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Abstract. We present here a termination preserving encoding of Minsky Ma-
chines in a particularly restricted fragment of the κ-calculus where only one
species with no fields is admitted and only binary rules are allowed.

1 Motivation

The κ language was introduced in [1] to formally model proteins interactions and it has
been studied since for its powerful way to characterize molecular biology dynamics:
essentially κ can be regarded as a restricted kind of graph rewriting system. The nodes of
the graph represent molecules, the edges the bonds between molecules and the rewriting
rules the change of configuration due to an interaction between molecules.

Although the core of the calculus is very simple, still it is very powerful. The full
calculus can be easily proved to be Turing-complete. Nevertheless, there are few works
assessing the computational power of κ and its fragments: in [2] it has been proved
that the binary version of the language (i.e. only rules with at most two reactants in
the left hand side are allowed) is Turing equivalent by providing an encoding of Tur-
ing machines in the language. Unfortunately, in order to encode the idea of unlimited
space on the tape, the encoding does not preserve termination: i.e. a rule generating new
tape cells is always active even if the computation in the original machine has stopped.
More recently in [3] several fragments of the calculi have been studied w.r.t. their ex-
pressiveness: i.e. there have been studied properties like decidability and undecidability
of reachability and termination.

We aim here to find a minimal fragment of the κ calculus where it is possible to
define a termination preserving encoding of Minsky Machines (MM) [4] (a two counter
machine where only increments or decrements can take place) which are known to be a
Turing equivalent formalism.

2 The language

First we briefly introduce the original κ language (as defined in [1]) and then define the
sub calculus we consider.

The basic elements defining a κ system are molecules. Each molecule is given a
species that defines its finite interaction points (sites) and its finite internal state values.
A molecule may be connected to another via one of these sites. A configuration of a
system is described by a solution which is a set of molecules possibly interconnected.
More formally a solution is given by a sequence of molecules where information on
their internal state and their bindings with other molecules are explicitely stated. This



way we obtain a distributed description of a graph: i.e. molecules are the nodes and the
bindings the arcs between nodes.

A model in the κ language is completely described by defining the initial solution
together with a set of rewriting rules. The semantics allows rewritings of finite graphs
whose nodes are in specific states into finite graphs in such a way that changes to a
solution are always localized to the rewriting part. A model evolves by applying one
rule at a time starting from the initial solution.

More precisely we use a finite set of names (species) A, a finite set of sites S =

{1, · · · , l}, a finite set of fields F = {1, · · · , p}, a finite set of values V and a countable
set of bonds B. The syntax of molecules and solutions is given below.

aF N[u](σ) (molecule)
N F A ∈ A (species)
S F ∅ | a, S (solution)

Each molecule has a name defining its species and it is given an interface σ and an
internal state u that correspond to maps S 7→ B ∪ {ε} and F 7→ V respectively.

Rewriting rules also called reactions are either creations or destructions. Creations
may change state, produce new bonds between two unbound sites, or synthesise new
molecules. Their format is:

A1[u1](σ1), . . . , An[un](σn)
� A1[u′1](σ′1), . . . , An[u′n](σ′n), B1[v1](φ1), . . . , Bk[vk](φk)

Destructions behave the other way around, they may change state but construction of
neither bonds nor new molecules is allowed. Their format is:

A1[u1](σ1), . . . , An[un](σn)� Ai1 [u′i1 ](σ′i1 ), . . . , Aim [u′im ](σ′im )

Using the terminology introduced in [3] we will consider the fragment of the κ
calculus denoted with κ−n where no destruction of molecules is allowed. Moreover we
restrict this calculus by allowing only one species with no fields (i.e. no internal state)
and only binary rules1. We denote this calculus with κ−n

2 . Roughly speaking we are
dealing with a calculus where all the molecules are of the same kind, they have no
fields and the rewriting rules may have at most two molecules on the left hand side.
The expressive power of κ−n

2 seems, thus, weakened by the significant restrictions on
species and rules: the presence of a unique species and the lack of internal fields in this
language makes difficult the representation of information. Notice that the encodings
provided in [3] require several species, fields and moreover rules are not binary. In this
restricted scenario it should be clear that the state of a molecule is completely defined by
its bonds with other molecules, thus any modification in the molecule’s bonds actually
change its state. Since the state of a molecule lies in its bonds any rule aiming to modify
its state have to consider some of its adjacent neighbours. We overcome the restrictions
of a unique species and no fields by using a subset of the molecule’s sites to encode
both the molecule specific role (i.e. the species) and its internal status (i.e. the fields’
values).

