
UBINET, Master 1 IFI Introduction to Probability and Statistics
Final Exam, December 2012

2 hours
Course and manuscript notes allowed. Not computers, cellphones, calculators, books.

When necessary, computation results are given at the end of the exercise.

Instruction and comments: the points awarded for your answer will be based on the correctness of your
answer as well as the clarity of the main steps in your reasoning. All proposed solutions must be proved.
All the exercises are independent. The points are indicated so you may adapt your effort.

Exercise 1 (General questions, 3 points) The questions of this exercise are independent.

1. Why do we often say that the median is less sensitive to outliers than the mean? Give a simple
numerical example to illustrate.

2. Which characteristics of the shape of a density do the third and fourth moment of a distribution
capture?

3. Why is it easier to plot a cumulative distribution function rather than a boxplot to represent an
empirical sample?

Exercise 2 (Data Centers, 3 points) Consider a large datacenter comprising 10,000 servers. Those
servers are operated in such a way that when a file is stored, it is stored on 3 different machines. The
probability of failure (over a long period) of a machine is p = 10−4.

1. What is probability of loosing a specific file?

2. We loose a first file in the system if 10% of the machines are down. What is this probability (of
having 10% of the machines down) as a function of p?

3. Prove that this probability can be approximated by the following formula: P (loosingfile) ∼ e−1

1000! .

Exercise 3 (Descriptive Statistics, 5 points) Let us consider 3 random variables X, Y and Z. X
follows a Gaussian distribution with mean 0 and variance σ2. Y follows a Gaussian distribution with
mean 0 and variance 2σ2. Z it is computed as follows: Z =

√
2X.

Note : if you can not prove the statement in question 1, you can use it to answer the remaining
questions.

1. Prove that P (Z ≤ x) = P (Y ≤ x) ∀x, i.e. that Z and Y follow the same distribution.

2. How will the scatterplot of X against Y look like?

3. How will the scatterplot of X against Z look like?

4. How will the qqplot of X against Z look like?

5. How will the qqplot of Y against Z look like?

Exercise 4 (Mice and elephants, 5 points) Typical IP traffic is characterized by flow size distri-
butions that present high variability. In this exercise, we consider the coefficient of variation (ratio of
standard deviation std to mean µ, i.e, cov = std

µ ) as a metric to measure variability. We would like to
test the ability of different distributions to model typical Internet flow size with a given mean µ that is
quite low, say a few tens of KBytes and a cov that is well above 1.

1. Let us first consider the case of an exponential distribution with parameter λ.

(a) Compute the coefficient of variation (cov) of an exponential distribution with parameter λ.

(b) Can we choose the parameter of an exponential distribution such that its mean is equal to µ
and the cov to a large value c (like the ones typically observed in Internet traffic)?
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2. Let us now consider the case of an hyperexponential distribution. Such a distribution has the
following density:

f(x) =

n∑
i=1

piλie
−λix, x ≥ 0

with parameters n, which is a strictly positive integer and {λi}i∈{1,...,n}, which are strictly positive
numbers, and pi between 0 and 1 such than

∑n
i=1 pi = 1. Its mean and variance are E[X] =

∑
i
pi
λi

and V [X] =
∑
i
pi
λ2
i
.

(a) Prove that f is indeed a density, i.e., f(x) ≥ 0 for all x and
∫ +∞
0

f(x)dx = 1.
(b) Compute the cov of an hyperexponential with two phases (n = 2), whose density is f(x) =

qλ1e
−λ1x + (1− q)λ2e−λ2x such that q

λ1
= 1−q

λ2
. The cov should be expressed as a function of

q only.
(c) Show that the cov of the above (two phases) random variable can take any arbitrarily large

value.

Exercise 5 (Estimator, 4 points) In a population of size N = 4, the value taken by the random
variable Y are the following -4, -2 , 2, 4, with equal probability 1

4 .

1. Compute the mean µ, variance σ2 of Y in this population.

2. Compute the mean µ′ and variance s′2 of each sample of size n = 2 (without replacement).

3. Show on this example that the mean of Y in a sample of size 2 is an unbiased estimator of µ.
Compute the mean of s′2 over all samples of size 2 (we suppose that all samples have the same
probability to be chosen). Is s′2 an unbiased estimator of σ2?

4. Compute the variance of the mean of Y in a sample of size 2. Give an other formula allowing to
find this result.

Exercise 6 (Confidence interval, 4 points) We measured the percentage of fat in 10 pasta recipes.
We suppose that the quantity of fat follows a normal distribution of expectation µ and of standard
deviation σ. We obtain the following values vi, i = 1, · · · , 10: 5.42, 5.55, 5.61, 5.91, 5.93, 6.15, 6.20, 6.79,
7.07, 7.37.

