomp) and �2B(P) can be exhibited.

Example 8. Let P be a CSP de�ned by C = fx1+x2 = 10;x1+x1�2�x2 = 0g,
Dx1 = Dx2 = [�10; 10]. decomp(x1 + x1 � 2 � x2 = 0) = fx1 + x3 � 2 � x2 =
0; x3 = x1g: P is 2B{Consistent but Pdecomp is not 3B{Consistent : Indeed,
when x1 is �xed to 10, �2B(PDx1

 [10�;10]) = P; since Dx2 is reduced to ;. In

this case, the link between x1 and x3 is preserved and 3B{Consistency reduces
Dx2 to [5,5].

8 One may also notice that :

{ Neither the initial constraint nor the decomposed system in example 3 are 3B{

Consistent but both of them are Box{Consistent;

{ Constraint c in example 7 is not 2B{Consistent but it is Box{Consistent
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5.2 Bound{Consistency

Bound-consistency was suggested in [16] and was formally de�ned in [26]. Infor-
mally speaking, Bound-consistency applies the principle of 3B{Consistency to
Box{Consistency : it checks whether Box{Consistency can be enforced when the
domain of a variable is reduced to the value of one of its bounds in the whole
system.

De�nition 13 (Bound{Consistency). Let (X ;D; C) be a CSP and c 2 C a

k-ary constraint over the variables (x1; : : : ; xk). c is Bound{Consistent if for all

xi 2 (x1; : : : ; xk) such that Dxi = [a; b], the following relations hold :

1. �Box(C(Dx1 ; : : : ; Dxi�1 ; [a; a
+); Dxi+1 ; : : : ; Dx

k
)) 6= P;,

2. �Box(C(Dx1 ; : : : ; Dxi�1 ; (b
�; b]; Dxi+1 ; : : : ; Dx

k
)) 6= P;.

Since �Box(P)� �2B(Pdecomp) it is trivial to show that �Bound(P ) � �3B(Pdecomp).
Bound{Consistency achieves the same pruning as 3B{Consistency when applied
to examples 6 and 3.

6 Discussion

This paper has investigated the relations among 2B{Consistency, 3B{Consistency,
Box{Consistency and Bound{Consistency. The advantage of Box{Consistency is
due to the fact that it generates univariate functions which can be tackled by
numerical methods such as Newton, and which do not require any constraint
decomposition. On the other hand, 2B{Consistency algorithms require a de-
composition of the constraints with multiple occurrences of the same variable.
This decomposition increases the limitations due to the local nature of 2B{
Consistency

As expected, higher consistencies | e.g., 3B{Consistency and Bound{Consis-
tency | can reduce the drawbacks due to the local scope of the inconsistency
detection.

Experimental results of Numerica and Newton are very impressive [1, 27].
However, other experimental results [8] show that Box{Consistency is not al-
ways better than 2B{Consistency, and that combining these two kinds of partial
consistencies is clearly a promising approach. It is nevertheless important to no-
tice that the precision of the computations is a very critical issue when one is
comparing di�erent �ltering algorithms.

Up until now, we assumed that the largest computing error when computing
a bound of a variable of the initial system is always smaller than one oat. How-
ever, as this hypothesis may entail a signi�cant computing cost overhead, it is re-
laxed in most implementations. Moreover, for e�ciency reasons kB{Consistency
and Box{Consistency algorithms usually stop the propagation process before
normal termination : when the restriction of a domain is less than �|relative or
absolute| no pruning is achieved. kB(w){Consistency and Box(w){Consistency
have been introduced to characterize such �ltering algorithms [14, 8]

Formally, 2B(w){Consistency can be de�ned in the following way :
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De�nition 14. Let (X ;D; C) be a CSP, x 2 X , Dx = [a; b], w a positive integer.

Dx is 2{B(w){consistent if for all C(x; x1; : : : ; xk) in C, the following relations

hold :

1) 9v 2 [a; a+w]; 9v1; : : : ; vk 2 Dx1 � : : :�Dxk j c(v; v1; : : : ; vk)
2) 9v0 2 [b�w; b]; 9v01; : : : ; v

0

k 2 Dx1 � : : :�Dxk j c(v
0; v01; : : : ; v

0

k)
where a+w (resp.a�w) denotes the wth oat after (resp. before) a.

De�nition of kB(w){Consistency and Box(w){Consistency is straightforward.
Of course, if the result of any elementary arithmetic operation which is not

a oat is rounded to the previous (or next) oat, then there is no guarantee on
the unicity of the result; the �xed-point computed by �ltering algorithms will
depend on the order of evaluation of the terms in an expression, or even on the
order of evaluation of constraints when a weaker precision than one oat is used
to stop propagation (e.g. w in [14]). So, it becomes hard to set the properties of

the intervals computed by �ltering algorithms.
In other words, the major problem when comparing kB(w){Consistency and

Box(w){Consistency comes from the fact that the conuency of the �ltering
algorithms is lost : the �nal values of the domains depend on the propaga-
tion strategy. Thus, no relation can be established : neither among the di�erent
kB(w){Consistencies themselves, nor between kB(w){Consistency and Box(w){
Consistency.
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