1 For a precise definition see [1,3]



An encoding of MM into κ−n
2 is indeed possible since bonds allow to mimic the

presence of fields and species. In detail, by connecting on special sites we can devote
one molecule to a certain group of operations thus obtaining a sort of pseudo-species.
Similarly fields can be mimicked by a group of sites and the presence or absence of
bonds denotes the current value of the corresponding pseudo field. For instance, a field
F with values in 1..10 may be represented by 10 sites F1, . . . , F10. and the presence of a
bond in the site Fi would be interpreted as i being the current value of the pseudo field
F.

It is worth noticing that with this representation the state of a molecule can be
checked only testing the presence of bonds between two molecules, hence recalling
that we only admit binary rules, even if the storage is possible, the propagation of in-
formation between molecules is heavily hindered. Nevertheless the capability of testing
the absence of bonds allows the partial overcoming of such limitation.

3 The encoding

We first recall the definition of a Minsky machine (MM) and then show the encoding.
A MM [4] is a machine with two registers R1 and R2 holding arbitrary large natural
numbers and a program P consisting of a finite sequence of numbered instructions of
the following type:

– j : Succ(Ri): increments Ri and goes to the instruction j + 1;
– j : DecJump(Ri, l): if the content of Ri is not zero, then decreases it by 1 and goes

to the instruction j + 1, otherwise jumps to the instruction l;
– j : Halt: stops the computation and returns the value in the register R1.

A state of the machine is given by a tuple ( j, v1, v2) where i indicates the next instruction
to execute (the program counter) and v1 and v2 are the contents of the two registers. The
user has to provide the initial state of the machine.

We now give some intuitions on a possible encoding from MM to κ−n
2 .

The registers of the encoded MM are represented as chains of linked molecules: the
number of molecules represents the content of the register. Moreover two molecules
are devoted to the role of program counter. This configuration is depicted in Figure 1.
More precisely the molecules in the center (of pseudo species PC) store the state of the
program counter, while the chains of molecules (of pseudo species U) on the left and
right of PC represent the integer values of the two registers of the MM.

The increment and decrement of one register is then propagated from PC to the
proper end of the chain by means of a sequence of value changes of specific pseudo
fields. The increment is encoded straightforwardly by adding a new molecule at the
proper end of the chain, while the decrement is encoded by setting the value of a par-
ticular pseudo field of the molecule which should be removed, since physical deletion
of molecules is not allowed in the calculus. More precisely the propagation of a signal
from PC to the proper molecule is performed in the following way: We choose a finite
set of properties that identifies uniquely the state/configuration of the molecule, then we
define an injective function that depending on the property we want to be valid returns a



number between 1 and n (where n is the combinatorial factor of all the properties com-
bined together). This number represents the site for the bonds. If a molecule satisfies a
property X then all sites apart from the site corresponding to X are bonded. This way,
by checking the absence of bonds in a site and by setting properly the interface of two
facing molecules in the chain we can propagate information.

The presence of a unique chain of molecules constantly connected after each step
ensures the correctness of the encoding, which turns out to be deterministic and termi-
nation preserving. Hence, we have the following result:

Fig. 1. Schema of the encoding: species and sites with roles

Theorem 1. There exists a correct encoding of MM in κ−n
2 deterministic and termina-

tion preserving.

This encoding is a first step towards the definition of the requirements needed in
order to determine the minimal fragment – Turing equivalent – of the κ calculus.
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