Give the confidence interval of the mean µ with a confidence level 1− α = 95%:

1. if we suppose that σ = 0.6;
2. if σ is unknown.

To obtain numerical results, you may use the following computations results:
∑10
i=1 vi = 62, 0.19 · 1.96 =

0.37,
√
0.45 = 0.668, 0.21 · 2.262 = 0.475,

∑10
i=1(vi − 6.2)2 = 4., 0.6√

10
= 0.19, 0.668√

10
= 0.21, 4./9 = 0.45.

Exercise 7 (Chocolate everywhere, 4 points) We ask 30 persons to indicate their favorite choco-
late among 5 differente chocolates. The resuls are given in the following table:

Chocolates Number of persons
Excellence 7
Bitter 5
Amazonia 5
Milky 4
Superior 9
Total 30

1. Should we consider that each chocolate is prefered by the same proportion of persons? (Do a
χ2-test with a risk α = 0.05.)

2. Same question if the sample is 10 times larger (we poll 300 persons and the number of persons
prefering each chocolate is multiplied by 10).
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To obtain numerical results, you may use the following computations results: 16/6 = 2.67.

Exercise 8 (Sick and tired with marks, 4 points) We draw a random sample of 80 marks from the
set of marks of all the exams of the University of Nice (this set is very large, we suppose that it follows
an unknown normal distribution). The observations from the sample are presented in the table below:

Marks X 6 7 8 9 10 11 12 13 14 15 16 17 18
Number of marks Oi 1 1 2 4 8 8 10 12 10 6 8 7 3

A) Using these observations, give an estimate of the expectation (mean) and standard deviation of the
mark distribution.

B) Using confidence interval with confidence level 95% of the estimated value of the mean:

1) Would you reject with a 5% risk to be mistaken, the hypothesis that the mean of the marks
is 12.5?

2) Same question, but supposing that the sample was drawed without replacement from a set of
320 marks.

3) Same question as 1), but we suppose that we know in advance that the mark mean is larger
or equal than 12.5.

To obtain numerical results, you may use the following computations results: 0.616 · 0.867 = 0.534,
1.664 · 0.31 = 0.52,

∑n
i=1(Oi − 13)2 = 606, 2.77

8.94
= 0.31, 1.99 · 0.31 = 0.616,

√
606
79

= 2.77,
√
80 = 8.94,√

240
319

= 0.867.

Correction of the exercise

• A. The observed mean is: mobs = 13. The estimated standard deviation is:

σ̂obs =

√√√√ 1

n− 1

n∑
i=1

(xi − 13)2 =

√
606

79
= 2.77

• B. We use here confidence interval at 95% of the estimated value of the mean.

1. We can use two different methods.

– Confidence interval a posteriori (based on the estimated value of the mean, 13).
We have to use a bilateral interval and a Student distribtion as we do not know the
standard deviation of the marks, σ. The interval is:

mobs ± tn−1α
2

σ̂obs√
n

with mobs = 13, n = 80 et σ̂obs = 2.77. For α
2 = 0.025 et ν = 79, we read in the table

t790.025 = 1.99.
We obtain: 13± 1.99 2.77√

80
= 13± 0.616 = [12.384 , 13.616].

As 12.5 ∈ [12.384 , 13.616], we do not reject the hypothesis (that the mark mean is 12.5)
with a risk 5% of being mistaken. However, we would have rejected the hypothesis that
the mean is 12).

– Confidence interval a priori (centered around the mean of the hypothesis, 12.5).
This interval is 12.5± tn−1α

2

σ̂obs√
n
, i.e. 12.5± 0.616 = [11.884 , 13.116].

As 13 ∈ [11.884 , 13.116], we do not reject the hypothesis (that the mark average is 12.5)
with a risk of 5% to be mistaken.
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2. We use the same methods than in the previous question, but, as we have here a drawing
without replacement, we should multiply σ̂obs by the correcting factor

√
N−n
N−1 =

√
240
319 = 0.867.

Thus, we obtain:
Interval a posteriori: 13± 0.534 = [12.466 , 13.534]. 12.5 belongs to the interval.
Interval a priori : 12.5± 0.534 = [11.966 , 13.034]. 13 belongs to the interval.

However, if α = 0.10 then t790.05 = 1.664, the confidence interval a posteriori would not have
contained 12.5 and confidence interval a priori would not have contained 13. We would have
rejected the hypothesis.

3. Here, we should use a confidence interval a priori of the form:

[12.5 ; 12.5 + tn−1α

σ̂obs√
n
]

In this case, t790.05 = 1.664 and we obtain the interval [12.5 ; 13.02]. As 13 belongs to this
interval, we do not reject the hypothesis. However, if the draw was similar to the one of the
previous quesion, we would have obtained interval [12.5 ; 12.94] and we would have rejected
the hypothesis with a risk 0.05 to be mistaken.
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